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Abstract. The actuating precision of a micro-positioning system, driven by a magnetostrictive actuator, is ad-
versely limited by its nonlinearities, particularly the output-input hysteresis, which are further affected by the
operating load and input frequency. In this paper, the output-input properties of a magnetostrictive actuated sys-
tem are experimentally characterized considering a wide range of operating frequencies and loads. The measured
data revealed that the hysteresis behaviour is strongly affected with a change of operating load, and a modified
Prandtl-Ishlinskii model with load-dependent delay is subsequently formulated to describe the nonlinear char-
acteristics of the magnetostrictive actuated system in terms of major and minor loop hysteresis, and output
magnitude and phase responses. The proposed model integrates a load-delay function related to the load mass
with the Prandtl-Ishlinskii hysteresis model so as to fully describe the coupled nonlinear delay effects of the
system output. The validity of the proposed model is demonstrated through comparisons with the experimental
data for a range of operating loads and frequencies. It is shown that the proposed model can accurately describe
the load-dependent hysteresis effects of the magnetostrictive actuated system up to certain input frequencies.

1 Introduction

Magnetostrictive materials, a class of smart materials, ex-
hibit deformation under different forms of inputs such as
stress, temperature, moisture, pH and electric or magnetic
field (Tan and Baras, 2004). Such materials exhibit strong
coupling between the mechanical and magnetic states, and
thus produce mechanical stress and strain output due to
change in input magnetic field (current). This property of
the magnetostrictive material has been used for developing
micro-actuating/positioning devices. Compared with other
smart material-based actuators such as piezoelectric (Chen
and Ozaki, 2011), SMA (Jani et al., 2014) and MSMA (Mi-
norowicz et al., 2016), the magnetostrictive actuators exhibit

relatively large force and deflection with micrometre resolu-
tion over a broad frequency range. Such actuators have thus
been explored for various applications such as active vibra-
tion control and high-speed precision machining (Braghin et
al., 2011; Chen and Liu, 2013).

The magnetostrictive material-based actuators, however,
exhibit dominant nonlinearities between the input magnetic
field (current) and the actuation force (displacement) (Cao
et al., 2006), similar to other smart material-based actuators
(Song et al., 2005; Liu et al., 2015; Minorowicz et al., 2016).
Such nonlinearities limit the actuating precision and perfor-
mance, and may cause undesirable inaccuracies or oscilla-
tions in the output, specifically when used in a closed loop
system (Smith, 2005). The reported measured input-output
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characteristics of magnetostrictive actuators have shown that
the nonlinearities mainly include hysteresis exhibiting strong
non-smooth and multi-value properties (Smith, 2005). Some
studies have also shown that the hysteresis nonlinearity is
strongly coupled with the working conditions such as me-
chanical load and input frequency (Rongge et al., 2005; Val-
adkhan et al., 2010; Niu et al., 2017). However, such non-
linearities in the magnetostrictive actuated systems cannot
be easily linearized or modelled using conventional meth-
ods. Modeling of magnetostrictive actuation nonlinearities,
particularly under different operating conditions, is thus vi-
tal for accurate predictions of output characteristics and con-
troller synthesis for mitigating the undesired effects so as to
enhance actuation performance (Cao et al., 2006; Liu et al.,
2012; Li et al., 2016).

The hysteresis phenomena in magnetostrictive actuators
have been widely investigated, including various modeling
methods (Brokate and Sprekels, 1996; Kuhnen, 2013) and
related control approaches (Chen and Hisayama, 2008; Li
et al., 2014; Feng et al., 2008; Su et al., 2009) for mitigat-
ing undesired effects of hysteresis nonlinearity. The reported
studies have shown that the hysteresis nonlinearity of mag-
netostrictive actuators is strongly coupled with various op-
erating factors such as input frequency, magnetic bias and
current amplitude (Liu et al., 2012). Besides, the changes in
the operating load also affect the output-input property of a
magnetostrictive actuated system, which is altered with the
change of load and frequency (Wang et al., 2010; Zhang et
al., 2013).

