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Abstract. The micro stick-slip motion systems, such as piezoelectric stick-slip actuators (PE-SSAs), can pro-

vide high resolution motions yet with a long motion range. In these systems, friction force plays an active role.

Although numerous friction models have been developed for the control of micro motion systems, behaviors of

these models in micro stick-slip motion systems are not well understood. This study (1) gives a survey of the

basic friction models and (2) tests and compares 5 friction models in the literature, including Coulomb friction

model, Stribeck friction model, Dahl model, LuGre model, and the elastoplastic friction model on the same test-

bed (i.e. the PE-SSA system). The experiments and simulations were done and the reasons for the difference

in the performance of these models were investigated. The study concluded that for the micro stick-slip motion

system, (1) Stribeck model, Dahl model and LuGre model all work, but LuGre model has the best accuracy

and (2) Coulomb friction model and the elastoplastic model does not work. The study provides contributions to

motion control systems with friction, especially for micro stick-slip or step motion systems as well as general

micro-motion systems.

1 Introduction

Micro stick-slip motion systems can provide high resolu-

tion motions yet with a long motion range. The piezoelec-

tric stick-slip actuator (PE-SSA), which is a hybridization

of the piezoelectric actuator (PEA) and the stick slip actu-

ator (SSA), is a typical example in these systems. By hy-

bridization, it is meant that PE and SS are complementary

to each other, according to the hybridization design principle

proposed by Zhang et al. (2010).

The working process of the PE-SSA is demonstrated in

Fig. 1. At position (1), a voltage is applied to the PEA and

leads to an (relatively slow) expansion of the PEA, which

pushes the stage moving to the right. The friction between

the stage and the end effectorbrings the end effector to the

position (2) (stick motion). When the applied voltage is shut

down quickly, the PEA contracts quickly and the slip be-

tween the end effector and stage takes place due to the inertia

of the end effector, which overcomes the friction resistance.

The relative displacement S, with respect to its initial posi-

tion (1), is thus generated at position (3) (slip motion). If the

aforementioned process is repeated periodically, the end ef-

fector will keep moving to the right as long as the physical

system allows. The back forward motion of the end effec-

tor can also be obtained by reversing the actuation potential

signal applied on the PEA.

It can be found from the aforementioned working pro-

cess of the PE-SSA that the friction force between the end

effector and stage plays both an active role in the forward

stroke motion and a passive role in the backward stroke in

the stick-slip motion system. The modeling of the friction

for prediction and control of such a system is extremely im-

portant as well as difficult (Makkar et al., 2007; Li et al.,

2008a). The difficulty lies in the possibility that the motion

direction on the two contact surfaces may change the fric-

tional effect (Zhang et al., 2011). Although numerous fric-

tion models have been studied in the context of macro, mi-

cro motion, such as Coulomb friction model, viscous friction

model, Stribeck friction model, Dahl model, LuGre model,
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Figure 1. The working process of the PE-SSA.

and elastoplastic friction model, the performances of these

models in micro stick-slip motion systems are not well un-

derstood. This paper aims to investigate the performance of

different friction models inmicrostick-slip motion systems. A

survey of basic friction models is presented first and five of

the mare selected for comparison. A common micro stick-

slip motion system- the PE-SSA system which was intro-

duced in our previous study (Li et al., 2008a) is used as a test-

bed. Parameters in each friction model will be determined

using the system identification technique. Performances of

these models are then compared. Leuven and GMS models

are out of the scope of the study because they are not com-

monly used in the step motion system such as the stick-slip

motion system.

The remainder of the paper is organized as follows. Sec-

tion 2 gives an overview and history of the five friction mod-

els. The mathematical descriptions of these friction models

are presented in Sect. 3. The experimental setup is described

in Sect. 4. Section 5 presents the analysis methodology. Sec-

tion 6 presents the experimental results along with discus-

sions, followed by conclusions in Sect. 7.

2 Overview of the friction models

The first friction model is Coulomb friction model (or

called Amontons–Coulomb friction model), referring to

the work done by Guillaume Amontons and Charles-

Augustin de Coulomb in 1699 and 1785, respectively. In the

Coulomb friction model, the friction force is the function of

load and direction of the velocity. Morin (1833) found that

the static friction (i.e. friction at zero sliding speed) is larger

than the Coulomb friction. With respect to the static fric-

tion, the Coulomb friction is also called dynamic friction.

Viscous friction was later introduced in relation to lubricants

by Reynolds and it is often combined with Coulomb friction

model. Stribeck (1902) experimentally observed that friction

force decreases with the increase of the sliding speed from

the static friction to Coulomb friction. The phenomenon is

thus called Stribeck effect. The integration of the Coulomb

friction, viscous friction, and Stribeck effect is often an idea

Table 1. Friction characteristics captured by different models.

