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Abstract. This study proposes a worm gear efficiency model considering misalignment in electric power steer-

ing systems. A worm gear is used in Column type Electric Power Steering (C-EPS) systems and an Anti-Rattle
Spring (ARS) is employed in C-EPS systems in order to prevent rattling when the vehicle goes on a bumpy
road. This ARS plays a role of preventing rattling by applying preload to one end of the worm shaft but it also
generates undesirable friction by causing misalignment of the worm shaft.
In order to propose the worm gear efficiency model considering misalignment, geometrical and tribological
analyses were performed in this study. For geometrical analysis, normal load on gear teeth was calculated using
output torque, pitch diameter of worm wheel, lead angle and normal pressure angle and this normal load was
converted to normal pressure at the contact point. Contact points between the tooth flanks of the worm and
worm wheel were obtained by mathematically analyzing the geometry, and Hertz’s theory was employed in
order to calculate contact area at the contact point. Finally, misalignment by an ARS was also considered into
the geometry.
Friction coefficients between the tooth flanks were also researched in this study. A pin-on-disk type tribometer was set up to measure friction coefficients and friction coefficients at all conditions were measured by the
tribometer.
In order to validate the worm gear efficiency model, a worm gear was prepared and the efficiency of the
worm gear was predicted by the model. As the final procedure of the study, a worm gear efficiency measurement
system was set and the efficiency of the worm gear was measured and the results were compared with the
predicted results. The efficiency considering misalignment gives more accurate results than the efficiency without
misalignment.

1

Introduction

In modern vehicles, steering systems are developing as
they adopt more electronics into the systems. Hydraulic
Power Steering (HPS) systems are being replaced by ElectroHydraulic Power Steering (EHPS) systems and Electric
Power Steering (EPS) systems, and these systems will be
also replaced by technologically advanced systems such as
Steer-By-Wire (SBW) systems in the future. EPS systems,
currently the most prevailing steering system in passenger
vehicles, use an electric motor to provide steering assists to
the driver. They can be divided into three systems according
to the location of this electric motor – Column-type (C-EPS),
Pinion-type (P-EPS) and Rack-type (R-EPS) (Kim and Chu,
Published by Copernicus Publications.

2016). Among these systems, C-EPS, which has an electric
motor on its column, is the most widely used in passenger vehicles because of its advantages over the other systems such
as low cost and small space usage (Kim et al., 2013).
In the case of C-EPS systems, a worm gear pair with a high
gear ratio is used to augment torque from the electric motor. It is located between the motor and the steering column
and consists of a worm shaft and a worm wheel. The worm
gears in C-EPS systems are basically designed to work under
the conditions in which their pitch circles are mating each
other (Kim et al., 2012). However, when the vehicle goes
on a bumpy road, vibration is delivered to the worm gear,
which causes the mismatch of the pitch circles. In this case,
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Figure 1. Anti-Rattle Spring.
Figure 2. Force reaction on tooth surface.

if the both ends of the worm shaft are fixed, it can prevent
the rattling caused by this vibration but it can also damage
the teeth of the worm gears and therefore, in order to prevent rattling and avoid tooth damages, an Anti-Rattle Spring
(ARS) is usually used in C-EPS systems as shown in Fig. 1
(Rho, 2007; Shimizu et al., 2005). This ARS applies preload
to the worm shaft so it can prevent the rattling and sudden
movements caused by vibration.
The efficiency of a worm gear has been analyzed based
on its geometry and tribological characteristics (Kim et al.,
2012). A worm gear pair was set as a target and its mechanical efficiency was predicted under the assumption that it runs
in ideal conditions in that its pitch circles are always mating
each other. As the final procedure of the study, the predicted
efficiency was experimentally verified.
EPS systems have a lot of advantages over other power
steering systems such as better energy efficiency and space
usage due to its compactness and modulization (Zanten,
2000). However, one issue that keeps being raised so far by
many automotive engineers and magazines is steering feel
(Zaremba et al., 1998; Shin et al., 2014; Dong et al., 2010).
Especially for C-EPS systems, for example, when a driver
turns the steering wheel and needs 10 Nm for steering assist,
an electric motor gives 10 Nm to the driver through a worm
gear. This mechanism is assumed to work under 100 % mechanical efficiency and in real time. However, it does not actually happen that way and this causes several steering feel
issues. Therefore, when the driver suddenly turns the steering
wheel from its neutral position and is being applied 10 Nm
steering assist by the motor, the driver can sense delayed and
friction feel. The delayed feel can be resolved by using 16 bit
processors for the control module but the friction feel cannot
be completely resolved by the processor upgrade. This friction feel is also called “sticky” and “annoying” steering feel
and the only way to resolve this issue is to improve mechanical efficiency of the worm gear in EPS systems. Accordingly,
many automakers have been trying to solve this issue that
is caused by unwanted mechanical friction in the on-center
Mech. Sci., 9, 201–210, 2018