Reported studies have mostly employed different phe-
nomenological hysteresis models to describe input and out-
put characteristics of magnetostrictive actuators. These can
be classified as operator-based such as Preisach (Mayergoyz,
1991), Prandtl-Ishlinskii and Kransnosel’skii-Pokrovskii
models (Brokate, 1996), and differential equations-based
such as Duhem and Bouc-Wen models (Coleman and Hodg-
don, 1987). Therein, the Prandtl-Ishlinskii (PI) model, a sub-
class of the Preisach model, is considered meritorious com-
pared to other operator-based models since it is continu-
ous and permits analytical model inversion (Kuhnen, 2003),
which could facilitate the design of control/compensation
methods (Chen and Su, 2016; Nguyen et al., 2018). The
PI model employs a superposition of elementary play or
stop operators, and a density function (Brokate and Sprekels,
1996). Furthermore, the PI model is relatively simple and
computationally efficient compared to other hysteresis mod-
eling methods. The classical PI model has thus been widely
used to describe hysteresis in smart material actuators such
as piezoceramic actuators (Chen and Hisayanna, 2008).

Based on the classical PI model, a few studies have pre-
sented different extensions of the classical PI model to de-
scribe asymmetric, saturated and rate-dependent hysteresis
characteristics observed in some smart materials based ac-
tuators (Su et al., 2009; Zhang et al., 2013; Minorowicz et
al., 2016). For example, the generalized Prandtl-Ishlinskii

model (GPIM) being constructed by asymmetric hysteresis
operator and modified Prandtl-Ishlinskii model (MPIM) be-
ing built by classical PI model combining with dead-zone
operators are used to express the asymmetric and saturated
hysteresis in magnetic shape memory alloys based actua-
tors (Minorowicz et al., 2016). The input rate-dependence
of the hysteresis nonlinearity has been mostly characterized
by introducing a dynamic density function to the classical
PI and Preisach models (Li et al., 2014). Kuhnen (2003)
employed a summation of weighted nonlinear and memory-
less deadband operators to relax symmetry of the classical
PI model so as to describe saturation nonlinearities. Another
study proposed dissimilar envelop functions under increas-
ing and decreasing inputs to formulate generalized play op-
erators for describing output asymmetry (Valadkhan et al.,
2010). The effectiveness of the afore-mentioned operator-
based models in predicting rate-dependent and asymmetric
hysteresis has been demonstrated through comparisons with
measured input-output characteristics of the magnetostrictive
and piezoceramic actuators (Rongge et al., 2005; Liu et al.,
2012).

When the magnetostrictive actuators with the mechanical
loads, the nonlinearities in such actuated systems become
more complex, which involve the coupled effects from the
actuators and the loads. The characterization of effect from
the load on the actuator’s output has been attempted in a
few studies (Zheng et al., 2007; Zhu et al., 2016). In Zhang
et al. (2013), a magnetostrictive actuated platform was con-
ducted to show input-output hysteresis properties consider-
ing the external stress under the fixed operating frequency,
and a stress-dependent PI hysteresis model was subsequently
proposed to show the negative effects from the load. In Val-
adkhan et al. (2010), the considerable variations in the actua-
tor output was showed with changes in the mechanical loads
in addition to hysteresis coupled with strong time-delays.

The results given in these studies revealed the coupled
nonlinear effects between the input frequencies and the me-
chanical loads, which influenced the output of the magne-
tostrictive actuated systems and degraded the actuating per-
formance. Such problem in the magnetostrictive actuated
systems calls for a further study in modeling method to
characterize the input-output property with changes in the
load and input frequency. In this study, a modified Prandtl-
Ishlinskii hysteresis model with the load-dependent delay
is proposed to describe coupled hysteresis nonlinearity in
a magnetostrictive actuated system. The load-dependent de-
lay is cascaded with the hysteresis nonlinearity to describe
the coupled mechanical load effects under the different input
rates for the magnetostrictive actuated system. The output-
input properties of a magnetostrictive actuated system are
measured in the laboratory over a wide range of mechani-
cal loads and input frequencies, and a corresponding method
of identifying model parameters based on measured data ac-
quired for different loads and frequencies is also introduced
in this paper. The validity of the model in characterizing the
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coupled mechanical load and input frequency in the hystere-
sis nonlinearity is demonstrated through comparisons with
the measured data under different mechanical loads and in-
put frequencies.

The paper is organized as follows: Sect. 2 presents the ex-
perimental results and characterization of the magnetostric-
tive actuated system under different loads and input frequen-
cies. Section 3 presents formulation of the modified PI hys-
teresis model with a load-dependent delay. Section 4 illus-
trates the parameter identification method, and model valida-
tion using experimental results over the entire range of loads,
while the conclusion of the study is summarized in Sect. 5.