Viscous Stribeckeffect Pre-sliding Hysteresis

Coulomb No No No No

Viscous Yes No No No

Stribeck Yes Yes No No

Dahl No No Yes Yes

LuGre Yes Yes Yes Yes

Elastoplastic Yes Yes Yes –

Leuven Yes Yes Yes Yes

GMS Yes Yes Yes Yes

to obtain a more accurate friction model, which is called

Stribeck model in literature.

Dahl (1968) first modeled friction as a function of the rela-

tive displacement of two contact surfaces, and it is thus called

Dahl model. The model is based on the fact that friction

force is dependent on the “micro motion” in ball bearings.

The “micro motion”, later called pre-sliding behavior, is that

when the external force is not large enough to overcome the

static friction, the asperities on two contact surfaces will ex-

perience deformation that results in the pre-sliding motion.

The asperities form a kind of spring-damping system. When

the external force is sufficiently large, the spring is broken,

leading to a relative sliding between two contact surfaces.

The Dahlmodel successfully describes the so-called break-

away phenomenon.

Canudas et al. (1995) developed a friction model called

LuGre model, named after the two universities, namely Lund

and Grenoble. LuGre model incorporates the viscous friction

and Stribeck effect into Dahl model. The problem of incor-

porating the pre-sliding behavior in the friction model is that

both Dahl and LuGre models experience “drift” when there

is an arbitrarily small bias force or vibration. The reason for

this drift is that both Dahl and LuGre models only include a

“plastic” component in their model when they describe the

pre-sliding phenomenon.

To overcome this drift, Dupont et al. (2000) proposed a

friction model based on LuGre model, in which the pre-

sliding was defined as the elastoplastic deformation of as-

perities; i.e. the relative displacement is elastic (reversible)

first and then it transits to the plastic (irreversible) stage. The

model of Dupont et al. (2000) is thus called elastoplastic fric-

tion model.

Leuven friction model and generalized Maxwell-slip

(GMS) model were proposed by Swevers et al. (2000) and

Lampaert et al. (2002), respectively. The two models were

developed based on the experimental findings that the fric-

tion force in the pre-sliding regime has a hysteresis charac-

teristic with respect to the position. It is reported that the two

models can improve the hysteresis behavior of the friction

predicted with LuGre model.

The friction characteristics that are captured by the afore-

mentioned models are listed in Table 1. To control a dynamic
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system for high accuracy, a common sense seems to go with

the friction model that can capture more friction character-

istics. However, such may not always be the case. Generally

speaking, for a complex dynamic system such as frictional

systems, a (complete) model may be viewed as an integra-

tion of a couple of sub-models, each of which captures one

or more characteristics. While being integrated, each of them

may produce “side effects” to the modeling of other charac-

teristics (Li et al., 2008b, 2009), because these characteristics

are coupled, changing with time and perhaps, the physical

structure of the frictional system changes as well.

3 The mathematical description of friction models

3.1 Coulomb model

Coulomb friction model is represented using the following

equation:

F =

{
Fc · Sgn(ẋ) if ẋ 6= 0

Fapp if ẋ = 0 and Fapp < Fc
(1)

where F is friction force, ẋ is sliding speed, Fapp is applied

force, FC is the Coulomb friction force, which is defined as

Fc = µFN (2)

where µ is the Coulomb friction coefficient (or called the dy-

namic friction coefficient), and FN is a normal load between

two contact surfaces.

The Coulomb model is illustrated in Fig. 2a. When

Fapp<Fc, there is no sliding (i.e. ẋ= 0 in the “macro” sense)

between two contact surfaces, and the Coulomb friction can

take any value from zero up to Fc. If ẋ 6= 0, Coulomb fric-

tion only takes Fc or −Fc, depending on the direction of the

sliding.

Coulomb friction model is commonly used in the appli-

cations such as the prediction of temperature distribution in

bearing design and calculation of cutting force in machine

tools due to its simplicity. However, it is often troublesome

to use the Coulomb friction model in micro motion systems

because of the “undefined” friction force at ẋ= 0.

3.2 Viscous friction model

Viscous friction model is given by

F = kvẋ (3)

where F is the friction force, kv the viscous coefficient, and

ẋ the sliding speed.

The viscous friction model is illustrated in Fig. 2b. In the

viscous model, the friction force is a linear equation of the

sliding speed. The application of the viscous model is limited

because it has a poor representation in regions where there is

no lubricant (Andersson et al., 2007).

Figure 2. Friction force vs. sliding speed.

