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The constructive commutative algebra is very useful in the kinematical analysis of the mechanisms
because a large class of systems can be described using polynomial equations. We show that one cian analyze
quite complicated systems using a sort of divide and conquer strategy to decompose the system, and hence the
configuration space, into simpler parts. The key observation is that it seems that typically systems indecd have a
lot of distinct components, but usually only one of them is physically relevant. Hence if one finds the equations
describing the component of interest the analysis of this system can be surprisingly simple compared to the
original system. In particular typically the possible singularities of the original system disappear when one
restricts the attention to the relevant component. On the technical side we show that some basic constraints used
to define joints in 3 dimensional mechanisms can be decomposed to simpler parts. This has significant practical
consequences because using these fundamental decompositions when writing the equations for camplicated
mechanisms decreases dramatically the complexity of the required computations.

Moreover the equations for the relevant components can be
much simpler than the equations of the original system, es-

. . . pecially in 3 dimensional cases.
The configuration space of a large class of mechanical sys- Hence one could conclude that the fundamental aim of

tems can be specified using polynomial equations. Hence thg,e inematical analysis is to decompose the configuration
conflgurat!on spaceisin th!s ca}se&rletyand the klnematl-. space to simpler parts, and then choose the physically inter-
cal analysis of the mechanism is the study of the geometricalgting component for further analysis. We will explain below
properties of this variety. The algebraic counterpart of avari-g kind of divide and conquer strategy for doing this decom-
ety is itsideal and thus the methods of commutative algebra ,,qjtion and give several examples of its use. As a technical
and algebraic geometry can be brought to bear on the analyzg 1t we show how to decompose basic constraints which

sis of kinematical problems. ) , appear in the definition of revolute and cylindrical joint. As
One of the most fundamental questions about the kinematg, - 5 \we know this is a new result and we think this could be

ics is what is the mobility of the system. As we will see be- ¢ jite important in practice because this decomposition sim-
low thedimensiorof the variety provides a natural answerto itjas analysis of any mechanism where revolute or cylindri-
this question. Note that the dimension of a variety is a global joints appear.

quantity; hence possible singularities of the variety have no e grawback of the methods based on ideal theory is that
effec_t on t_he computatlon of (_ilmensmr_\. Oft_en n appllcatlonsmany things require that the base field is algebraically closed.
one is ultimately interested in dynamical simulations of the || practice this means that most of the theory is strictly
system. The numerical methods for this encountéfictii- speaking valid only for complex varieties while in applica-
ties if the configuration space has singularities. The t00ls ofjons one s interested in real varieties. However, typically
ideal theory are also very suitable for the analysis of smgular-the computations reveal important information about the va-
ities. In fact it seems that usually singularities arise becausgiety also in the real case. Moreover for any given concrete
2 different components of the variety intersect. Hence if ON€system one can often use some special property of the sys-

succeeds in finding the equations of the correct componenfs, 1 verify that the results are valid in real spaces although
and using them then typically singularities simply disappear.



there is no general algorithm which would work in all cases.
Hence this lack of theoretical results in the real case is les
problematic in practice than one could expect.

There is actually also an active field of study called real a
gebraic geometry. The resulting theory is quitéetient from
(complex) algebraic geometry. The theory is evidently of in-
terest in applications. Unfortunately there are only few actua
implementations of the constructive algorithms so while we
think that this approach has some potential in the future it
is not yet as practical as the methods described below. wé
refer toBasu et al (2006 and the references therein for an
introduction to this interesting subject.

To complement the algebraic or symbolic computations ; ¢ 7.
described below it would be useful to do some numerical
computations. There have recently been some work in this ii. If f,ge 7, thenf +ge 1.
direction and inWampler et al(2011) the authors introduce
alocal dimension test for configuration spaces. The ideais tolii- If f € 7 andhe A, thenhf e 7.

use homotopy methods to numerically decompose the Varl=I'ypically ideals are constructed as follows. lfgt..., fye A

ety. Here also the main theorems require complex base fieldbe olynomials. The ideal generated by polynomials
but again one can conclude that the algorithms in practice poly ' g y poly

produce results also in real case. For further information we; _ (foo G ={f €A | f=hyfi+.. +hcf.. whereh € A},
refer toSommese and Wamplé2005.

We will first review in Sect. 2 some basic terminology and \\je say that the polynomialf; aregeneratorsof 7 and as a
standard results of commutative algebra and algebraic geomset they are thbasisof 7.
etry which are needed later. Then in Sect. 3 we review the Now the variety corresponding to an ideal is then
framework for specifying the configuration space. In Sect. 4
we outline our strategy for analyzing the configuration spacev(r) = {acK" | f(a)=0 V fel}cK"
by decomposing the relevant variety. We also argue that in
some sense it is natural to expect that the configuration spacgypically in applications we think of a variety as a subset of
decomposes. In Sect. 5 we illustrate our approach by considR". Now there are two special types of ideals which are very
ering several examples. Moreover we show that some fundaimportant. LetZ c A be an ideal. Theadical of I is
mental constraint equations decompose and this has some re-
markable consequences in the analysis of complicated mechV7 = {f € A|3m> 1 such thatf™ e 7}
anisms. Then in Sect. 6 we show how to define and com-
pute the mobility using the notion of dimension of variety. In Moreover we say thaf is a radical ideal iff = VI. Note
Sect. 7 we treat singularities. Considering some examples #thatV(Z) = V(VI).
seems that very often the singularity arises because 2 compo- Then an ideal is primeif the following holds:
nents of the variety intersect. Hence if one finds the correct
component and discards the unnecessary one the singulafge I =
ity disappears. In particular this happens in 2 well known
test problems for multibody dynamics simulations. Finally
in Sect. 8 we present some conclusions.

iet us consider polynomials of variables, ..., x, with co-
. efficients in the field< and let us denote the ring of all such
polynomials byA = K[x,,...,X,]. In the kinematical analy-

sis we are given a set of polynomials ..., fy € A and the
Iconfiguration space is its zero set. This zero set is called the
variety corresponding to the system of polynomials and the
goal is to analyze the geometry of this variety using algebraic
roperties of polynomials.