2 Experimental Characterizations of the
magnetostrictive actuated System

In this section, experiments were designed to characterize
output-input properties of a magnetostrictive actuated sys-
tem under a range working conditions involving operating
frequency and load. The measured data were used to charac-
terize the nonlinearities in terms of major and minor loops
hysteresis, and displacement magnitude and phase responses
as functions of operating frequency and actuator load.

2.1 Experimental Platform

The experiments were performed on a magnetostrictive ac-
tuator (MFR OTY77, Etrema Products, Inc.) with stroke of
±50 µm. The actuator comprised two Terfenol-D material
drive rods, preloaded by a compression bolt and a spring
washer, and encapsulated by coils, and permanent magnets
that provide essential magnetic bias for the actuator to op-
erate in the linear region (Fig. 1). The actuator could pro-
vide a dynamic force up to approximately 1.1 kN in the 0–
1250 Hz frequency range. The actuator was oriented verti-
cally in a fixture, which could support the load. The loading
fixture was designed with vertical guide rods to minimize
the side loads and moment on the actuator. Up to five lead
blocks (each weighing 5.5 to 5.8 kg) were used in the loading
fixture and centered via the guiding rods, while the loading
fixture alone weighed 4.2 kg. Different combinations of the
blocks with fixture thus permitted experimental characteriza-
tions with loads ranging from 0 to 33 kg.

The actuator displacement was measured using a capaci-
tive sensor (Lion Precision, model C23-C250) with resolu-
tion of 35.53 nm and bandwidth of 15 kHz. The excitation
signal was synthesized in the dSPACE-ControlDesk platform
and applied to the actuator drive coil through a power ampli-
fier (LVC 2016, AE Techtron Inc). The actuator displacement
response together with the applied input was acquired in the
ControlDesk platform. A schematic of the experimental set-
up is shown in Fig. 2. The experiments were conducted to
characterize input-output properties under different operat-
ing loads (0–33 kg) and frequencies (1 to 150 Hz), including:
(i) major-loop tests; (ii) minor-loop tests; and (iii) frequency

Figure 1. Schematic of the magnetostrictive actuator.

response of the actuator. The experimental conditions and the
results attained from each test are discussed in the following
sub-sections.

2.2 Major-loop tests

The hysteresis nonlinearity of the actuated system was ini-
tially characterized through major loop tests under differ-
ent loads and excitation frequencies. The measurements were
performed under constant amplitude (1 A) harmonic excita-
tions at different discrete frequencies (f = 1, 50, 100 and
150 Hz). The experiments were conducted with unloaded as
well as loaded actuator with different loads (10, 21.5 and
33 g). The excitation current and output displacement sig-
nals, acquired in the ControlDesk, provided the major-loop
characteristics.

Figure 3, as an example, shows measured displacement-
current (output-input) characteristics of the actuated system
illustrating hysteresis major-loops under 1 A harmonic exci-
tations. The results are presented for different discrete fre-
quency excitations and operating loads, which show signif-
icant effect from the load. Furthermore, with the increase
of the frequency, the delay effect becomes more evident at
higher frequencies. The resonant frequency of the actuator
also decreases considerably with increasing mass. The output
displacement amplitude of the magnetostrictive actuated sys-
tem thus shows more significant contributions of dynamics of
the actuator under higher frequency excitations. Specifically,
the displacement-current characteristics of the magnetostric-
tive actuator without load for different discrete frequency can
also be described by rate-dependent PI model (Minorowicz
et al., 2016) well by involving the input frequency in the play
operator. However, the RDPI model is not capable of describ-
ing the situation with actuating loads especially under high
frequency.
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Figure 2. Experimental platform of the magnetostrictive actuated system.

Figure 3. Major-loop hysteresis characteristics of the magnetostrictive actuated system under operating loads (0–33 kg) and excitation
frequencies (1–150 Hz).