3.3 Integrated Coulomb and viscous model

There are two ways to combine viscous friction model and

Coulomb model, leading to two different integrated Coulomb

and viscous models. One is described by

F =

{
Fc · Sgn(ẋ)+ kvẋ if ẋ 6= 0

Fapp if ẋ = 0 and Fapp < Fc
. (4)

This model (Eq. 4) is illustrated in Fig. 2c. The problem with

this model is that the friction force at is still “undefined”. To

overcome this problem, the idea is to integrate the Coulomb

model and the viscous model near ẋ= 0. This comes with

the second model given by (Andersson et al., 2007)

F =

{
min (Fc,kvẋ) if ẋ ≥ 0

max (−Fc,kvẋ) if ẋ < 0
. (5)

This model (Eq. 5) is illustrated in Fig. 2d. The viscous co-

efficient determines the speed of the friction force transition

from − to +.

3.4 Stribeck friction model

Stribeck friction model is described by

F =

(
Fc+ (Fs−Fc)e

−(

∣∣∣ ẋvs ∣∣∣)i)Sgn(ẋ)+ kvẋ (6)

where F is friction force, ẋ Sliding speed, Fc the Coulomb

friction force, Fs the static friction force, vs the Stribeck ve-

locity, kv the viscous friction coefficient, and i an exponent.

It is clear from Eq. (6) that the Stribeck friction force takes

Fs as the upper limit and Fc as the lower limit. The relation of

friction versus sliding speed in Stribeck model is illustrated

in Fig. 3.

www.mech-sci.net/6/15/2015/ Mech. Sci., 6, 15–28, 2015
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ẋ 

Figure 3. Stribeck friction model (Armstrong-Helouvry, 1993).

3.5 Dahl model

In Stribeck model, friction force is a function of the slid-

ing speed. However, according to this model, friction force is

“undefined” when it is less than Fs. Dahl developed a model

to describe friction at this pre-sliding stage, which is given

by

dF(x)

dt
=

dF(x)

dx

dx

dt
(7)

with

dF

dx
= σ0| −

F

Fc

sgn(ẋ)|isgn

(
1−

F

Fc

sgn(ẋ)

)
(8)

where F is the friction force, σ0 the stiffness coefficient, and

i the exponent which determines the shape of the hysteresis.

In literature, Dahl model is often simplified with the expo-

nent i= 1 and given by

dF

dx
= σ0

(
1−

F

Fc

sgn(ẋ)

)
. (9)

Dahl model does not describe the Stribeck effect (Canudas et

al., 1995).

3.6 LuGre model

LuGre model has the following form (Canudas et al., 1995)
F = σ0z+ σ1ż+ σ2ẋ

ż= ẋ− σ0
ẋ
g(ẋ)

z

g(ẋ)= Fc+ (Fs−Fc)e
−

(∣∣∣ ẋvs ∣∣∣)j
(10)

where F is the friction force, σ0 the contact stiffness, z the

average deflection of the contacting asperities, σ1 the damp-

ing coefficient of the bristle, σ2 the viscous friction coeffi-

cient, x the relative displacement, Fc the Coulomb friction

force, Fs the static friction force, ẋ the sliding velocity, g(ẋ)

Figure 4. Illustration of deformation of asperity on the frictional

surface.

the Stribeck effect, vs the Stribeck velocity, j the Stribeck

shape factor (j = 2 is often used in the literature). LuGre

model integrates pre-sliding friction (σ0z), viscous friction

(σ2ẋ), and Stribeck effect (g(ẋ)) into one single model.

3.7 Elastoplastic friction model

The elastoplastic friction model is described by{
F = σ0z+ σ1ż+ σ2ẋ

ż= ẋ
(

1− σ(z, ẋ) z
zss(ẋ)

)
(11)

with

zss(ẋ)=
g(ẋ)

σ0

(12)

g(ẋ)= Fc+ (Fs−Fc)e
−

(∣∣∣ ẋvs ∣∣∣)j . (13)

In Eq. (11), σ(z, ẋ) is used to define the zones of the elastic

and plastic deformation of asperities and given by α(z, ẋ)=

{
0, |z| ≤ zba
αm(∗) zba < |z|< zss
1, |z| ≥ zss

}
Sgn(ẋ) 6= Sgn(z)

α(z,x)= 0, Sgn(ẋ)= Sgn(z)

(14)

where Sgn(ẋ)= Sgn(z) represents that the sliding mass

moves from position A to position B, as shown in Fig. 4,

and Sgn(ẋ) 6= Sgn(z) represents that the sliding mass moves

from position B to A.