To this end let us first introdudeleals a subselZ c A is
anidealif it satisfies

felorgel.

Evidently a prime ideal is always a radical ideal.
The following facts are fundamental

— every ideal idfinitely generatedi.e. it has a basis with
a finite number of generators. This is tHdbert basis
theorem
All the considerations that follow are based on the observa-
tion that the configuration space of a mechanical system can — every radical ideal can be decomposed to a finite num-
be defined using polynomial equations. Let us briefly review  ber of prime ideals:
the necessary background. For more information we refer to

ShafarevichH1994) andHarris (1995 for a nice introduction VI=11n-nls
to algebraic geometry and toox et al.(2007); Greuel and o o N
Pfister(2008; Decker and Lossef2006 for constructive as- where eachi, is prime. This gives the decomposition of

pects of commutative algebra. the variety tarreducible components

V(I) = V(VI) = V(1) U---UV(lg)



Finally in parctical computations we need one more special N
ideal:elimination ideal Let 7 c A. Then itsk-th elimination

ideal is
T =T NK[Xe1, ... %] Y
N,
Geometrically this is related to projections. Let us set
K" KK (X, Xn) = (Kt -5 Xn)
Now the connection between these notions is that in nice sit-
uations we have in fact
m(V(Z)) = V(Z1) 1)
Precise statement is quite tricky. However, let us describe & The curve defined by the ideal in EQ) (projects to the

particular case which in fact is very useful below. Sometimesunit circle.
we can find amag : V(Z) — V(Z) such thair o F is iden-
tity. In other wordsV(J) is the graph of some map over
V(Zk). An important special case is whdnis a polynomial
map. In this case for all practical purposes the study(d)
can be reduced to the studyVf7 ). We summarize this sit-
uation by

In particular each polynomidi has the biggest term with
respect to given ordering; this is called isading term de-
noted by LT({). Now aGrobner basiof a given ideal is a
special kind of generating set, with respect to some ordering.

Definition 2.1 We say(Z) c K" is essentially the samas
V(Zy) c K"K, if Eq. (1) holds and there is a map FV(Zy) —
V(Z) such thatry o F is identity and F can be represented as

Definition 2.2 A set of polynomials ..., is a Grobner
basisof an idealZ with respect to the given ordering if

a graph of a polynomial map f. In this case we witgl') ~ 7 =(gs,...,% and

V(LY. (LT(2)) =(LT(Qy).....LT(g))

As an example consider the ideal

T=0C+y*—1,z2—4x* - 3y° — xy—4) (2)  Statedin this way itis not quite obvious if such bases actually
_ exist. However, one can show thatdner bases exist for

In this case any ordering, and moreover given any set of generators of an

ideal, the corresponding @lbner basis can be computed.
To compute elimination ideals we nepibduct orderings

andr; : V(I) - V(71) = St is a bijection andv(7) is the ~ Let us consider the rin&[x, ..., %, Y1,...,Ym] and let>a

graph off = 4x* + 3y® + xy+ 4 which is given by the second (resp->s) be an ordering for variables (resp.y). Then we

I1=TNnK[xY] = (C+y*-1)

. X >a X or
Xt Xy’ if 3
Y > Xy {x":xV and y% >g y° &)

An essential thing is that all the operations above, eSpeCia”XNhenever we use product orderings we indicate it with
finding the generators of the elimination ideals and the prime

decomposition can be comput@thorithmically using the parenthesis. For example
given generators af. The key observation is that for many K[(Xs, Xs, X7), (X1, X2, X3, Xs)]

algorithms we need certain nice bases for the ideals, called th - but th thesis indicat
Grobner bases is the same set d&[Xy,...,X7] but the parenthesis indicate

First we need to introducenonomial orderingsAll the that we will use>, among the variablesq, s, x7), and>g
algorithms handling the ideals are based on some orderinggmong th.e variablesq, X, xs, Xg). . . .
among the terms of the generators of the ideal. An order- The Glopner bases h:_:lve many special properties whlch_are
ing > is such that given a set of monomials (e.g. terms of almportant in the analysis of the ideal and the corresponding

given polynomial)> puts them in order of importance: given variety. For us the essential property is the following.

any two monomials := x{*... X" andX’, wherea £ are  Lemma2.llet 7cA be an ideal and Iy=
different multi-indices, then eithef > x® or ¥ > x¢. In ad- I NK[X41,...,%1] the k-th elimination ideal. If G is a
dition we require that for ally, X > 1 andx® > % implies Grobner basis foZ with respect to a product ordering, then
XY > 3By Ge = GNK[Xs1s- .., %n] is a Grobner basis fof .



Hence if the Gdbner basis is available, good generators Now the relation between spatial and body coordinates is
of the relevant elimination ideal are immediately available. given by the formula

Moreover if we have the nice situation whevér) ~ V(Zy)

we get even more information because the generators ifk="r+Ry

G\ G gives us the polynomial mapwhose graph i&/(7).