2.3 Minor loop tests

The minor-loop tests were performed to further explore hys-
teresis nonlinearity of the magnetostrictive actuated system
coupled with nonlinear effects of the load and operating fre-
quency. The measurements were performed under a com-
plex harmonic excitation current v(t) of the form: v (t)=
a1 sin(2πq1f0t)+a2 sin(2πq2f0t+0.5πf0), where a1 and a2
are amplitudes, q1 and q2 are frequency scale factors, and f0
is the fundamental frequency. Experiments were conducted
considering four different fundamental frequencies (1, 101,

301 and 401 Hz), and constant amplitudes (a1 = 0.4428 A;
a2 = 0.5535 A) and scale factors (q1 = 0.35; q2 = 0.1). The
minor loop tests were limited to a fixed load, represented by
the loading fixture attached to the actuator (mass= 4.2 kg).

Figure 4 illustrates excitation waveforms and output-input
characteristics corresponding to the chosen fundamental fre-
quencies (1, 101, 301 and 401 Hz). The measured results
obtained under low frequency excitation (1 Hz) in Fig. 4a
suggest that the minor-loops satisfy the congruency property
(Mayergoyz, 1991). The output delay of the magnetostrictive
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Figure 4. Minor loop hysteresis characteristics of the magnetostrictive actuated system at different fundamental frequencies: (a) f0 = 1 Hz;
(b) f0 = 101 Hz; (c) f0 = 301 Hz; and (d) f0 = 401 Hz.

actuated system can be described by the classical hysteresis
modeling method. Under higher frequency excitations, the
minor-loops tend to cross-over in some special points, indi-
cated by encircled numbers 1 to 4 in Fig. 4b to d. The minor-
loops at higher excitation frequencies thus do not satisfy the
congruency property, and the delay effect due to the mechan-
ical load also change the basic property of hysteresis, which
should be considered in the modeling method. The details are
further discussed in Sect. 3.

2.4 Magnitude and phase response tests

The frequency response characteristics of magnetostrictive
actuated system were measured under different loads to fur-
ther study the delay load effect on system dynamics. The
measurements were performed with the unloaded as well as
loaded actuator subject to several discrete harmonic excita-
tions in the 1 to 500 Hz frequency range with constant am-
plitude of 0.5 A. The measured data were analyzed to obtain
magnitude and phase response characteristics of the actua-
tor for different loads. The magnitude response at different
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Figure 5. Normalized magnitude and phase responses of unloaded
and loaded magnetostrictive actuated system in the 1–500 Hz fre-
quency range.

frequencies is normalized with respect to the displacement
response at 1 Hz. Figure 5 illustrates normalized magnitude
and phase responses of the unloaded actuator and the loaded
actuator under three different loads (4.2, 10 and 21.5 kg). The
results suggest the following dynamic features of the magne-
tostrictive actuated system:

The magnitude and phase responses suggest a high-order
dynamic system feature, while the actuator’s natural fre-
quency decreases with the load. The response is thus affected
by the actuator’s resonance particularly under higher operat-
ing loads. This is also evident from considerable higher am-
plitude of the loaded actuator displacement under higher fre-
quency excitations, also evident in Fig. 3.

Increasing the actuator load yields substantially higher de-
lay, which is further augmented with increase in excitation
frequency. This is also evident from the major loops pre-
sented in Fig. 3.

3 Modified PI modeling method with
load-dependent delay

3.1 Discussions on Measured Nonlinearity
characteristics

The results obtained from the major- and minor-loop tests,
and the frequency responses tests suggest highly complex
nonlinearities in the input-output characteristics of the sys-
tem. These clearly show the hysteresis nonlinearity coupled
with input rate-dependent and load-dependent delay effects.
A modified PI hysteresis model with load-dependent de-
lay is thus formulated to describe the hysteresis nonlinear-
ity coupled with the working nonlinearities. To formulate the
model, the observed nonlinearity in the output of the magne-
tostrictive actuated system is further examined considering
the congruency property. The classical definition in Mayer-
goyz (1991) and Brokate and Sprekels (1996) states that sys-
tems with hysteresis have a persistent memory of the past that

remains after the transients have subsided. The output y(t) of
the system depends on the path followed by the input v(t) but
not on the rate at which it traverses the path. The definition
of this property is thus briefly discussed below.

Hysteresis congruency property (Mayergoyz, 1991): “For
the pure hysteresis nonlinearity, all minor loops resulting
from back and forth input variations between the same two
consecutive extrema have equal vertical chords (output incre-
ments) for the same input values”. According to Madelung’s
rules, following three properties should be satisfied, which
can be illustrated from the minor-loop test results in Fig. 4.

Any curve 01 emanating from a turning point A (extrema)
of the input-output graph is uniquely determined by the co-
ordinates of A (Fig. 4a).

