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Abstract. In this paper we consider the formulation and solution of the task of a dynamic synthesis machine

with an asynchronous electric motor and a slider-crank mechanism. The constant parameters of the slider-crank

mechanism (mass and moments of inertia and centers of gravity of links) and the parameters of the electrical

motor are defined. The laws of motion of the machine and kinematic parameters of the mechanism are con-

sidered as given. We have developed the method of optimal dynamic synthesis of the machine, which consists

of an asynchronous electric motor and a slider-crank mechanism. The criterion of optimization of the dynamic

synthesis of a machine is the root mean square sum of the moments of driving forces, the forces of resistance and

inertia forces which are reduced to the axis of rotation of the crank. The method of optimal dynamic synthesis

of a machine can be used in the design of new and the improvement of known mechanisms and machines.

1 Introduction

The dynamic synthesis of mechanisms is among the most

important and difficult problems encountered in the de-

sign of machines (Dresig and Vulfson, 1990; Dresig and

Holzweißig, 2010; Wittenbauer, 1923; Homer and Eckhardt,

1998; Browne, 1965; Helmi and Hassan, 2008; Shabana,

1998; Erdman and Sandor, 1984). The main task of the dy-

namic synthesis of mechanisms is to determine the optimal

values of the parameters and their combinations. The sim-

plest task of the dynamic synthesis in the field of mechanics

of machines is the Wittenbauer method (Wittenbauer, 1923)

for determining the moment of inertia of the flywheel and

the constant drive torque on the motor shaft. This method

is a graph-analytical method and is based on plotting the

energy-mass. Kolovsky et al. (2000) shows the method of

dynamic analysis and synthesis of the machine. Shchepetil-

nikov (1975) has researched the static and dynamic balanc-

ing of different mechanisms. The solution of problems in the

dynamics synthesis of machines depends significantly on the

correct representation of the allowable levels of dynamic er-

rors and dynamic forces. In many cases it is possible to al-

low significant dynamic errors in systems by introducing the

necessary adjustment units during design. This is particularly

obvious for cyclic machines working under steady state con-

ditions; in such machines dynamic errors in the equations

of motion of the working components can be compensated

by adjustment mechanisms within defined limits (Astashev,

Babitsky, and Kolovsky, 2000). The general tasks of dynamic

synthesis have been set by various criteria: the minimization

of reactions in the bearings, minimum deviation of the an-

gular acceleration of the driving link, etc. (Penun uri, et al.,

2011; Guangping and Zhiyong, 2011; Volkert and Herder,

2012; Wunderlich, 1968; Kim and Hee, 2012). While solving

the dynamic problems, the analysis and synthesis are usu-

ally closely connected. In particular, many of the problems

of synthesis, which establish the rational values of the sys-

tem’s parameters, often base on preliminarily solved problem

of analysis. One of the most important and urgent tasks, for

consideration, is the development of the optimization criteria.

These criteria should be based on the most significant factors

of the considered problem and at the same time have the fore-

seeable shape, to retain the role of active tool for the dynam-

ics synthesis, when developing variants of a machine. When

taking into account the elasticity of links, the question of cri-

teria, without losing its importance, is further complicated. In

this case, in addition to geometric and kinematic character-
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Figure 1. Diagram of the machine.

istics, other factors, characterizing the frequency features of

the system, level of proximity of working models to the dy-

namically unstable modes, level of additional dynamic load,

caused by oscillations and many other factors appear as dy-

namic criteria (Vulfson, 2015). The aim of this paper is to

develop the method of optimal dynamic synthesis of the ma-

chine, which consists of a motor and a mechanism, using the

methods of synthesis and choosing the optimization criteria

which were proposed in the work (Vulfson, 2015).

2 Dynamic synthesis of a machine

Problem statement. Machine motion with rigid links is de-

scribed by the following equations:

Jnϕ̈1+
1

2

dJn

dϕ1

ϕ̇2
1 =Q=MD +MC(ϕ1, ϕ̇1) (1)

τṀD +MD = A−Bϕ̇1, at τ ∼= 0, MD = A−Bϕ̇1. (2)

Where ϕ1 – generalized coordinate, Jn – the reduced moment

of inertia, Q – the generalized force, MD – the torque of

asynchronous electric motor, MC (ϕ1, ϕ̇1) – the resistance

moment,A, B – the parameters of the static characteristics of

asynchronous electric motor, τ – the electrical time constant

of the asynchronous electric motor.