An example of this situation can be seen in E2)v(here the wherer is some convenient reference point, for example the

ideal is already initially given by the required @mer basis. center Of mass, arﬁe §(O>(3). Hence the configuration space
of one rigid body isR*® x SO(3). We use Euler parameters

Computing the radical of the ideal or the prime decompo- X : Lete ith 1ol = 1
sition requires still more ideas which are beyond our scopefl?hreprhes‘?nﬁ or!entatlon. etd_ (a0, a1, . as) W't. |a|f_h. .
Anyway all these are implemented$ingular (Greuel et al. en the following map provides a representation of the ori-

2007 which we have used in all our computations. entation

Z+al-1 a@m-aas ads+ad

ab2|ama+agas az+as—3 azzag—zaoall
The major drawback in these algebraic computations is that M -Bd HA+AH H+E -3
the complexity of the computations is really very bad in the Note thata and—a give the same matrix so th&#, the unit
worst case. Lef = (fy,..., fy) C A be some ideal and let us sphere irR%, is a 2 sheeted covering spacesdf(3). Hence
suppose that the degreg of .eaf;hs.at mostd..Then the in fact SO(3) is isomorphic to the real projective spate®.
degrees of the polynomials in the &mer basis off are There is an interesting alternative to represent the config-
bounded byMayr (1997 uration spaceStudy coordinategHusty et al, 2007 Walter
et al, 2009 Walter and Husty2011 Study, 1903. In this
framework the configuration space of a single rigid body is a

- - 6 dimensional quadratic variety in 7 dimensional projective
Hence the complexity is doubly exponential in the number of L 7 .
plexity y exp space. In some situations this might be mdfeient than the

variables. In some sense one cannot improve this result beéoordinates we are usina. However. a detailed comparison of
cause one can also show that there are ideals whassnér 9. ' P

basis contains at leas€”2 generators and the degree of at \t/Ciﬁ i ?pprr?éligh??r:? tr)ey?nd :;etiscnOfpertﬁf trhls a;rtlcrzeva\}ns \;ve
least some of these generators is also at leasf@ some ot consider this representation further. INote, Noweve,
c>0. that the algebraic tools and methods that we use can also be

Since the bounds are so bad one might be tempted to co applied in the context of Study coordinates because the con-

. . L iguration space is in any case a variety.
clude that applying these methods in practice is hopeless. . . . . .
pPying P P In 2 dimensional case we can simply consider that the ori-

However, these are worst case bounds and in many cases, . . . S s
the computations can be remarkably fast. Also time dependgntatlon is given by a point in the unit circ# because tak-
strongly on the ordering: computing a &mer basis using Ing nowa = (2. ay) with |a| = 1 the map

some ordering can be quite intractable while for some other a -a
ordering the computation can be very fast. Why this is so is&— ( a )
not very well understood, so in practice it may be useful to

simply try different orderings. shows thaS0(2) is isomorphic t&?. Hence given a system

Anyway the complexity is a serious issue and hence a dif n, rigid bodies the corresponding configuration spede
rect computation of a @bner basis or prime decomposition

of some mechanism is typically not feasible. Since the com-V c (R3x S%)™ c R"™ (3D)
plexity depends strongly on the number of variables it is es C (R2x SHy™ c R4 (2D)
sential to consider suitable subsystems of the given ideal with

fewer variables. Thus, as explained below, we can study quit&g even for a moderately complicated mechanisms the num-

complicated mechanisms in a routine way. ber of variables involved is substantial. Since the time com-
plexity of the computations depends strongly on the num-
ber of variables how can we in fact analyze realistic situa-
tions? Before discussing actual examples let us first outline

To describe the motion of a rigid body we need a fixed co-our strategy.

ordinate system (or spatial or global coordinate system), and

the coordinate system moving with the body (or body or lo-

cal coordinate system). A typical point in spatial coordinates

is denoted by and in body coordinates by. Let us further  One could say that to analyze a given configuration space
denote bysO(n) the group of orthogonal matrices whose de- one should ideally (!) compute the prime decomposition of
terminant is one. the relevant ideal and then examine each prime component

2(1d?+dy”"



and the corresponding irreducible variety separately. Sinceslimination ordering. Again usually the structure of the sys-
the direct decomposition is infeasible for complexity reasonstem readily suggests at least some good candidates for choos-
we must find other ways. ing an appropriate elimination ordering.

The basic step of our method can be described as follows. Then we have the final and the most important question:
We are given an ideal’ which we want to decompose. To why should the configuration space decompose? In other
do this we choose som&c 7 which has a decomposition words why is it not irreducible? In some sense perhaps it

J = Jo N Jy; then this gives would be natural to suppose that there should only be one
irreducible component. After all an engineer has designed

I=7+J=T+Jp)n(T+J) = the mechanism to function in a certain way. Why would one
V =V(I) =V(I + o) UV(T + Jy) need more than one component to describe the configuration

space? However, in practice there can be surprisingly many
After this we can continue our study by analyzing sepa-components; for example in our analysis of Bricard’s mech-
rately the (hopefully simpler) components= V(7 +Jo)and  anism Bricard, 1927 we found several hundreds of compo-
V1 =V(Z +J;). Now it seems that a priori there are several nents fArponen et al.2009.
problems with this approach. But why this should be so? Now let us again think of the
mechanism as a graph. The parameters which determine the

1. why should the ideal§g=7+Jy and 7, =7 + J; be properties of the system include the lengths of the edges

simpler than the original ideal? (rigid bodies). Choosing these parameters randomly would
probably reduce the number of component¥ &f However,
2. how to actually choosé? an engineer uses standard parts so that typically there are al-
gebraic relations between the lengths /andymmetries in
3. why shouldv decompose at all? the system. This increases the number of components.
This seems somewhat counterintuitive from complexity
Let us examine these problems in turn. point of view. Somehow one would expect that the mecha-

It is intuitively at least plausible thafy and7; should be  nism issimplerif it has symmetries or simple relations be-
simpler than the original’. The ideal can be thought of as tween its lengths. Fortunately the paradox is only apparent:
some kind of description of the variety. Now if one decom- namely in practice we can discard most of the components as
poses a variety to its irreducible components it seems reasorirrelevant, and after this the one (or few) remaining compo-
able to expect that the description of a part is less complexnent can be remarkably simple.
than the description of the whole. Of course it is not always Indeed one can discard most of the components because
so straightforward but anyway in actual computations eventhere may be
a partial decomposition typically reveals important informa-

tion about the system. — embedded component®oing partial decompositions
Then how do we actually choost® The whole diiculty one often finds components which are contained in

of computations is that the time complexity with respect to higher dimensional components. Obviously these em-

number of variables is awful. Hence we should chabsech bedded components are physically uninteresting.