According to Equation (14), when Sgn(ẋ) 6= Sgn(z),

α(z, ẋ)= 0. This represents that no slip occurs; the “slid-

ing” mass is in an elastic deformation region, or two con-

tact objects are in a stick phase. When Sgn(ẋ) 6= Sgn(z), if

|z| ≤ zba, α(z, ẋ)= 0. This represents that no slip occurs; the

“sliding” mass is in an elastic deformation region, or two

contact objects are in a stick phase. When Sgn(ẋ) 6= Sgn(z),

if zba< |z|<zss, α(z, ẋ)=αm(∗). This represents that elas-

tic deformation of the asperities starts to transit to the plastic

deformation, i.e. transition phase. When Sgn(ẋ) 6= Sgn(z),

if |z| ≥ zss, α(z, ẋ)= 1. This represents that slip occurs; the

Mech. Sci., 6, 15–28, 2015 www.mech-sci.net/6/15/2015/
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Figure 5. Dependency of α(z, ẋ) on deformation of the asperity.

“sliding” mass is in a plastic deformation, or two contact ob-

jects are in a slip phase. zba and zss are given by

0< zba ≤ zss and zss =Max(zss(ẋ))=
Fs

σ0

, ẋ ∈ R. (15)

αm(∗) is typically in the following form:

αm(∗)=
1

2
sin

(
π
z−

(
zss+zba

2

)
zss− zba

)
+

1

2
. (16)

The case when Sgn(ẋ)= Sgn(z) in Eq. (14) are illustrated in

Fig. 5.

From Fig. 5 it can be seen that in the elastoplastic friction

model, |z| ≤ zba is defined as the stiction zone. The stiction

zone is to overcome the drift problem of Dahl and LuGre

models. The transitions between stick and slip is given by

αm(∗), and the slip zone is represented by |z| ≥ zss when it

returns to LuGre model.

4 Experimental setup

The PE-SSA prototype is shown in Fig. 6. This system is

composed of 1: frames, 2: friction plates, 3: temperature

sensor, 4: weights, 5: end effector, 6: displacement sen-

sor, 7: stage, 8: wheel, 9: PEA, and 10: vibration-isolated

test bed. The PEA (Model: AE0505D16) purchased from

NEC/TOKIN Corp. Is connected to the frame at one end,

and its other end is connected to the stage. Friction plates

were placed between the end effector and stage, and they

were connected with the stage by screws. The weights were

used to adjust the pressure between the end effector and

stage. The wheel was used to support the stage. The tem-

perature sensors are installed inside of the stage to measure

temperature change in the system, which is not used in this

work. The control system for the PE-SSA was designed as an

open-loop system and implemented with dSPACE and Mat-

lab/Simulink. The system was placed on the vibration iso-

lated test bed in order to reduce disturbance to the system.

More details about this prototype can be found in our previ-

ous work (Li et al., 2008a). During the experiments, the ap-

plied voltage to the PEA was a repeating saw tooth wave with

amplitude of 30 V and frequency of 5 Hz. The displacements

of the end effector were then measured with a KAMAN in-

strument (SMU 9000, Kaman) based on the eddy-current in-

ductive principle and with a resolution of 0.01 µm.

Figure 6. Experimental system of the PE-SSA (Li et al., 2008a).

5 The method for analysis

The method used to compare the performance of different

friction models consists of the following steps.

– Step 1: get experimental data, i.e. the displacement of

the PE-SSA with respect to time under a certain driven

voltage and frequency.

– Step 2: model the PEA and stage and determine the pa-

rameters in the model (see Sect. 5.1).

– Step 3: model the PE-SSA by integrating the friction

of the stick-slip motion into the model of the PEA and

stage (see Sect. 5.2).

– Step 4: identify friction model parameters (see

Sect. 5.3), including (a) use different friction models to

represent friction in the PE-SSA model and (b) deter-

mine the parameters for each friction model.

– Step 5: compare the performance of the friction mod-

els in terms of their prediction of displacement, friction

force, and sliding speed (i.e. relative speed between end

effector and stage). The details are discussed in Sect. 6.

5.1 Modeling of the PEA and stage

Adriaens et al. (2000) showed that the PEA and stage can be

modeled as a spring-mass-damper system which is shown in

Fig. 7.

The governing equations of this spring-mass-damper sys-

tem are given in Eqs. (17)–(19) as follows:

mẍp+ cẋp+ kxp = Fp (17)

www.mech-sci.net/6/15/2015/ Mech. Sci., 6, 15–28, 2015
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Figure 7. Physical model of the PE-SSA system (without friction)

(Adriaens et al., 2000).

 m=
4mp

π2 +ms

c = cp+ cs

k = kp+ ks

(18)

Fp = Temup (19)

where xp is the displacement of the PEA, mp the mass of

PEA, cp the damping coefficient of PEA, kp the stiffness of

PEA, ms the mass of stage, cs the damping coefficient of the

stage, ks the stiffness of stage, Fp the transducer force from

the electrical side, Tem the electromechanical transducer ra-

tio, and up the applied voltage on the PEA. In this study,

Adriaens’ model is taken due to its simplicity, which was val-

idated by our previous study (Li et al., 2008b; Kang, 2007).