If any point B on curve 01 becomes a new turning point,
the curve 02 originating at B then leads back to the point A.

If the curve 02 is continued beyond point A it would coin-
cide with continuation of curve 0 which led to point A prior
to traversing 01−02 cycle (minor loop).

As shown in Fig. 4a, the minor-loop characteristics satisfy
the above-stated congruency properties under low frequency
excitation. The nonlinearity existing between the input and
output of magnetostrictive actuated system with load can
thus be treated as classical hysteresis in such working condi-
tion. This nonlinearity of the magnetostrictive actuated sys-
tem at a low frequency condition can be accurately described
by the classical PI model, which have been widely reported
(Chen and Hisayama, 2008). The minor-loops corresponding
to same extremum values of input at higher excitation fre-
quencies (101, 301 and 401 Hz), presented in in Fig. 4b–d,
however, are non-congruent and do not satisfy the Madlung’s
rules. These suggest that nonlinear output-input properties
of the magnetostrictive actuated system under such working
conditions cannot be adequately described by classical hys-
teresis alone, and the available hysteresis modeling methods
may not be applicable.

From the measured major- and minor-loops and frequency
response characteristics (Figs. 3 to 5), it is evident that the
system’s output is strongly coupled with the working con-
dition related to load, and is further affected by the input
frequency. The coupled effect of working condition-induced
nonlinearities may be described by the delay related to the
load. A load-dependent based hysteresis modeling method is
thus presented in following section.

3.2 Classical PI hysteresis model

The hysteresis nonlinearity in the magnetostrictive actuator
is initially described by the PI model. It should be noted
that the hysteresis nonlinearity observed for the unloaded ac-
tuator at a low frequency is not limited to PI model alone
and it could be modelled using different approaches such as
Preisach model, Bouc-Wen model and Duhem model. The PI
model is employed in this study as a mere illustration to show
the integration of load-dependent delay function. Moreover,
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Figure 6. The structure of the modified PI hysteresis model with load-dependent delay.

the PI model likely offers better real-time implementation
potential for compensations considering its continuous na-
ture and analytic invertibility.

In this subsection, the classical PI model is presented,
which is constructed by play operator Fr [v](t) with discrete
thresholds r . As shown in Eq. (1),

u (t)= P [v] (t)= p0v (t)+

∞∫
0

p(r)Fr [v] (t)dr (1)

v(t) is the input, p0 a positive constant, and p(r) is a given
density function and the play operator Fr [v] is given by:

Fr [v] (0)= fr (v (0) ,0)
Fr [v] (t)= fr

(
v (t) ,Fr [v](tj )

)
(2)

For ti < t ≤ ti+1,0≤ i ≤N + 1 with fr (v,w)=max(v−
rmin(v+ r)w), where 0= t0 < t1 < .. .tN = tE is a partition
within [0, tE] such that the function v(t) is monotone on each
of the sub-intervals [ti ti+1].

3.3 PI hysteresis model with load-dependent delay

The load-dependent delay effect in the PI model output u(t)
can be introduced in the following manner:

y (t)=D [u] (t)=D[P (v)](t) (3)

where y (t) is output of the magnetostrictive actuated sys-
tem incorporating the load-delay effect attributed to operat-
ing load.D[u](t) is a delay operator defined in Eq. (4), which
involves the output of Prandtl-Ishlinskii model.

D [u] (t)= u (t − τ (m)) (4)

For the load-delay effect, as observed for the magnetostric-
tive actuated system, τ (m) is designed as a function of load
massm to show the dependence property. The hysteresis with
load-dependent delay formulations in Eqs. (3) and (4) consti-
tutes a cascade structure, as shown in Fig. 6.

The proposed modified based PI model with load-
dependent delay can thus be expressed as:

y (t)= p0v (t − τ (m))+

∞∫
0

p (r)Fr [v (t − τ (m))]dr (5)

Remark: In order to accurately describe the nonlinear load-
dependent feature, the delay τ is designed as a function of
the load expressed in terms of the mass (m). It may also be
designed as function of other parameters that affect loading
property such as stiffness.