that its generators contain only a relatively small subset of all
variables. Now if one thinks of a “random” ide&lthen typ-
ically there is no hope of finding such Fortunately ideals
arising in mechanical systems have a lot of structure and it
turns out that one can relatively easily find natural candidates — “negative” componentsTypically parameters (for ex-
for J. ample lengths) are positive numbers. Some components
We can think of a mechanism as a graph where joints are  may admit real points only for negative parameter val-
vertices and rigid bodies are edges. Now the equations are  ues.
generally of 2 types: joint equations and loop equations. Joint . ) )
equations involve only 2 rigid bodies (we could call these lo- — “SPurious” components Sometimes the equations ad-
cal constraints), hence only a small subset of all variables. ~ Mit spurious solutions, in other words there may be
Loop equations describe the overall structure: one must re- ~ SOme configurations which are in principle possible but
turn to the same point when going around the loop (so we  d0 not correspond to the way the mechanism was de-
could call these global constraints). Typically loops are quite ~ Signed to work. For example Bricard’s mechanism has
short, i.e. do not have many variables. some spurious 2 dimensional components. One can ac-
Hence one expects that in the initial equations describing ~ tually “see” these components by looking at the picture
the system there are naturally subsets of equations where ~Of Bricard’s mechanism as discussed below.
only a small number of variables occur. Moreover in many  Possible drawback of this is that perhaps the mechanism cannot
casesl is an elimination ideal which is computed using some perform any useful work in this case.

— complex component$here may be some components
which have no real points, i.e. they are empty as real
varieties.




— “superfluous” componentsThis situation arises in 3 di- Different types of joints.
mensional case. For every rigid body we attach a local
coordinate system. In principle this can be chosen ar- type of joint  types of constraints  # of conditions
bitrarily, but typically there are some “natural” choices.

g . . . spherical 1C 3
Now different choices may lead to afidirent descrip- u?wiversal 1Cand1SO 4
tion of the configuration space in terms of Euler param- revolute 1Cand?2 SO 5
eters. cylindrical 2SOand20 4
translational 3SOand20 5

After getting rid of all these unwanted components system
can simplify drastically as we will see in the examples below.

This also simplifies the analysis of the singularities of the
system. The above constraints are #cal constraints they are

defined on a single joint where 2 rigid bodies meet. In ad-
dition we haveglobal constraintsor loop equationsThese
describe the structure of the mechanism as a whole. Let us
again consider the mechanism as a graph with joints as ver-
tices and rigid bodies as edges. ISgbe some index set such

In practice the constraints for rigid bodies are of quite par-that the edges of this set make a loop in the graph. This gives

ticular form. In fact it turns out that using only three basic constraint equations of the following form:

constraints we can construct a large class of mechanisms by

taking appropriate combinations of the basic ones. In the foI—Z RV =0

lowing letr' be the position of the reference point of the body {3

B; and letR be its orientation.

The first basic constraint is theincidence constrair(or HereV are (constant) vectors from one joint to the next one
briefly C-constrain}. This constraint simply says that given in a given local coordinate system. Note that also these equa-
pointsy' andy! in the coordinate systems of bodigs and tions depend only on the orientation. In fact in many cases the
B, are really the same point in the spatial coordinate systemposition variables' can be completely eliminated using C-

Hence constraints (Eg4). Using the terminology of Definitio2.1
j L : we can say that oftevi(Z) ~ V(7 ) wheres denotes the ideal
r+Ry’-r -Ry =0. (4)  ofall constraints and the generatorsigfdepend only on Eu-

ler parameters.
Obviously the above constraints do not exhaust all possible
r interesting situations which occur in practice. However,

Next we introduce a basic constraint where we require tha h re fundamental building blocks for mechanisms which
two vectorsv, V! given in body coordinate systems must be ese are lundamental bu g blocks formechanisms whic
already provide a rich class of systems.

erpendicular to each other in the spatial coordinate systen. X .
berp b y In the following examples the standard unit vectors are de-

This is calledsymmetric orthogonality constrair(or SO- ; .
. ymn 9 y r noted bye!. The local coordinates are always chosen such
constrain), and is given by . .
thate! points from one joint to the next. Hence the loop equa-

Typically y' andy! are the positions of the relevant joint in
the corresponding body coordinate systems.

(RV, iji) =0. (5) tions are always of the form
Note that this depends only on the orientation. In the thirdZ LiRet=0
constraint we are given a vectdrand the pointg' andy’ in =
body coordinates. Let us consider th&elience of,' andy’
in spatial coordinates: wherel; is the relevant length of the rigid body
, o , Note finally that in some specific situations the relevant
dij=r'+Ry' -r'-Ry' joints can be represented more easily in some other way.

However, our goal is to show what can be done in all situ-

Now we require that this is orthogonal¥bwhich must natu- : . . .
ations so we keep our discussion at this general level.

rally also be expressed in the spatial coordinates. Thisris
symmetric orthogonality constraiibr O-constrain}, and it
is of the form

(RV.,dj) = Otherwise known as a triangle! Let us fix one body by setting

(RV,rl + Rij —ry— (V. x'y = 0. (6) Ry = | and let us also normalize its length by= 1. Then the
loop equations can be written as

Tablel indicates how one can define some typical joints us-

ing different combinations of the basic constraints. (I+ LR + L2R2)e1 =0



This gives us 3 equations, denoteddyy= 0, 0< j < 2. Fur- b
ther denoting by (resp.b) the Euler parameters &% (resp.
R.) we have the additional equations —>

Pa=a3+as+ai+a;—1=0 - a
pp=bi+bi+bZ+bi-1=0

Then choosing the elimination ordering to eliminate vari- pa—
ablesh, andbz and computing the @bner basis of the ideal
yields The choices of local coordinates for 4 bar mechanism.