Equation(17) can be further written as

ẍp+ 2ξωnẋp+ω
2
nxp =Kω

2
nup (20)

with
c
m
= 2ξωn

k
m
= ω2

n
Tem

m
=Kω2

n

(21)

where ξ is the damping ratio, ωn the natural frequency,K and

the amplified coefficient. The transfer function of the spring-

mass-damper system can be written as,

G(s)=
xp(s)

U(s)
=

Kω2
n

s2+ 2ξωns+ω2
n

. (22)

In this study, the parameters ξ and are ωn calculated from the

following equations, ξ =
ln(os×100)

√
π2+ln2(os×100)

ωn =
π

Tp

√
1−ξ2

(23)

where os is the overshoot of a step response and Tp is the

peak time of a step response. The os and Tp are determined

from the step response of the system. K is the ratio of out-

put and input in the steady state of the step response. In our

PEA system, we have ξ = 0.2488, ωn= 6685.5 rad s−1, and

K = 0.096× 10−6 m v−1, and they were obtained from the

measured step responses of the system.

Figure 8. Physical model of the PE-SSA system (with friction)

(Adriaens et al., 2000).

5.2 Modeling of the PE-SSA

In the PE-SSA, the friction force Fr between the end effector

and stage is applied on the stage, as shown in Fig. 8.

Taking into account Fr, the following equation can be ob-

tained from Eq. (17),

mẍp+ cẋp+ kxp+Fr = Fp. (24)

On the end effector, friction force, denoted by that pushes the

end effector move to the right, is given by
F ′r =meẍe

F ′r =−Fr

xe = xp+ xpe

(25)

where xe is the displacement of the end effector, and xpe is

the relative displacement between the end effector and stage.

The stick-slip induced friction force Fr can be represented by

any one of the aforementioned friction models.

5.3 Identification of parameters

The applied voltage to the PEA was a repeating sawtooth

wave with an amplitude of 30 V and frequency of 5 Hz, and

the displacements of the end effector were then measured by

the displacement sensor. To identify parameters of in a par-

ticular friction model, the stick-slip induced friction force Fr

in Eq. (25) is substituted by this friction model described in

Sect. 3, and based on the experimental data the parameters

in this friction model was identified using Simulink and non-

linear fitting (functions in Matlab software). The details for

parameter identification technique were discussed in our pre-

vious study (Li et al., 2008b). The parameters determined for

each friction model are listed in Table 2.

6 Results with discussion

The friction force and sliding speed predicted by Coulomb

friction model are shown in Figs. 9 and 10, respectively.

From Fig. 9 it can be seen that friction is either Fc or −Fc.

From Figs. 9 and 10 it can be seen that the sign of the fric-

tion force is determined by the sign of the sliding speed. The

Mech. Sci., 6, 15–28, 2015 www.mech-sci.net/6/15/2015/
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Table 2. Parameters determined for each friction model.

Parameter Coulomb Stribeck Dahl LuGre Elastoplastic

µ 0.0587 N/A N/A N/A N/A

kv (N/mm) N/A 40 101 N/A N/A N/A

Fc (N) N/A 4.477 3.387 2.5 2.5

Fs (N) N/A 5 N/A 3 3

vs (m s−1) N/A 1.6× 10−8 N/A 1.6× 10−8 1.6× 10−8

α0 (N/mm) N/A N/A 1674 1670 1670

α1 (Ns mm−1) N/A N/A N/A 6 6

α2 (Ns mm−1) N/A N/A N/A 26 26

Zba (mm) N/A N/A N/A N/A 1× 10−7

Figure 9. Friction predicted using Coulomb friction model (at

around 4th second).

magnitude of Fc or −Fc is dependent on the Coulomb fric-

tion coefficient.

It was found that the displacement predicted by the model

fits either stick motion or slip motion but fails to fit both of

them no matter what friction coefficient is chosen. Figure 11

shows a typical example of the displacement predicted by the

model when µ= 0.0587. It can be seen from this figure that

the displacement in the stick motion period is well predicted,

but the displacement predicted for the slip motion period can-

not fit the experimental data and leads to huge errors after

only a few cycles. The reason for this is analyzed as follows.

As previously discussed, the displacement is related to the

friction force using the Newton’s second law (see Eq. 25).

The friction force in Coulomb friction model is a function

of (1) the sign of sliding speed and (2) friction coefficient.

The sliding speed (shown in Fig. 10) consists of two parts,

i.e. sliding speed in stick motion and sliding speed in slip

motion. Notice that the friction coefficient is the only effec-

tive variable in the Coulomb friction model. Once the friction

coefficient required in stick motion is not the one required in

slip motion, the Coulomb friction model will not work for

the stick-slip motion system. This problem could be solved

Figure 10. Sliding speed predicted using Coulomb friction model

(at around the 4th second).