Let’s solve the problem of dynamic synthesis of machine,

which is to determine the parameters of its mechanisms

(mass and moments of inertia and the centre of gravity of

links) and motor parameters, the law of motion of the ma-

chine set φ∗1 = φ
∗

1 (t) or ω∗1 = ω
∗

1(t) and the kinematic pa-

rameters of the mechanism are considered as given. As the

objective function for the dynamic synthesis of machine, we

construct a functional on the basis of Eq. (1), with taking into

account the characteristics of the motor (Eq. 2).

G=

n∑
i=1

[
Jnϕ̈1i +

1

2

∂Jn

∂ϕ1

ϕ̇2
1i −Qi

]2

. (3)

The required parameters of the machine are determined by

minimizing the root mean square sum of the moments of

driving forces, the forces of resistance and inertia forces

which are reduced to the axis of rotation of the crank, for

the n positions of the mechanism.

Let us consider the optimal dynamic synthesis of a ma-

chine, which consists of an asynchronous electric motor and

a slider-crank mechanism. As a criterion for the optimization

of the dynamic synthesis machine we choose the root mean

square sum of the moments of driving forces, the forces of

resistance and inertia forces which are reduced to the axis of

rotation of the crank, for the n positions of the slider-crank

mechanism. A diagram of the machine is shown in Fig. 1.

By solving the task of kinematic analysis of the slider-

crank mechanism (see. Fig. 1), taking into account, we have

the formulas
ϕ2 = 2π − arcsin(λsinϕ1),

xC = l1 cosϕ1+ l2 cosϕ2

xS2
= l1 cosϕ1+ r2 cos(ϕ2+α2),

yS2
= l1 sinϕ1+ r2 sin(ϕ2+α2)

(4)

After differentiation of Eq. (4) by the generalized coordi-

nates, we obtain the first transfer functions and second trans-

fer functions

ϕ′2 =−λ
cosϕ1

cosϕ2

,

x′C = l1 sinϕ1(ϕ
′
2− 1)

x′S2
=−l1 sinϕ1− r2 sin(ϕ2+α2) ·ϕ

′
2,

y′S2
= l1 cosϕ1+ r2 cos(ϕ2+α2) ·ϕ

′
2

ϕ′′2 = λ
sin(ϕ1−ϕ2)

cos2ϕ2

,

x′′C = l1[cosϕ1(ϕ
′
2− 1)+ sinϕ1 ·ϕ

′′
2]

x′′S2
=−l1 cosϕ1− r2[cos(ϕ2+α2) ·ϕ

′2
2

y′′S2
=−l1 sinϕ1− r2[sin(ϕ2+α2) ·ϕ

′2
2

+sin(ϕ2+α2) ·ϕ
′′

2],

−cos(ϕ2+α2) ·ϕ
′′

2]

(5)

The input parameters of the dynamic synthesis of a machine

are: FC – the force of technological resistance; φ1, φ̇1, φ̈1 –

the generalized coordinates and the velocities and accelera-

tions of the crank 1; l1 and l2 – the geometric dimensions of

the coupler and crank; u= ωD/ω1 – the transmission ratio;

ωc – the average angular velocity of the crank in a steady

motion, and δ – the coefficient of unevenness of movement.

The output parameters of dynamic synthesis are: m1, m2,

m3 – the mass of the crank, coupler and slider; a1 = r1 cosα1,

b1 = r1 sinα1, a2 = r2 cosα2, b2 = r2 sinα2 – the coordinates
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Figure 2. Dynamic model of machine with slider-crank mechanism

on SimulationX.

of the centers of mass of the crank and coupler; JD – the

moment of inertia of the rotor of the electric motor; JM – the

moment of inertia of the flywheel; J1, J2 – the moments of

inertia of the crank and coupler.

The parameters of the machine are determined from the

condition of the minimum root mean square sum of the mo-

ments of driving forces, the forces of resistance and inertia

forces which are reduced to the axis of rotation of the crank,

for the n positions of the slider-crank mechanism.