zone (Li et al., 2016; Bolourchi and Chandy, 2015; Dang et
al., 2014).
As one way to improve this sticky steering feel, this study
proposes a worm gear efficiency model considering misalignment. This includes not only the model that runs in ideal
conditions but also that runs under preloaded conditions by
an ARS. In order for this, this study employs geometrical
analysis on worm gears and tribological analysis between the
tooth surfaces. In geometrical analysis, the worm shaft misalignment caused by ARS preload is considered. Finally, the
efficiency of a worm gear pair is predicted by the model and
the result is experimentally verified.
2
2.1

Worm gear efficiency model
Power loss of worm gear

Power loss of worm gears is caused by friction on gear teeth,
bearing loss, seal loss and loss due to oil churning (Townsend
and Dudley, 1992). In the case of EPS systems, the worm
gears are contained in a housing and use a grease type lubricant. Accordingly, seal and oil churning losses are negligible in this case. Klaus Michaelis has studied bearing and
gear tooth friction losses (Michaelis et al., 2011). According to his study, gear tooth friction and bearing losses are
divided into load dependent loss which occur even without
power transmission, and load-dependent loss in the contact
with power transmitting components. He has experimented
different types of bearings at various conditions. Generally,
bearing loss can be calculated by the following equation.
T b = fb

Dp
Wb
2

(1)

It is commonly accepted that gear tooth friction loss is the
major source of efficiency dissipation in gears (Anderson et
al., 1981; Velex and Cahouet, 2000). The efficiency of worm
gears can be represented by the following equation.
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Figure 3. Principal curves of worm. (a) Screw involute surface of ZI worm. (b) Geometry of straight-lined blade.

η=

cos α − µ tan γ
× 100 (%)
cos α + µ cot γ

2.2
2.2.1

(2)

(6)

Geometrical analysis
Normal load

Figure 2 shows the force reactions of a worm gear when a
steering torque is applied to the worm wheel. From the geometry, the normal load which acts on the tooth flanks can be
calculated by the following equation.
q
Twh
Fn,T =
1 + tan2 γ + tan2 α
(3)
Rp
In the case of a worm gear with a nylon worm wheel, surface
contacts rather than point contacts occur between the worm
and the worm wheel and therefore, its pressure and lead angles vary along the contact line of the surface. However, it is
customary to assume point contacts and calculate force reactions under the assumption (Townsend and Dudley, 1992).
2.2.2

xδδ = −rb cos δ − u cos λ sin δ
yδδ = −rb sin δ + u cos λ cos δ
zδδ = 0

Contact point & normal pressure

Contact points between tooth surfaces can be obtained by analyzing the geometry of the worm shaft and the worm wheel.
Figure 3 shows a ZI worm. In the case of ZI worm gears,
the surface of a worm is represented by the following equations (Litvin and Fuentes, 2004).
x = rb cos δ + u cos λ sin δ
y = rb sin δ + u cos λ cos δ
z = −u sin λ + rb δ tan λ

(4)

xδ = −rb sin δ + u cos λ cos δ
yδ = rb cos δ + u cos λ sin δ
zδ = rb tan λ

(5)
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where xδ = dx/dδ, yδ = dy/dδ, zδ = dz/dδ, xδδ = d2 x/dδ 2 ,
yδδ = d2 y/dδ 2 , zδδ = d2 z/dδ 2
Figure 4 shows a worm wheel. The surface of a worm
wheel is determined by a hob size and can be represented
by the following equations.
x = rh cos δ + u cos λ sin δ
y = rh sin δ − u cos λ cos δ
z = −u sin λ + rh δ tan λ