The arrow indicates the direction ef for each body.
7 = (0o, %1, %2, Pa, Pb)
=(00,91,02,03,94) Where
go = 4Ly (af +ad) — ao Let J ={p1, P2,%0,...,03) be the corresponding ideal. Then
01 = ALo(02 + ) — oy we compute

O = 4L1(a§ + ag) — Q>
J=VJ= JonJ; where

O3 = a/j_bz +...

Os=aibs+... and Jo = (0o, U1, S2 — S0,C2 — Co, S3 — S1,C3 — C1)
ag=(Lo—Li+1)(Ly+L1—1) J1 = (P1, P2, Go, 1. Oz,

o= (Li-Lo+ D)L+ Lo—1) 2abs (s~ %0) + 20 —(a?~b)(CoCo—1)— (e’ +b%) 5%,
ar=(Li—- Lo+ 1)(L1+Lo+1) 2ab(Cy S, —C1 S0)+2b%Cy 51 +(a%—b?) spC0— (a2 +0%) ¢ %0,

. . o 2al(s,¢1—51C)+2b%Cy 51— (87 + b?) spCo+(a°—b) 2%,
The dots indicate that the terms omitted contain neither 5 > 2 > 12
nor by and hence we have the elimination ideal 2abey (C2—-Co)-2b"s]~(a%+b%)(C2Co—1)~(8°~b?) s2%0)

12=(90,91,02) Now we might suspect by looking at the second component
that the casa = b is somewhat special. Recall that we do not

Note that alle; are positive for relevant parameter values. necessarily get a ®bner basis or a correct decomposition

Referring to Definitior2.1it is clear that simply by substituting special parameter values. Doing the

L1 e computations again in this case yields
V() =V(I2)~S* xS* xS

In this case the ideal did not decompose. However, the com-J= V3= JynJ;nJ, where
puted Gbbner basis is clearly more informative than the =3
original equations. In particular the variablesandb; could AO 0

be eliminated from the system. So if a triangle appears as &1 = (do. d1. $2 + S0,C2 + Co, S3 + S1,C3 + C1)
subsystem of a more complicated mechanism one can replacg = (g, g, S — So,C1 — Co, S3 — S, C3 — Co)
at the outset the original loop equations with this basis.

Now evidently we can conclude that in the former case both
Jo and J; can be physically relevant while in the latter case
we can say that the componegisandJ, are spurious.

Let us next analyze the familiar 2 dimensional 4 bar mech- .

) . Note that in both cases we can correctly guess the number
anism where the opposite edges are of equal length. Th(e)f rime ideals appearing in the prime decomposition sim-
lengths are denoted kayandb, see Fig2. P bp 9 P b

Let us number the edges from 0 to 3 and denote the para _Iy by Iqokmg at the picture of 4 bar mecham_sm. Opv!ously

- . . : his again shows that the system of polynomials defining the
eters defining the orientation by;(s;), 0< j < 3. The loop ) . . ?

equations give here configuration space are very special. In genera_ll there is no

known method for determining the number of prime compo-

nents without actually computing the prime decomposition.
Let us then see how we can use this preliminary decompo-
p2=asp-bs-ap+bs=0 sition in analyzing more complicated mechanisms. Suppose
g = cl? + sf -1=0, j=0,...,3 we put together two 4 bar mechanisms. This gives the system

pr=ag-bc-ac+bg =0
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The 4 diferent modes of the system (B).corresponding to the decomposition (H).

A c a

A C

Note here the important property of simpligitpmplexity.
In the case where lengths were arbitrary we got 4 distinct

pr= Co—bci—co+bcz=0 components. In case of equal lengths there were 9 compo-
P2= S-bsi-s$+bg=0 nents so that in this sense it appears to be more complicated.
ps= ac—bc;—acs+beg=0 (8) However, only 1 of those components is actually physically

interesting, and moreover the equations describing this com-
ponent are remarkably simple. Hence we see that when there
are special relations in the system it also reduces the com-
plexity of the relevant ideal.

ps= ag,—-bg-as+bg=0
qj: CJZ+SJ2_1:O’ j:O,...,6

Now we can without loss of generality fix the coordinates so
thatcy = 1 andsg = 0. Hence we set

I ={(Co—1, %0, P1, P2, P3, P4, o - - -, U 9)

Let us now analyze more precisely the SO-constraints in the
definition of universal, revolute, cylindrical and translational
joints. Let us first consider the revolute joint.

Let R, (resp.Ry) be the rotation matrix associated to the
V=VoUV;UV,UV; (10) first (resp. second) body with Euler parametargesp.b).

Let us choose the local coordinates as in EigHencee®

It is easy to check these components are distinct and in faggives the axis of rotation in the coordinate system of the sec-
all are physically relevant, see Fig}. ond body. In this case the 2 SO-constraints can be written

Doing the computations reveals th¥ ~ V({Q1,0s)) = as
S!x St. Other components are a bit more complicated.