This optimization criterion is given by

G=

n∑
i=1

[
Jnϕ̈1i +

1

2

∂Jn

∂ϕ1

ϕ̇2
1i −Qi

]2

. (6)

In Eq. (6) the reduced moment of inertia of the machine is

given by

Jn = JDu
2
+JM+J1+m3x

′2
C+m2(x

′2
S2
+y′

2
S2
)+J2ϕ

′2
2 (7)

and the remaining parameters are determined by the expres-

sions:

1

2

∂Jn

∂φ1

=m3x
′
Cx
′′
C +m2(x

′
S2
x′′S2
+ y′S2

y′′S2
)+ J2φ

′
2φ
′′

2

Q=MDu+FCx
′
C −m1g(a1 cosϕ1− b1 sinϕ1)−m2gy

′
S2

Let us write the expression MD through the parameters A

and B the static characteristics of the asynchronous electric

motor.

Then

Q= (A−Buφ̇1)u+FCx
′
C −m1g(a1 cosφ1

− b1 sinφ1)−m2gy
′
S2
.

We substitute the expressions of first transfer functions

(Eq. 5) in Eq. (7)

Jn = J0+m3l
2
1sin2φ1(φ

′
2− 1)2+ JBφ

′2
2+

2m2l1a2 cos(φ2−φ1)φ
′
2− 2m2l1b2 sin(φ2−φ1)φ

′
2. (8)

In Eq. (8) we introduce the notation

J0 = JDu
2
+ JM + J1+m2l

2
1 ,JB = J2+m2(a

2
2 + b

2
2).

The partial derivative of the reduced moment of inertia is

1

2

∂Jn

∂φ1

=m3l
2
1 sinφ1[cosφ1(φ

′
2− 1)+ sinφ1φ

′′
2](φ

′
2− 1)

+ JBφ
′
2φ
′′

2++m2l1a2[cos(φ2−φ1)φ
′′

2

− sin(φ2−φ1)(φ
′
2− 1)φ′2] −m2l1b2

[sin(φ2−φ1)φ
′′

2+ cos(φ2−φ1)(φ
′
2− 1)φ′2]. (9)

The final expression for the generalized force can be written

Q= (A−Buφ̇1)u+FC l1 sinφ1(φ
′
2− 1)−m1ga1 cosφ1

+m1gb1 sinφ1−m2gl1 cosφ1−m2ga2 cosφ2 ·φ
′
2

+m2gb2 sinφ2 ·φ
′
2. (10)

The expression enclosed in square brackets of Eq. (6) is

called a function of deviation 1. It is based on the relations

(Eqs. 8–10) and is the form

1= J0φ̈1+m3l
2
1sin2φ1(φ

′
2− 1)2φ̈1+ JBφ

′2
2φ̈1

+ 2m2l1a2 cos(φ2−φ1)φ
′
2φ̈1−

− 2m2l1b2 sin(φ2−φ1)φ
′
2φ̈1

+m3l
2
1 sinφ1[cosφ1(φ

′
2− 1)+ sinφ1φ

′′
2](φ

′
2− 1)φ̇2

1

+ JBφ
′
2φ
′′

2φ̇
2
1 +m2l1a2

[cos(φ2−φ1)φ
′′

2− sin(φ2−φ1)(φ
′
2− 1)φ′2]φ̇

2
1−

m2l1b2[sin(φ2−φ1)φ
′′

2+ cos(φ2−φ1)(φ
′
2− 1)φ′2]φ̇

2
1

− (A−Buφ̇1)u−FC l1 sinφ1(φ
′
2− 1)

+m1ga1 cosφ1−m1gb1 sinφ1+m2gl1 cosφ1+

m2ga2 cosφ2 ·φ
′
2−m2gb2 sinφ2 ·φ

′
2. (11)

Let us simplify and group the expression Eq. (11)

1= J0φ̈1+m3l
2
1{sin2φ1(φ

′
2− 1)2φ̈1

+ [sin2φ1(φ
′
2− 1)/2+ sin2φ1φ

′′
2](φ

′
2− 1)φ̇2

1}+

Bu2φ̇1+m2a2{2l1 cos(φ2−φ1)φ
′
2φ̈1

+ l1[cos(φ2−φ1)φ
′′

2− sin(φ2−φ1)(φ
′
2− 1)φ′2]φ̇

2
1

+ g cosφ2 ·φ
′
2}−m2b2{2l1 sin(φ2−φ1)φ

′
2

φ̈1+ l1[sin(φ2−φ1)φ
′′

2+ cos(φ2−φ1)