(7)

xδ = −rh sin δ + u cos λ cos δ
yδ = rh cos δ + u cos λ sin δ
zδ = rh tan λ

(8)

xδδ = −rh cos δ − u cos λ sin δ
yδδ = −rh sin δ + u cos λ cos δ
zδδ = 0

(9)

In the case of worm gears in C-EPS systems, the worm wheel
is machined by an oversized hob to reduce the sensitivity of
worm gears to alignment errors (Simon, 2003). This worm
wheel is theoretically in point contact with the worm thread,
whereas a worm wheel processed by the hob whose generator
surface is identical to the worm surface is in line contact with
the worm thread (Zhao et al., 2012).
In the case of worm gears with a nylon worm wheel, surface contacts over large areas occur between the worm and
the worm wheel. Therefore, normal pressure at a contact
point can be calculated by dividing normal load by contact
area.
This study employs four principle curves in order to calculate the radii of curvature at a contact point – two from the
worm shaft and the other two from the worm wheel as shown
Mech. Sci., 9, 201–210, 2018
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Figure 4. Principal curves of worm wheel. (a) Geometry of worm
wheel surface. (b) Involute curve of worm wheel.

in Fig. 5. Then, Hertz’s theory is used to calculate the contact area at the contact point. A worm shaft has two principal
curves at a contact point. From the Eqs. (4)–(6), the explicit
form of a function u1 is


−rp cos sin−1 rrbp
u1 =
(10)
cos λ
In the case of ZI worm, a worm shaft is manufactured by a
straight-line blade, which means the tooth line of the worm
shaft is a straight line when it is viewed at the cross sectional
surface which is parallel to the axis of the worm shaft. The
other principal curve of the worm shaft at the contact point is

sp 
x = cot α z −
+ rp
(11)
2
In the case of ZI worm, a worm wheel is manufactured by
an oversized hob as mentioned. From the Eqs. (7)–(9), the
explicit form of a function u2 is


−(rh + rp − rb ) cos sin−1 (rh +rrhp −rb )
u2 =
(12)
cos λ
and the point where the involute curve of the worm wheel
crosses the pitch circle is
s
Rp
δ=
−1
(13)
Rb

Figure 5. Four principal curves at contact point.

where u =



r
−rp cos sin−1 rbp
cos λ

(15)

R2 = ∞

R3 = r

rh2
cos2 λ

+ u2 cos2 λ

3/2
(16)

rh4
cos2 λ

where u =

+ rh2 u2



1 + cos2 λ + u4 cos4 λ


−(rh +rp −rb ) cos sin−1 (r

rh
h +rp −rb )



cos λ

s
R4 = Rb δ = Rb

Rp
−1
Rb

(17)

where Rb = Rp cos α.
In this study, Hertz’s theory is introduced to derive a contact area from the radii of curvature obtained from the equations above. When a worm gear is perfectly aligned, which
means that the two pitch circles of the worm and the worm
wheel are perfectly match each other, the mean position of
the contact areas is on the pitch circle. However, if a misalignment occurs, their mean position is not on the pitch circle so their mean position should be calculated by considering the amount of the misalignment. Contact area at a contact
point can be calculated by the following equations.
!)2/3
1 − ν12 1 − ν22
3
· Req1
+
· P 2/3
A1
=π
4
E1
E2
!)2/3
(
1 − ν12 1 − ν22
3
2
· Req2
+
· P 2/3
A2 = π b = π
4
E1
E2
(

The radius of curvature in a worm gear can be calculated by
the following equations.

R1 = r

rb2
cos2 λ

3/2
+ u2 cos2 λ
(14)

rb4
cos2 λ

+ rb2 u2



1 + cos2 λ
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+ u4 cos4 λ

= π a2

where Req1 =

R1 R3
R3 −R1 ,

Req2 =

R2 R4
R4 +R2 ,

P=

Fn
3
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Figure 7. Tribometer.