4 Numerical implementations, model identification
and verifications

4.1 Numerical implementation of the proposed model

For numerical implementations of the modified based PI
model with load-dependent delay, a time-discrete expression
is used, given by:

y (k)= u[v](k− τk) (6)

where τk denotes the load-delay operator, u [v] is the Prandtl-
Ishlinskii model output, which is written as the discrete form:

u [v] (k)= p0v (k)+
n∑
i=1

piFri [v] (k) (7)

where pi denotes the weights of the play operator; Fri [v] (k)
are play operators corresponding to the threshold ri and n is
number of the play operators used in the model.

In this subsection, an identification method is introduced
for identifying parameters of the proposed model. The
method involves two sequential steps: (i) identifications of
the PI hysteresis model parameters, the thresholds ri and den-
sity weights pi (ii) identification of load-delay operator pa-
rameters τ (m).

4.2 Hysteresis parameter identification

In the first stage, the thresholds ri and density weights pi
are identified for the PI model, where the thresholds ri are
selected as:

ri = 0.1
max(current)

n
:max(current)(i = 1, . . .,n) (8)

and r0 = 0.
In Eq. (8), n is number of operators considered in the

model. The current is designed as an exponentially decreas-
ing sine function. As an illustration, a current signal of the
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Table 1. Identified parameters of the Prandtl-Ishlinskii model.

No. ri pi No. ri pi No. ri pi No. ri pi

0 0 1.205 8 0.271 0.001 16 0.569 1.050 24 0.868 0
1 0.010 1.255 9 0.308 0.609 17 0.606 0 25 0.905 0
2 0.047 0.392 10 0.346 0.019 18 0.644 0 26 0.942 0.828
3 0.086 0.129 11 0.383 0.028 19 0.681 0 27 0.979 0
4 0.122 0.210 12 0.420 0 20 0.718 0 28 1.017 0
5 0.159 0.030 13 0.457 0 21 0.756 0 29 1.054 0
6 0.196 0.310 14 0.495 0 22 0.793 0 30 1.091 0
7 0.234 0.272 15 0.532 0 23 0.830 0 31 1.129 1.494

form v (t)= 5e−0.1t sin(2πt) is chosen for the first stage
identification test.

The weights can be determined through solutions of the
following constrained quadratic minimization function:

min[C3− d]T [C3− d]};
subject to p (i)≥ 0, i ∈ {0,1,2,3, . . .,n} (9)

where 3= [p0, . . .,pn]
T is the vector of weights. C =

[Fr0Fr1 , . . .,Frn ] is the play operators vector, where Fr0 = v
is known output of the unloaded magnetostrictive actuator
under the selected input signal. Nonlinear least-square min-
imization toolbox in MATLAB is employed to solve for 3.
Table 1 lists the identified model parameters, ri and pi , while
a total of 31 operators were considered in the identification
test.

4.3 Load dependent delay operator
parameter identification

Consider the Fourier expression of the error signal in the fre-
quency domain as a function of the load-dependent delay
τ (m):

e−jωτ (m)
= cos(ωτ (m)− j sin(ωτ (m)) (10)

The phase due to delay can be expressed as:

6 e−jτ (m)
= arctan

(
−sin(ωτ (m))
cos(ωτ (m))

)
=−ωτ (m) (11)

The load-delay corresponding to each load mass is subse-
quently identified through minimization of terror between the
measured and model phase responses. The measured phase
response, however, revealed slight phase lag at the low fre-
quency of 1 Hz, which was consistent for all the loads consid-
ered during measurements. This phase lag can be attributed
to the hysteresis effect alone, and it is considered as a bias
and was subtracted from the phase responses measured over
the entire frequency range for each load case. It should be fur-
ther noted that phase response of the unloaded actuator also
increases slowly with increasing frequency, which can be at-
tributed to the load-delay and dynamic effect due to small

Table 2. Identification of load-dependent delay.

Load (m) 0 kg 4.2 kg 10 kg 21.5 kg

Load-delay τ (m) 0.1 ms 0.13 ms 0.2 ms 0.35 ms

mass of the Terfenol-D rods. The load-dependent delay τ (m)
corresponding to each load was subsequently obtained from
solutions of the least square minimization problem:

min

[
k∑
i=1

|τ (m)ωi −ψi(m,ωi)|2
]

(12)

where ψi(mωi) are the adjusted measured phase lags cor-
responding to load mass m and frequency ωi and k is the
number of discrete frequencies considered. The frequency
range was chosen so as to reduce the contributions of res-
onant dynamics of the loaded actuators. From the measured
responses, it is evident that the actuator undergoes resonance
near 350, 275 and 200 Hz, respectively, when subject to 4.2,
10 and 21.5 kg loads. The resonant frequency was substan-
tially lower under 33.5 kg. The solutions of the error mini-
mization problem were thus limited to 150 Hz, while exclud-
ing the 33.5 kg case.