Figure 11. Displacement predicted by Coulomb model

(µ= 0.0587).

by considering an ideal situation, as reported in reported in

Chang and Li (1999), where in the stick motion period, there

is no sliding; correspondingly, in the stick motion period, the

displacement of the end effector is determined by the dis-

placement of the stage. In the slip motion period, the dis-

placement of the end effector is determined by the Coulomb

www.mech-sci.net/6/15/2015/ Mech. Sci., 6, 15–28, 2015
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Figure 12. Friction force predicted using Stribeck model (at around

the 4th second).

Figure 13. Sliding speed predicted using Stribeck model (at around

the 4th second).

friction model. In other words, Coulomb friction model only

models friction force in the slip motion period, instead of

the entire stick-slip motion cycle. Another problem with the

Coulomb friction model is the fluctuation in the sliding speed

in stick motion shown in Fig. 10., which is supposed to be

zero in theory. The fluctuation is caused by the use of Sgn

function in the model (see Eq. 1).

6.1 Results of Stribeck friction model

The friction force and sliding speed predicted using the

Stribeck friction model are shown in Figs. 12 and 13, respec-

tively. The displacement predicted using the Stribeck friction

model is shown in Fig. 14 from which it can be seen that

Stribeck friction model can well predict friction both in stick

and slip motion. Compared to the Coulomb friction model,

Stribeck friction model can be used to model the friction

force in the stick-slip motion. The reason for this might be

that in the Stribeck model friction force is not only depen-

Figure 14. Experimental data and displacements predicted using

Stribeck model.

Figure 15. Friction predicted using Dahl model.

dent on the sign of sliding, but also on the sliding speed (see

Figs. 12 and 13). From Fig. 12 it can be seen that the friction

force predicted by the model fluctuates around zero in the

stick motion, which further causes the sliding speed fluctua-

tion (see Fig. 13) and displacement fluctuation (see Fig. 14).

Such fluctuation results from the Sgn function in the Stribeck

model.

6.2 Results of Dahl model

The friction force and sliding speed predicted using the Dahl

model are shown in Figs. 15 and 16, respectively. From the

two figures it can be seen that the friction force is not only

dependent on the sign of sliding but also on the sliding speed.

The displacement predicted using the Dahl model is shown

in Fig. 17 from which it can be seen that Dahl model can

well predict friction both in stick and slip motion. To ob-

serve the details, a scaled up picture from Fig. 17 (at around
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Figure 16. Sliding speed predicted using Dahl model.

Figure 17. Experimental displacement and displacement predicted

using Dahl model.

the 4th second) is shown in Fig. 18. From Fig. 18 it can be

seen that the displacement predicted by the Dahl model is

fluctuated around the experimental data. This is due to the

sliding speed fluctuation, as shown in Fig. 16. The fluctuation

(both in friction and sliding speed) results from the function

of Sgn in the model. Compared to Stribeck model, the fluc-

tuation (both in friction and sliding speed) in the Dahl model

seems to be smoother than that in Stribeck model. The rea-

son for this is that the friction force in the Dahl model is the

integral of the Sgn function; see Eq. (9).

6.3 Results of LuGre model

The friction force and sliding speed predicted using the

LuGre model are shown in Figs. 19 and 20, respectively.

The displacement predicted using LuGre model is shown in

Fig. 21 and its scaled up picture is shown in Fig. 22. From

Figs. 19 and 20, it can be seen that the friction force is not

Figure 18. Scaled up picture from Fig. 16 (at around the 4th sec-

ond).

Figure 19. Friction predicted using LuGre model.

only dependent on the sign of sliding but also on the sliding

speed, which is constant with the mathematical model. From

Figs. 21 and 22 it can be seen that LuGre friction model can

well predict friction both in stick and slip motion. Compared

to Coulomb model, Stribeck model, and Dahl model (see

Figs. 9, 10, 12, 13, 15 and 16), the friction force and sliding

speed predicted by the LuGre model for stick motion are zero

(see Figs. 19 and 20) instead of fluctuation around zero. From

Figs. 21 and 22 it can be seen that the displacement predicted

by the model during slip motion does not have any fluctua-

tion, compared to Stribeck and Dahl models which are shown

in Figs. 14 and 18, respectively. As we discussed before, the

unwanted fluctuations in prediction of the Coulomb model,

Stribeck model, and Dahl model are due to the Sgn func-

tion in the mathematical model. While this problem seems to

be completely solved by the LuGre friction model, in which

there is no Sgn function.