Figure 6. Force applied to Anti-Rattle Spring

(

1 − ν12 1 − ν22
3
A = π ab = A1 · A2 = π
·
+
4
E1
E2

1/3  2/3
R1 R3
R2 R4
Fn
·
·
R3 − R1 R4 + R2
3

!)2/3

p

(18)
FARS =

Consequently, normal contact pressure is

Pn =


π

2.2.3

√
1+tan2 γ +tan2 α
Rp

Twh

1
4


·

1−ν12
E1

+

1−ν22
E2

+

(d1 +d2 )Fpreload sin α
d1

2/3 

R1 R3
R3 −R1

d2 Twh − MRp cot α cos γ
(d1 + d2 )Rp cot α cos γ

(20)

Hence, a misalignment by the output torque is
1/3

R4
· RR42+R
2

x=
1/3

(19)

Misalignment

When a vehicle goes on a bumpy road, vibration and impact occur and are delivered to the steering system. In order
to avoid tooth failure caused by these vibration and impact,
the worm gear in the steering system needs flexibility and
clearance in terms of design and assembly (Shin et al., 2014;
Baxter and Dyer, 1988). In C-EPS systems, a worm wheel is
located in the steering column and rotated by it. Therefore, an
ARS is used to apply preload to one end of the worm shaft as
shown in Fig. 1 (Rho, 2007; Shimizu et al., 2005). This ARS
not only gives flexibility to the worm gear but also prevents
the rattling sound and feel caused by vibration and impact.
As mentioned, in most worm gears, oversized hobs are introduced in machining worm wheels to reduce the sensitivity
to misalignment and accordingly, the gear teeth of the worm
wheels are in point contact with the worm thread. This point
contact is assumed to spread over an elliptical area and be on
the pitch circle (Simon, 2003). When a misalignment is considered, most studies have assumed the misalignment in the
magnitude of 10 to 100 µm (Zhao et al., 2012; Sohn and Park,
2016). It is probably because most worm gears are supposed
to work on static and stable bases. In the case of worm gears
used in C-EPS systems, however, ARS with a large spring
www.mech-sci.net/9/201/2018/

stiffness are used to prevent rattling and this causes larger
misalignment than usually considered (Rho, 2007; Shimizu
et al., 2005). When a spring stiffness and an initial misalignment value are known, misalignment according to output
torque can be calculated. In Fig. 6, a force applied to the
ARS by an output torque is

d2 Twh − MRp cot α cos γ
k(d1 + d2 )Rp cot α cos γ

(21)

As the misalignment increases, the rotation angle of the
worm shaft with respect to x axis increases and therefore,
the misalignment of the worm shaft can be mathematically
reflected by rotating the coordinate system of the worm shaft.
2.3

Tribological analysis

Friction coefficient

As shown in Eq. (2), friction coefficient is a key factor along
with lead and normal pressure angles that determines transmission efficiency of worm gears. Considering lead and normal pressure angles are design parameters that are predetermined and do not change while running, friction coefficient
is the only factor that affects the efficiency of worm gears.
This study uses a tribometer to measure friction coefficients
at various conditions. The tribometer is a pin-on-disk type
as shown in Fig. 7. The pin and the disk are made up of
the same materials as the worm wheel and the worm shaft,
respectively. In the case of the worm gear prepared for the
verification in this study, the pin is nylon6 and the disk is
SUM43. The pin is located at the end of a flexible bar and the
disk which has rotational motion by a motor is located underneath the pin. A load sensor located at the end of a rigid bar is
attached to the screw cap which holds the pin inside. As the
disk rotates with the pin on it, the load sensor can measure
the friction force between the pin and the disk. The sliding
Mech. Sci., 9, 201–210, 2018
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Table 1. Specifications of worm gear.

Property

Worm

Worm wheel

Material
Normal Module
No. of Teeth
Normal Pressure Angle
Helix Angle
Hand
Tip Diameter
Pitch Circle Diameter
Base Circle Diameter
Flank Surface Roughness
Hob size
ARS stiffness

SUM43
2.178206
3
14◦
18◦
Right
19.1 mm
14.1 mm
10.97 mm
0.15 µm Ra
–
–

Nylon6
41

97.1 mm
93.9 mm
86.864 mm
0.8 µm Ra
φ60 mm
30 N mm−1
Figure 8. Misalignment according to output torque.

Table 2. Details of tribometer and experimental conditions.