Table 2 summarizes the load-dependent delays identified
for each load case, including the unloaded actuator. A cu-
bic polynomial regression function in load mass was subse-
quently identified to describe the load-dependent delay:

τ (m)=−2× 10−5m3
+ 7.8× 10−4m2

+ 4.2× 10−3m+ 0.1 (ms)

The above regression function showed very good fit with the
identified time-deal for the range of load considered (r2

= 1).
Using the proposed hysteresis model with time-delay and

the identification parameter method introduced, the model-
ing method can describe the magnetostrictive actuated sys-
tem with load accurately. The comparison with the experi-
ment measured data in the major loops is given in Fig. 7,
which can illustrate the effectiveness of the proposed model-
ing and parameter identification methods well.
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Figure 7. Comparison of experimental data and the model.

Figure 8. Comparisons of major-loop output-input responses between the proposed model and the measured data without load. (Frequencies
in 1, 50, 100 and 150 Hz and excitation amplitude 1 A, blue line – measured data; red line – proposed model.)

4.4 Model Verifications

The effectiveness of the proposed modeling method is illus-
trated by comparing the model results with experimental data
acquired from the major loop and minor loop tests for the
magnetostrictive actuated system with different loads. The
model validity is initially examined under exponentially de-
caying harmonic inputs at different frequencies. In order to
validate the suitability of the proposed modeling method, one
parameter ModelErr is used, which is defined as

ModelErr =
max(Ex −Mo)

(max(Ex)−min(Ex))
× 100% (13)

where Ex denotes the displacement output of the magne-
tostrictive actuated system,Mo denotes the output of the pro-
posed load-delay based PI model. ModelErr is used to reflect
the accuracy of the modeling method under different loads
and frequencies. For this magnetostrictive actuated system,
with frequencies 1–150 Hz, loads 0, 4.2, 16 and 21.5 kg, the
values of ModelErr are given in Table 3.

Figures 8–12 presents the comparisons of major loops
output-input characteristics predicted from the modified PI
model with load-dependent delay with the measured data ac-
quired for four different loads (0, 4.2, 16 and 21.5 kg). The
comparisons are illustrated under 1 Amp harmonic excita-

Table 3. Model Estimation Error.

1 Hz 50 Hz 100 Hz 150 Hz

0 kg 3.09 % 2.65 % 2.70 % 2.02 %
4.2 kg 1.69 % 3.17 % 4.89 % 8.95 %
16 kg 1.60 % 3.08 % 5.03 % 9.08 %
21.5 kg 1.67 % 3.45 % 5.21 % 9.62 %

tions at different frequencies in the 0 to 150 Hz range. The
results suggest very good agreements between the model and
measured results obtained in the absence of load (0 kg), irre-
spective of the excitation frequency considered in the study.
The peak difference between the displacement response of
the model and measured data was below 10 %, which oc-
curred at the highest frequency considered (150 Hz). The
comparisons also show very good agreements between the
proposed model and experimental results for loads of 4.2,
16 and 21.5 kg under low frequency excitations, while de-
viations between the two are evident at higher frequencies.
The deviations between the modified PI model with load-
dependent delay results and the experimental data increase
with increasing frequency. The observed deviations are at-
tributable to two important factors. Firstly, the proposed
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Figure 9. Comparisons of major-loop output-input responses between the proposed model and the measured data with load (4.2 kg). (Fre-
quencies in 1, 50, 100 and 150 Hz and excitation amplitude 1 A, blue line – measured data; red line – proposed model.)

Figure 10. Comparisons of major-loop output-input responses between the proposed model and the measured data with load (16 kg). (Fre-
quencies in 1, 50, 100 and 150 Hz and excitation amplitude 1 A, blue line – measured data; red line – proposed model.)

modified PI model is based on classical Prandtl-Ishlinskii
model, which is expected to yield greater errors with increas-
ing rate of input. The peak deviation between the displace-
ment response of the modified PI model with load-dependent
delay and measured data was below 2 % when the actuator
was subject to 21.5 kg load and excitation at 1 Hz. The peak
deviation under the same load increased to 3.45 % at 50 Hz,
5.21 % at 100 Hz and 9.62 % at 150 Hz. The comparisons
thus suggest that proposed modified PI model with load-
dependent delay can reflect the load-dependent delay prop-
erty accurately in a wide range of operating loads at lower ex-
citation frequencies. The deviations under higher frequency
excitations could in-part be reduced by integrated the load-
delay model to a rate-dependent Prandtl-Ishlinskii incorpo-
rating dynamic density or threshold functions.