6.4 Results of the elastoplastic friction model

The displacement predicted by the elastoplastic model can-

not fit the slip motion period no matter what initial param-

eters are chosen in order to determine the parameters in the
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Figure 20. Sliding speed predicted using LuGre model.

Figure 21. Displacement predicted using LuGre model.

model using the system identification technique. The details

are as follows.

– Measure (1): the parameters reported in Dupont et

al. (2000) for the elastoplastic model were used as ini-

tial values in identification. However, the identification

results (not shown in this paper) show that the displace-

ment predicted by the model cannot fit the experimental

data.

– Measure (2): the elastoplastic model was developed

based on LuGre model, and it only has one more pa-

rameter Zba than LuGre model to be identified. Zba was

initially set as 33 % of Zss, and the remaining param-

eters were initially set as the same as those in LuGre

model. The identification results (not shown in this pa-

per) show that the displacement predicted by the model

still cannot fit the experimental data.

– Measure (3): similar with Step (2), Zba was initially set

as 33 % of Zss and determined by identification, but the

Figure 22. Scaled up picture from Fig. 21 (at around the 4th sec-

ond).

remaining parameters were assumed (not determined by

identification) as the same as those (which were already

determined in Sect. 6.4) in LuGre model in order to find

out the role of Zba. The identification results (not shown

in this paper) show that the displacement predicted by

the model still cannot fit the experimental data regard-

less of what Zba was chosen.

– Measure (4): comparing the elastoplastic model with

LuGre model, it can be seen that ifZss andZba approach

to zero, the eleastoplastic model should turn back to Lu-

Gre model. In order to test the elastoplastic model, the

parameters Zss and Zba were set as Zss= 0.4 nm and

Zba= 0.1 nm, and the remaining parameters were deter-

mined as the same as those in LuGre model (which were

already determined in Sect. 6.4 and listed in Table 2).

The friction force, sliding speed, and displacement predicted

by the model identified in the Measure (4) are shown in

Figs. 23–25, respectively. From Figs. 23 and 24 it can be

seen that the friction force and sliding speed predicted by the

elastoplastic model have the same characteristic with those

predicted by LuGre model (see Figs. 19 and 20), i.e. no

fluctuations in stick motion. However, the displacement pre-

dicted by the elastoplastic model cannot fit the slip motion

period, as shown in Fig. 25. According to identification Mea-

sure (3) and Measure (4), it seems that Zba makes the elasto-

plastic model can not turn back to LuGre model, which is

thus the cause that the elastoplastic model fails to model fric-

tion force in the micro stick-slip motion system. The plausi-

ble reason for this is discussed as follows.

The elastoplastic model expects that during slip mo-

tion, sgn(ẋ) should always be equal to sgn(z) according

to Eq. (14); in other words, when sgn(ẋ) 6= sgn(z), the

model predicts that stick motion occurs. The relation be-

tween sgn(ẋ) and sgn(z) are shown in Figs. 26 and 27

(which is the amplified figure of Fig. 26) in which 0 rep-

resents sgn(ẋ)= sgn(z) and 2 represents sgn(ẋ) 6= sgn(z).

It can be seen that during the stick motion period, sgn(ẋ) is
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Figure 23. Friction predicted using the elastoplastic model.

Figure 24. Sliding speed predicted using the elastoplastic model.

not equal to sgn(z) over the whole period; as such, the model

predicts that the stage and end-effector stick “together”. Dur-

ing the slip motion period, however, it can be seen that

sgn(ẋ) is not always equal to sgn(z); in other words, the

model predicts more stick motion than it really has. There-

fore, the elastoplastic friction model leads to a larger static

friction force and results in no relative motion in the slip mo-

tion period, as shown in Fig. 25. The reason that sgn(ẋ) is

never always equal to sgn(z) during the slip motion period is

discussed as follows.

In stick-slip motion systems such as PE-SSA systems,

the stage periodically extends and contract which makes

sgn(ẋ) reverse when sliding occurs. However, according

to the elastoplastic friction model, when sgn(ẋ) reverses,

i.e. the end effector begins to move from B to A (Fig. 4), the

deformation of contact as perities starts to decrease but still

remain its initial direction until it reaches the original po-

sition, which leads to sgn(ẋ) 6= sgn(z); correspondingly, the

elastaplastic friction model predicts that no sliding occurs ac-

cording to Eq. (14). This is the reason that the displacement

predicted using the elastoplastic model (see Fig. 25) seems

not to move at all in the slip motion period, which is not con-

Figure 25. Experimental data and displacement predicted using the

elastoplastic model.

Figure 26. Relation of sgn(ẋ) and sgn(z).

sistent with the observed actual stick-slip motion phenom-

ena.