(φ′2− 1)φ′2]φ̇
2
1 + g sinφ2 ·φ

′
2}+ (m1a1

+m2l1)g cosφ1−m1gb1 sinφ1+ JB(φ
′2
2φ̈1+

φ′2φ
′′

2φ̇
2
1)−Au−FC l1 sinφ1(φ

′
2− 1).
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Figure 3. A graph of the longitudinal force acting on the slider for

a typical machine.

The function of deviation1 is represented as a generalized

polynomial

1i = [P1f1(φ1i)+P2f2(φ1i)+ . . .+P9f9(φ1i)−F(φ1i)]
2.

Then the optimality criterion (Eq. 6) of the machine takes

the form

G=

n∑
i=1

[P1f1(ϕ1i)+P2f2(ϕ1i)+ . . .+P9f9(ϕ1i)−F(ϕ1i)]
2.

(12)

Here, the following notation

P1 = J0, P2 =m1b1, P3 = JB , P4 =m2a2,P5 =m2b2,

P6 = Au, P7 = Bu
2, P8 =m1a1+m2l1,P9 =m3l

2
1 . (13)

F(ϕ1)= FC l1 sinϕ1(ϕ
′
2− 1)

f1(ϕ1)= ϕ̈1,

f2(ϕ1)=−g sinϕ1,

f3(ϕ1)= ϕ
′2
2ϕ̈1+ϕ

′
2ϕ
′′

2ϕ̇
2
1 ,

f4(ϕ1)= 2l1 cos(ϕ2−ϕ1)ϕ
′
2ϕ̈1+ l1[cos(ϕ2−ϕ1)ϕ

′′
2−

− sin(ϕ2−ϕ1)(ϕ
′
2− 1)ϕ′2]ϕ̇

2
1 + g cosϕ2 ·ϕ

′
2,

f5(ϕ1)=−2l1 sin(ϕ2−ϕ1)ϕ
′
2ϕ̈1+

+ l1[sin(ϕ2−ϕ1)ϕ
′′

2+ cos(ϕ2−ϕ1)(ϕ
′
2− 1)ϕ′2]ϕ̇

2
1

+ g sinϕ2 ·ϕ
′
2,

f6(ϕ1)=−1,

f7(ϕ1)= ϕ̇1,

f8(ϕ1)= g cosϕ1,

f9(ϕ1)= sin2ϕ1(ϕ
′
2− 1)2ϕ̈1+ [sin2ϕ1(ϕ

′
2− 1)/2

+ sin2ϕ1ϕ
′′

2](ϕ
′
2− 1)ϕ̇2

1 .

Figure 4. A graph of the longitudinal force acting on the slider for

the synthesized machine with a slider-crank mechanism.

From the minimum of Eq. (12), we obtain a system of

equations from which coefficients P1, P2,. . . ,P9 are deter-

mined

∂G

∂Pk
= 0, k = 1,2, . . .,9

This system of equations in expanded form is:
C11P1+C12P2+ . . .+C19P9 = σ1

C21P1+C22P2+ . . .+C29P9 = σ2

· · ·· · ·· · ·· · ·· · ·· · ·· · ·· · ·· · ·· · ·· · ·· · ·

C91P1+C92P2+ . . .+C99P9 = σ9

(14)

where

Cjk = Ckj =

n∑
i=1

fj (φ1i)fk(φ1i),

σk =

n∑
i=1

F(φ1i)fk(φ1i), j,k = 1,2, . . .,9 (15)

After finding the coefficients P1, P2, . . . , P9, we define the

physical parameters of the relations (Eq. 13).

An algorithm for solving the above task is as follows:

1. The segment φ1 ∈ [0,2π ] is split into n equal parts.

2. Let us take as a first approximation for the angular ve-

locity of the following law.

ω1 = ϕ̇1 = ωc+ 0.5δωc cos(ϕ1).

3. Then, the crank angular acceleration is determined by

the formula

ε1 = ϕ̈1 =−0.5δωc sin(ϕ1) · ϕ̇1.