Secondly, addition of load to the actuator leads to substan-
tially lower natural frequency of the system and thereby ex-
hibits strong dynamic effect at higher excitation frequencies.
The magnetostrictive actuator, considered in the study, re-
vealed resonance near 200 Hz when loaded to 21.5 kg, and
near 275 Hz under 16 kg load. The actuator’s displacement

response increased with increasing frequency beyond 80 Hz
under 21.5 kg load and beyond 100 Hz under 16 kg load, as
seen in Fig. 5. Relatively larger deviations observed between
the model and measured responses under inputs at 100 and
150 Hz are thus in-part caused by the dynamic behaviour of
the load-actuator system and the resonance, which is not con-
sidered in the proposed PI model with load-dependent delay.
In practical situations, it would not ne likely to operate the
actuator near its resonance since it could cause rapid damage
of the actuator. Further efforts, however, would be desirable
by considering load-actuator system dynamics in the model
for better response predictions.

Figure 12 further compares the model responses in the fre-
quency range (0–150 Hz), where the minor loop identifica-
tion results with load as 4.2 kg, and the input signal is chosen
as y = 0.205(2.16sin(0.35× 2πf0t)+2.7sin(0.1×2πf0t+

π/2f0)) with f0 = 1 and f0 = 401.
From the results shown in Figs. 8–12, the proposed mod-

eling method with load delay can reflect the load-dependent
property accurately in a wide load range and operating fre-
quency. However, it is also should be mentioned that the
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Figure 11. Comparisons of major-loop output-input responses between the proposed model and the measured data with load (21.5 kg).
(Frequencies in 1, 50, 100 and 150 Hz and excitation amplitude 1 A, blue line – measured data; red line – proposed model.)

Figure 12. Minor loop responses between the proposed model and
experiment data with f0 = 1 and f0 = 401.

model accuracy becomes worse with the increasing of the
input frequency, since the magnitude response of the actu-
ated system varies with the increase of the input frequency.
When the input frequency approaches the natural frequency
of the actuated system, the actual output of magnetostrictive
actuated system will increase quickly, and the experiment re-
sults show in Fig. 5 also show the feature. Technically, the
input frequency won’t be chosen near the natural frequency
of the actuating system, since the output increases to the
unexpected value, which will damage the actuating system
severely. Therefore, the magnitude response of the actuating

system can be used as the reference for the working condi-
tion, especially the choice of the input frequency with vari-
able loads. The proposed model in this study does not cover
the feature of the magnitude change, and it will be the further
problem addressed in the future work.

5 Conclusion

The measured output response of the magnetostrictive actu-
ated system revealed more complex features in the presence
of a mechanical load, suggesting coupled nonlinear effects of
hysteresis and load-dependent delay. The displacement mag-
nitude and phase responses suggested a high-order dynamic
system feature. For a given current excitation, the displace-
ment magnitude of the actuator at higher frequency increased
with increasing mechanical load, which was attributed to
lower resonant frequency of the actuating system with load,
and higher delay. The measured major loops revealed sub-
stantially higher delays with the increase of actuating load,
which was further augmented with increase in excitation fre-
quency. The minor-loop properties, on the other hand, were
observed to be non-congruent, particularly at higher frequen-
cies, suggesting that the delay effect is coupled with hys-
teresis nonlinearity and change the system output charac-
teristics. The coupled nonlinear effects of mechanical load
and hysteresis could be effectively characterized by the clas-
sical Prandtl-Ishlinskii model integrating a load-dependent
delay operator. Comparisons of the model results with the
measured data suggested that the proposed modeling method
could accurately describe the load-dependent delays together
with the hysteresis nonlinearity over a wide range of me-
chanical loads at frequencies below the primary resonant fre-
quency.

Data availability. Data can be made available upon request. Please
contact Ying Feng (zhdfengying@gmail.com).
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