Material of Ball

Nylon6

abe et al., 1968). The equation is

Material of Disk
Ball Surface Finish
Disk Surface Finish
Center Distance
Disk Rotating Speed
Ambient Humidity
Ambient Temperature

SUM43
0.8 µm Ra
0.15 µm Ra
50 mm
56 rpm
32 % RH
22.6 ◦ C

µ = c · vβ

where c, β are constants and β is 0.18 for nylon6, 0.13 for
PTFE and 0.036 for HDPE.
2.4

velocity between the pin and the disk is controlled by the rotational speed of the pin and the distance from the center of
the disk to the pin. In order to apply normal pressure to the
pin, weights are placed on the pin and normal pressure can
be controlled by the weights and the tip shape of the pin.
There are many researches that have studied contact mechanics and tribology. In steel-polymer contact, sliding velocity is not an important factor whereas normal pressure
is still important for friction coefficient (Watanabe et al.,
1968; Yamaguchi, 1990). Semaya Ahmed El Mowafi theoretically studied “Adhesion-shear theory” which dominates
steel-polymer contact and experimentally verified the theory
in his study (Mowafi et al., 1992). Friction coefficient decreases as normal load increases and it follows a power function of the form:
µ = a ·Pn

Model Validation

In this study, a worm gear set was prepared for the validation of the model. Its specifications including its ARS stiffness are indicated in Table 1. As shown, the worm is made
up of SUM43 and the worm wheel is made up of Nylon6,
which means that the worm gear has a polymer-steel contact. Geometrical analysis to find contact point, normal load
and normal pressure was performed using the specifications
in Table 1. For tribological analysis, a pin and a disk were
prepared for the tribometer in Fig. 7. The pin and the disk
are made up of the same materials as the worm wheel and
the worm, respectively – Nylon6 for the worm wheel and
SUM43 for the worm shaft. The experimental conditions are
shown in Table 2. In order for accurate experiments, the pin
and the disk were precisely manufactured in the same surface
roughness as the worm wheel and the worm shaft. As mentioned, sliding velocity hardly affects friction coefficient so
the disk rotating speed is set to 56 rpm in accordance with a
worm wheel speed of 360◦ s−1 .

(22)

where, n is dependent on the type of motion between contact surfaces. From the experiments, n is −0.9 for sliding and
−0.6 for rolling, which means friction coefficient is inversely
proportional to normal load. In steel-polymer contact, on
the other hand, sliding velocity hardly make difference on
friction coefficient. Yakisaburo Yamaguchi experimentally
showed in his study (Yamaguchi, 1990) and Makoto Watanabe derived empirical equations that represents the relationship between friction coefficient and sliding velocity (WatanMech. Sci., 9, 201–210, 2018

(23)

2.4.1

Misalignment

Figure 8 shows the misalignment according to output torque
of the worm gear. In the case of the worm gear tested in the
measurement, an ARS with 30 N mm−1 of spring constant
is used. The misalignment values indicate the height of the
worm shaft tip from the aligned position. When the worm
gear starts to run at 0 Nm output torque, misalignment is
−1.10 mm, which means the worm shaft is pressed down by
the ARS. As the output torque increases, the value increases
www.mech-sci.net/9/201/2018/
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Figure 9. Friction coefficient according to normal pressure.

Figure 11. Worm gear efficiency measurement system.

dicted efficiencies also show the largest difference at 0 Nm
output torque and start to decrease as output torque increases
and the difference becomes zero when the misalignment is
zero. Thereafter, two efficiencies do not show much difference.
2.5

Verification

2.5.1
Figure 10. Efficiency by the model.

and reaches 0 mm at 19.67 Nm, which means the worm shaft
is perfectly aligned, and become positive values afterwards.
2.4.2

Friction efficient

Figure 9 shows friction coefficient according to normal pressure, which was experimented by the tribometer. Friction
coefficient decreases as normal pressure increases and it
reaches 0.029 at 130 MPa and then it starts to increase
slightly afterwards.
2.4.3

Worm gear efficiency by model

Figure 10 shows worm gear efficiency according to output
torque, which is predicted by the model developed in this
study. It shows the difference between the efficiencies with
misalignment and without misalignment. As shown in Fig. 8,
the misalignment is the largest at 0 Nm output torque and it
starts to decrease as output torque increases. Hence, the prewww.mech-sci.net/9/201/2018/