6.5 Comparison of Stribeck, Dahl, and LuGre models

To compare Stribeck, Dahl, and LuGre models in terms of

accuracy, an error index representing the deviation between

the displacement predicted and experimental data is given by

e =
1

n

n∑
k=1

|ek| (26)

where |ek| is the absolute value of the error between experi-

mental data and the displacement predicted, n the number of

displacement data, and k= 1, 2, . . . , n.

The error index for each friction model is listed in Table 3.

It is shown that LuGre model has the least error index,

and Stribeck model and Dahl model have larger error in-

dexes. The reason is that the displacements predicted by

Stribeck model and Dahl model fluctuate around the experi-

mental data (see Figs. 14 and 17 or Fig. 18), which is caused
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Table 3. Error index for friction models.

Models Stribeck Dahl LuGre

Error index 0.176 µm 0.232 µm 0.135 µm

by the Sgn function in the two models. LuGre model in-

tegrates, pre-sliding friction (σ0z) that is captured by Dahl

model and viscous friction (υ2ẋ) and Stribeck effect (g(ẋ))

that are captured by Stribeck friction model, into one sin-

gle model. Moreover, LuGre model does not have Sgn func-

tion and it has no fluctuation in displacement prediction (see

Fig. 22). Thus LuGre model results in a better accuracy of

friction force prediction in the micro stick-slip motion sys-

tem.

7 Conclusions with further discussion

This paper first reviewed the friction models, i.e. Coulomb,

viscous, combined Coulomb and viscous model, Stribeck,

Dahl, LuGre, and the elastoplastic friction models. Five of

them were applied to model friction force in the micro stick-

slip motion. Parameters involved in each model were deter-

mined using the system identification technique. The perfor-

mances of these models were compared. The plausible rea-

sons for the difference in performance among these models

applied in micro stick-slip motion were discussed.

This study concludes that Coulomb friction model is not

adequate for describing the friction in the micro stick-slip

motion. Stribeck model, Dahl model and LuGre model can

all predict friction force in the micro stick-slip motion, and

LuGre model has the best accuracy among the three. The

elastoplastic friction model fails to model friction in the mi-

cro stick-slip motion because it introduces a larger static fric-

tion during the slip motion period that makes two contact sur-

faces seem to stick together. The failure of the elastoplastic

model for the micro stick-slip motion system demonstrates

our observation of the so-called “side effect” for complex

dynamic systems. In the case of the elastoplastic model, it

has more parameters to capture the friction phenomena, espe-

cially capturing the so-called “drift” phenomenon when Lu-

Gre model is used for the application of positioning system,

but the model which resolves the drift problem also brings

the side effect in the sense that the same modeling elements,

i.e. elastic and plastic deformation zones, causes trouble to

model friction force in the micro stick-slip motion.

Figure 27. Scaled up picture from Fig. 26.

This study may also demonstrate an idea of using displace-

ment measurement of micro motion system and system iden-

tification technique to investigate the dynamic friction in mi-

cro motion level. Further validation of this idea calls for some

future study.

Mech. Sci., 6, 15–28, 2015 www.mech-sci.net/6/15/2015/



Y. F. Liu et al.: Experimental comparison of five friction models on the same test-bed 27

Appendix A

Table A1. Nomenclature.

cp the damping coefficient of PEA, Ns m−1

cs the damping coefficient of the stage, Ns m−1

F the friction force, N

Fapp the applied force, N

Fc the Coulomb sliding friction force, N

FN the normal load, N

Fr friction force on the stage, N

F ′r friction force on the end effector, N

Fs the maximum static friction force, N

Fp the transduced force from the electrical side, N

g(ẋ) the Stribeck curve

G(s) the transfer function

i an exponent

j the Stribeck shape factor

K the amplified coefficient, m v−1

kp the stiffness of PEA, N m−1

ks the stiffness of stage, N m−1

kv the viscous coefficient, Ns m−1

mp the mass of PEA, kg

ms the mass of stage, kg

os the overshoot of a step response

Tem the electromechanical transducer ratio, N v−1

Tp the peak time of a step response, s

up the applied voltage on the PEA, V

vs the Stribeck velocity, m s−1

x the relative displacement, m

ẋ the sliding speed, m s−1

xe the displacement of the end effector, m

xp the displacement of the PEA, m

xpe the relative displacement between the end

effector and stage, m

z the average bristle deflection, m

zba the stiction zone, m

zss the parameter for transition from sticking to

slipping, m

α(z, ẋ) function of elastic and plastic deformation

αm(*) the function of transition from sticking to slipping

µ Coulomb friction coefficient

ξ the damping ratio

ωn the natural frequency, rad s−1

σ0 the stiffness of the bristles, N mm−1

σ1 the damping coefficient of the bristles, Ns mm−1

σ2 the viscous friction coefficient, Ns mm−1
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