Then taking the special case where b=1 we have ac- 7., =(py, p2, Pa. Po) Where
cording to the decomposition of potentially $ = 9 cases,

and denote by = V(Z) the corresponding variety. But now
using the decomposition dfabove we see that has poten-
tially 4 components:

_ 3
but evidently only one of them is reasonable and we can eas- P =(Re€". Roe”)
ily write down the relevant ideal: P2 =(Ra€”, Ro€%)
I =(co—1,%,01,%,C2— 1,53 - $1,C3— Cy, (11) and p, andpy, are as in Eq.7). It turns out that this ideal is
04, S5 — S4,C5 — C4, S5 — S3,C6 — C3) not prime, but how to actually find a convenient prime com-

R ponent? Note thatim(V(Z.)) = 4 so the goal is to find a 4
Clearly we havev/(7) ~ St x St. dimensional prime component. To this end let us choose the



following elimination ordering

A =K[(bs, b2, a5), (a2, b1, bo, a1, a0)]

and let us compute the corresponding elimination ideal:
T30 = Irev NK[ap,by1,b0,a1,80] = (ro)

The polynomialrg is quite complicated so we do not write
it down. However, it factors to 2 components (which are still
very complicated)rg = roarop- Let us choose one of the fac-
tors such that

Ty =Trev+(roa) and dim(V(I},) =4
Next let us choose for example

A =K[(bs, b2, &), (as, b1, bo, a1, a0)]

Then we compute

T31 =1}, NKl[ag,by,bo,a1,80] = (r1)

Again the generator factors; = r1af1p, and we choose the
factor which gives 4 dimensional component:

T2, =Ty +(foaria) and dim(V(Z2,)) =4
We can continue in this manner:
— choose the ordering

— compute the 3rd elimination ideal which happens to
have only one generator

— factor this generator

— choose an appropriate factor and add this to the original ha =byby + bsby —

ideal

Note that the polynomials in these intermediate ideals are

very complicated and the relevant @ner bases can con-

tain more than 100 generators. However, once we have foun

a suficient number of factors everything simplifies dramati-
cally and we obtain

Trev = (Pa, Po.01.....05)  Where
01 = (a2 — ag)bo + (a3 + az)by — (a1 + ag)b2 + (a0 — az)bz
02 = (a0 — a1)bo + (a1 + ag)by + (ag + az)b2 + (a3 — az)bz
O3 = 283 + 2a5 + 2by by — 2bgh, — 1
g4 = 2b% + 205 + 28y a0 + 2aga, — 1
05 = bsby + bobg — a8y + azag
(12)

One can now check that this is a prime ideal and
dim(V(Ze)) = 4.

e

The revolute joint and the choice of the local coordinates.
The axis of rotation is parallel te® of the bodyBy,.

Next let us consider the 2 SO-constraints of the cylindrical
joint. Choosing the local coordinates as above for revolute
joint the equations can be written as

T eyt =(Ps, P4, Pa, Po)  Where

ps =(Ra€”, Roe")

Pa =(Ra€’, Roe")
Since the equations are quite similar to the equations of the
revolute joint one might suspect that the ideal decomposes in
the same way. This turns out to be true and using precisely

the same ideas as above one finds the following prime com-
ponent.

Ty =(Pa, Po,hy,....,hs)  where
hy =b? + b2 — a2 — a3

h2 =bpag — biaz + bra; — bsag

hs =b;a3 + boaz — bzay — beag

axa; — azdp

hs =bsb; — bobp — aza; + axap

(13)

Again one can now check that this is a prime ideal and
gmv(Zey)) = 4. .

Note that all generators dfe, andZ ¢, are only 2nd order
polynomials.

Let us then consider the translational joint. Now it is clear
at the outset that one possibility is to simply choaseb.
In general the ideal is obtained by adding one polynomial to
Icy|:

Ta =(P3, P4, Ps, Pa- Poy  Where
Ps =(Ra€%, Ry€%)

Then using the same compone?rap as above we easily com-
pute

j-tra :jcyl + <p5>
=(Pa, bo — a1, by + ag, b2 + &z, bz — &)
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The typical cubical arrangement of the Bricard mecha-
nism. The arrows indicate the axes of rotations of revolute joints.
When going around the curve in Figthe mechanism becomes an makes 20 variables. Then we have 6 revolute joints. Using
equilateral triangle at one point. systematically the equations in Ed.2] together with loop
equations we would get-8+ 3 = 45 equations. However, the
joints with the fixed bar give only 3 equations so we have

Finally the SO-constraint of the universal joint can be writ- finally only 4-7+2- 3+ 3= 37 equations with 20 variables:

ten as

Zuni =(Ps, Pas Po)  Where
Po =(Ra€’, Ro€®)

Note that the variables andb appear symmetrically id Now computing the Gibner basis of the elimination ideal

i.e. the ideal is invariant with respect to exchangamgnd  where all but 3 variables are eliminated we obtain

b. Now in factV(Z,) is irreducible which can be checked
with software package f&rini? which is based on the ideas V(I)=V(I17) cR® where

described irsommese and Wamplé0035. T1r= (22 + 2% — 116¢2 + 324y 7 16 + 1)

I ={(py,...,Pa7)

(14)

) ) So the analysis of the Bricard mechanism is reduced to the
The prime components found in Eqd2f and (L3) are ac-  apalysis of a simple curve given 7. The varietyV(Z17)
tually quite important from practical point of view. Let us g given in Fig.6. Note that it has 2 components as a real
illustrate this by recon_sidering the Bricard mechanism whichy5nifold although it is irreducible as a variety. Physically
we already analyzed iarponen et al(2009. both curves represent the same situation. This is because the
In Bricard mechanism we have 6 bars of equal length conthe Euler parametessand—a represent the same orientation
nected in 1 loop with 6 revolute joints, see Fig.Now one  gnqitis easy to check th®{(Z717) is symmetric with respect
can see how unintended 2 dimensional components arise. Fgg origin.
example_ one cuts fche bar 4, then rotates the [Ibrmi p_oint One can readily check thdt- is prime. Becaus¥/(7) ~
A and similarly pointD to O. Now one can again join the (7, .) then evidentlyZ is also prime. The Gibner basis of
pointsC andD with bar 4. Evidently the constraint equations 1 contains 19 generators so in addition to the 2 generators of
are satisfied. But now one can rotate edges 2 and 3 ardund T17 there are 17 generators which give the the rhaghose
and independently rotate 5 and 6 aro@dience there must graph isv(2).
be 2 dimensional components. But one suspects that without Note that the remarkable thing about this computation is
cutting one cannot reach this configuration, and this is in facthat we have a system of 37 polynomials with 20 variables
easy to check: 1 dimensional and 2 dimensional componentgyt sill the computation of the elimination ideal took only
do not intersect (not even in complex domain!). . afew seconds with a standard PC. On the other hand the di-
In actual computations we fix one of the bars, i.e. we iden-rect computation of the ®bner basis for the original Bricard

tify the local coordinates of one bar with the global coordi- system with 20 equations and 20 variables is a hopeless task,
nates. This leaves us with Euler parameters of 5 bars whichy |east for a standard computer.