Experimental setup

A worm gear efficiency measurement system was set up in
this study in order to verify the efficiency model developed
in this study. Figure 11 shows the efficiency measurement
system. A worm gear set is located between a servo motor
and a brake. The servo motor turns the worm gear at a certain speed and the brake applies resistant torque to the worm
gear. There are two torque sensors used in this system – the
one between the worm gear and the servo motor is to measure input torque, and the other between the worm gear and
the brake is to measure output torque. As well as the measurement by two torque sensors, the control of the motor and
brake are operated via a main controller. Experiments were
performed in the range of 2 to 60 Nm of output torque and
360◦ s−1 of rotational speed. When a gear ratio is known, the
efficiency of worm gears can be obtained by the following
equation.
η=

Tout
× 100 (%)
Tin × m12

(24)

Mech. Sci., 9, 201–210, 2018
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Figure 12. Efficiency comparison.

2.5.2

Experimental results

Figure 12 shows the verification results. The experimental
results show the same efficiency trend as the results by the
model. Efficiency increases as output torque increases and
reaches its maximum value 93.10 % at 36 Nm and thereafter
it slightly decreases.
3

Conclusion

A worm gear efficiency model considering misalignment was
proposed in this study. A worm gear set is used in C-EPS
systems and an ARS is also used in C-EPS systems in order to prevent the rattling that occurs between the gear teeth
when the vehicle goes on a bumpy road. This ARS causes
misalignment of the worm shaft and accordingly, generates
undesirable friction.
Transmission efficiency of worm gears is represented by
torque loss and the worm gear efficiency equation was derived in this study. It consists of lead and normal pressure
angles, and friction coefficient. In order to obtain friction coefficients at various driving conditions, this study introduced
geometrical and tribological analyses.

Mech. Sci., 9, 201–210, 2018

As a first step, normal load was calculated and the contact points between gear tooth surfaces were derived from
the gear geometry. This study takes four principal curves into
account at a contact point and Hertz’s theory is employed to
obtain the contact area at the contact point. Finally, the normal pressure at the contact point was found. A worm shaft
misalignment by an ARS was applied to the coordinate system of the worm shaft in this stage.
A pin-on-disk type tribometer was set up in this study in
order to measure friction coefficients at various conditions.
Weight plates are placed on the pin to apply the normal pressure obtained from the geometrical analysis. Through the
procedures, a worm gear efficiency model considering misalignment was developed.
In order to validate the model, a worm gear set was prepared and the efficiency of the worm gear was predicted by
the model. The predicted efficiency with misalignment consideration is shown along with the efficiency without misalignment consideration. The efficiency with misalignment
shows lower efficiency values than the efficiency without
misalignment at low output torque conditions. As the final
procedure of the study, the efficiency of the worm gear was
measured by an efficiency measurement system and the results were compared with the predicted efficiency results.
From the comparison, the predicted efficiency with misalignment consideration gives more accurate results than the predicted efficiency without misalignment consideration.

Data availability. No data sets were used in this article.
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Appendix A
A1

Notation

Tb
fb
Dp
D1
D2
Wb
η
α
µ
γ
Fn,T
Twh
Rp
rb
u, θ
rh
rp
sp
k
MMOUNT
Tin
Tout
m12
A2

torque loss of bearing (Nm)
friction coefficient
0.5(D1 + D2 )
bore diameter of bearing
Outside diameter of bearing
Load on bearing
Efficiency of worm gear
Normal pressure angle
Friction coefficient
Pinion lead angle
Normal load on tooth flank (N)
Worm wheel torque (N)
Pitch diameter of worm gear
Radius of the base cylinder
Surface parameters
Radius of hob
Radius of pitch circle of worm
Length of two opposite tooth flanks on the pitch circle
ARS spring stiffness
Moment at mount
Input torque
Output torque
Gear ratio

Abbreviations

C-EPS
Anti-Rattle Spring
HPS
EHPS
EPS
SBW
P-EPS
R-EPS

Column type Electric Power Steering
ARS
Hydraulic Power Steering
Electro-Hydraulic Power Steering
Electric Power Steering
Steer-By-Wire
Pinion-type Electric Power Steering
Rack-type Electric Power Steering
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