4. The coefficients Cjk , σk are defined by Eq. (15);

5. We solve the system of linear equations (Eq. 14) and

define the parameters Pk .
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The required physical parameters are determined from

Eq. (13)

Typically, the mass m3 of the slider is set on the basis of

technological requirements. In this case, the order of the sys-

tem of linear equations is reduced by 1, i.e. k = 1,2, . . .,8

and the final system becomes

8∑
j=1

CkjPj = σk k = 1,2, . . .,8,

where

Cjk = Ckj =

n∑
i=1

fj (φ1i)fk(φ1i),σk =

n∑
i=1

F(φ1i)fk(φ1i),

j,k = 1,2, . . .,8

Expression for the function F(φ1) will be in the form

F(φ1)= FC l1 sinφ1(φ
′
2− 1)−m3l

2
1{sin2φ1(φ

′
2− 1)2φ̈1+

[sin2φ1(φ
′
2− 1)/2+ sin2φ1φ

′′
2](φ

′
2− 1)φ̇2

1}.

The formation of the coefficients Cjk , σk and the solution of

() were carried out in the computing software Maple.

3 Example

Synthesis of the machine was carried out for the following

initial data:

m3 = 1.4kg, l1 = 0.04m, l2 = 0.16m,FC = 160N,

u= 5,ωc = 20s−1.

The coefficients of the polynomial (Eq. 10), are: P1 =

2.1022, P2 = 1.2619, P3 = 0.02478, P4 = 0.1263, P5 =

0.2023, P6 = 1522.8, P7 = 50.627, P8 = 8.1963, The phys-

ical parameters of the machine are: J0 = 2.1022 kg m2,

JB = 0.02478 kgm2, m1 = 3.1263 kg, m2 = 2.2023 kg, A=

304.56 Nm, B = 2.015 Nms.

The angular velocity of the electric motor idling is

ωo =
1500·π

30
= 151.15 rad s−1, the number of revolutions of

the electric motor is no = 1443 rpm. Let us accept no =

1500 rpm, ωH =
1500·π

30
= 157 rad s−1. The nominal angu-

lar velocity electric motor shaft is ωH = 145.5 rad s−1. The

nominal torque of the electric motor is MH = A ·B ·ωH =

11.38 Nm. The nominal power of the electric motor is

1.655 kW.

For dynamic analysis of the machine with a slider-crank

mechanism let us use the software package SimulationX.

Figure 2 shows the dynamic model of the machine with a

slider-crank mechanism on SimulationX.

The calculation model was carried out for a typical ma-

chine with a slider-crank mechanism and an electric motor of

3 kW power, and for a synthesized machine with slider-crank

mechanism and an electric motor of 1.655 kW power. Fig. 3

shows a graph of the longitudinal force acting on the slider

for a typical machine with a slider-crank mechanism. Fig. 4

shows a graph of the longitudinal force acting on the slider

for the synthesized machine with a slider-crank mechanism.

As can be seen from a comparison of Fig. 3 and Fig. 4 the

synthesized machine unit with a crankshaft-slide mechanism

provides the required technological loading, with less power

from the electric motor.

4 Conclusions

The method of optimal dynamic synthesis of a machine,

which consists of an asynchronous electric motor and a

slider-crank mechanism, has been developed. The criterion

of optimization of the dynamic synthesis of the machine is

built on the basis of the equations of the machine motion

with rigid links. The criterion of optimization of the dynamic

synthesis of the machine is the root mean square sum of the

moments of driving forces, the forces of resistance and in-

ertia forces which are reduced to the axis of rotation of the

crank.

The program in Maple for solving this task of the dynamic

synthesis of a machine with an asynchronous electric motor

and a slider-crank mechanism has been compiled.

The method of optimal dynamic synthesis of a machine,

which consists of an asynchronous electric motor and a

slider-crank mechanism, has been validated using a numeri-

cal simulation of the synthesized machine with a slider-crank

mechanism.

In future work, to validate of the new method of optimal

dynamic synthesis of a machine, which consists of an asyn-

chronous electric motor and a slider-crank mechanism, we

expected to conduct of experimental tests of the synthesized

machine.

Edited by: B. Azarhoushang

Reviewed by: two anonymous referees
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