2This package has been developed by D. Bates, J. Hauenstein, Hence we can conclude that using Edk2)(and (L3) in
A. Sommese and C. Wampler, sk&py/www.nd.edy~sommese  the analysis instead of the original equations actually makes
bertiny. the study of complicated mechanisms tractable.
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The problem with all these definitions of dimension is that
they refer to the dimension as a complex variety. Hence in
In our algebraic framework the definition of the mobility practice one must by some other means verify that the va-
is pretty straightforwardmobility of the mechanism is the riety contains real points. Again this is not an easy task in
dimension of the configuration spacghis definition has  general for arbitrary varieties. However, in the context of
been proposed for mobility before for examplefifugty and  mechanisms, the existence of real points follows from the
Shidcker, 2008. fact that the mechanism can actually be built. Note however
There are many (equivalent) ways to define the dimensionthat one may still have some components of the variety which
of the variety. Unfortunately all theseftérent approaches are “purely complex”.
to dimension are rather involved so we simply refeCiox Let us finally compare this approach to other ways to com-
et al.(2007) andHarris (1999 for a discussion of this topic.  pute the mobility. The dierential geometric way is to study
Anyway the important thing from the point of view of ap- the rank of the Jacobian of the map defining the configuration
plications is that once we have computed thél@er basis  space. The drawback of this is that the map and the Jacobian
of the ideal the dimension of the corresponding variety cantogether is more complicated to analyze than the map (and
easily be calculated. In fact the second technical conditionthe corresponding ideal) itself. Moreover this leads to prob-
about the leading terms in Definitidh2 of Grobner basis  |ems with singularities.
is actually crucial here. It can be shown that the dimension There is also a long history of fiierent formulas which
depends only on the leading ideal, and thél@rer basis au- have been proposed to compute the mobility, Smgu
tomatically provides a basis for this. Hence once we have thg2005 for a thorough review. The idea is to compute the
Grobner basis the computation of the dimension is very fastmobility somehow without actually analyzing the equations
Note that the dimension defined in this way is a global themselves. One specifies the mechanism as a graph with
quantity: we do not need to specify any particular (neigh-joints as vertices and rigid bodies as edges. Then one spec-
borhood of a) point of the variety. Also it is irrelevant if the jfies the type of joints at the vertices and computes the mo-
variety is singular or smooth, the dimension is well defined bility based on this information. As far as we know all these
in either case. formulas fail for some systems. Recall that one reason for
However, the situation is unfortunately not so simple in the interest in Bricard mechanism was that the formulas pre-
practice. We have remarked above that varieties can havgicted that it could not move.
many diferent components, and evidentlyffdrent compo- One could also argue that any formula must fail at least for
nents can have fierent dimensions. In this case our com- some systems. Recall that Wunderlich mechanifar(der-
putation gives the maximal dimension: if we have the irre- ich, 1954 has assembly modes where mobility is either 1 or
ducible decompositiol =V, U--- UV, then 2 (Miiller, 2009. Hence any formula fails to recognize either
dim(V) = maxdim(V;) 1 or 2 d_im_ensiongl as_sem_bly modes. Also the Bricard mech-
1<j<k anism is interesting in this respect. The classical formulas
gave the mobility as zero. lArponen et al(2009 we found
the correct component whose mobility is one. However, the
original equations admit also 2 dimensional components. But
from the point of view of graphs this assembly mode is in-
the decomposition as above then the local dimension af distingu?shable f_rom the 1 dimensional component. On basis
pis of what mformat_lon could one choose the corregt answer?
Of course various formulas are and always will be useful,
dimp(V) = max{dim(V;)|p € V;} but it seems that one cannot get the right answer in all situa-
1<k tions without analyzing the equations.
Again it is far from obvious how to actually characterize this
number in a constructive way. Anyway this is possible us-
ing the theory oflocal rings We refer toGreuel and Pfister
(2008 andHarris (1995 for the precise definition. Anyway
it turns out that the techniques which are valid in polynomial
rings can be extended to local rings, in particular certain nicentuitively singularities are in dynamical simulations related
bases exists, callestandard baseavhich generalize the no- to the fact that the rank of the Jacobian of the relevant map
tion of Grobner bases. The local dimension of configurationdrops at the singular point. The precise definition in our
space has also been investigatetMampler et al(2011) by framework is more involved, and as was the case with dimen-
homotopy methods mentioned in introduction. sion, there are dlierent approaches. Perhaps the simplest one
The consequence of this is that the local dimension caris to again consider first the case of an irreducible variety.
be easily computed once an appropriate standard basis is Let V =V(Z) c K" be an irreducible variety wheré =
known. This is also implemented 8ingular. (fy,..., fyis a prime ideal. Further left= (fy,..., fy) : K" —>

Hence for the mobility it is also important to know (or at least

have some idea about) the decomposition of the variety.
For varieties one can also define theal dimensionSup-

pose that we know explicitly some poip& V. ThenifV has



KX be the corresponding map and left be the Jacobian of Now the varietyV(I,(M)) consists of the points where the

f. The Jacobian evaluated at popis denoted by d,. rank of M is less thart. In particular ifl,(M) = A then the
The tangent space &f at p, denoted byl ,V, is by defini-  rank of M is at least everywhere.

tion the nullspace of t. Note thatT,V is a vector subspace Let now f = (f,..., fi) : K"+ KX be a map correspond-

so its dimension is well defined. Now we can give ing to the prime ideall’ = (f4,..., fx) and letV =V(Z) be

the corresponding irreducible variety. Let us suppose that

dim(V) = n—¢. The following result is sometimes called (un-

surprisingly) theJacobian criterion

Definition 7.1 The point pe V is singularif

dim(TpV) > dim(V).

) . ) ) ) Theorem 7.1 The singular variety of V is
Otherwise the point p ismooth The set of singular points
of V is denoted b¥(V). 2(V) = V(I +1,(df)) = V(T) n V(,(df))
In fact it turns out that In particular if 7 +I,(df) = A then V is smooth.
Lemma 7.1 X(V) is itself a variety whose dimension is less We have concluded above that typically the mechanisms
thandim(V). have a lot of irreducible components. Hence a priiiv)

. R ) can be very complicated. On the other hand since most of the
Hence “almost all” points of a variety are smooth. _components are irrelevant the physically interesting part of

In case of arbitrary varieties we again first decompose it toz(v) can be much simpler or even empty!
ireducible components: The number of minors in the Fitting ideal grows quite
VZV,U- UV, qupkly as a function oh andk: the number of x £ minors
is given by

Then we can give nt k!

Definition 7.2 The point psV is smooth if the following ()2(n- 0t (k- 0)!
conditions are satisfied: Hence it is again very useful to find appropriate elimination

ideals so that we are in the situation of Definitdr. Since

1. p bel toonl irreducibl ti\of V . . o
P belongs tanly oneirreducible component; the singular sets are in fact varieties we have

2. peV,is a smooth point of irreducible variety,.V Lemma 7.2 If V(Z)=~V(Z}) then V(D) ~ Z(V(Z}). In
Combining the above definitions gives thus the following Particular in this casev(Z) is smooth if and only i/(Z j)
characterization of the singular points of an arbitrary vari- IS Smooth.

etyV In case the singular points are isolated it is interesting to

compute how many such points there are. It turns out that this

2(V) =Fess(V) UEn(V) - where is possible without actually computing the points themselves.

t Let us suppose that(Z) contains only a finite number of
Zess(V) =U2(V‘) and points and let ¥(7) denote the number of points M(Z).

=1 Let A/ be the residue class ring. Now one can show that
Zine(V) =UVi NV if #V(I) is finite thenA/T is finite dimensional as a vector

i#] space oveK and moreover

We could call the points ifless(V) essential singular points (1) < dimy (A /1)
and the points il (V) intersection singular point3

To studyZi(V) we need simply to compute intersections If I is a radical ideal this is an equality. The important thing
and no Jacobians are needed. For essential singular points viere is that once a Gbner basis of is known this number
need the Jacobian of the generators of the ideal arfitiiisg can easily be calculated. Note however that for real points
ideals this only gives an upper bound.

Let M be a matrix of dimensiok x n with entries inA.
The ¢-th Fitting ideal ofM, 1,(M), is the ideal generated by
the £ x £ minors of M. If £ <0 we definel,(M) = A and if

¢ > min{k,n}, thenl,(M) = 0. Note that In multibody dynamics the singularities are a nuisance and
one should find ways to deal with them. Gonzlez et al.

leza(M)clg(M) forall ¢ = (2009 there are some test problems where singularities oc-

V(I(M)) € V(Ig1(M)) cur and one of them is the Bricard mechanism. But we have

seen above that the configuration space of Bricard mecha-
3Note that this is not standard terminology. nism is essentially given by varie¥(7 17) where’ 7 is given




\

in Eq. (14). But now one can immediately conclude using mechanisms the mobility of the system can change and this
Theoreni7.1thatV(Z17) is smooth and hence by Lemri2 ~ ¢an happen only by going through a singular point. Here one
thatV(7) itself is smooth. thus cannot eliminate all components and in dynamical sim-
Moreover the generators of the@mer basis of the whole ulations the nature of the singularity must be taken into ac-
ideal provides us appropriate equations which can be used ifoUnt.
dynamic simulations. With these equations there are no sin- |n above examples we have only seen intersection singu-
gularities in the Bricard system and any multibody dynamicslarities which then disappear if one chooses the correct com-
software can be used to simulate Bricard mechanism. ponent. Let us finally consider an example where there are
Let us then consider the case of Ef). (As noted above essential singular points. Consider a version of slider crank
there are 9 components and it is easy to check that there af@echanism in Figd whereQ is the fixed point. The system
a lot of intersection singularities. But it is also straightfor- €an be written as
ward to chgck that the physically relevant component given r =(P1, G1, 02, Oa)
by Eqg. 1) is smooth. 5
A variant of this is proposed as a test problenGionzlez PL=cst S+ % (15)
et al.(2006, see Fig7. Here all bars are of equal length one 0j =Cf+s -1  j€{1,2,3}
and we fix the bars 0 and 4 which gives the following system.

A4

o
A configuration for numerical test problem Gonzlez

et al.(2006. A slider crank mechanism.

One can easily check that this is a prime ideal and

T =(p1, P2, P3, P4, 01,02, 03, U5, U dim(V(1)) = 2. Then we compute
pr=1-Ci—C2+Cs Is=T +14(df) which gives
P2=-S -+ dim(Z(V(Z)))=0 and &E(V())=2
ps =1-C3—C5+Cs . . .

Di= S-S+ & The 2 singular points are given by

q=C+s-1 je{l,2356 C1=C=03=0

The direct decomposition shows that we have 6 components? = S8 = —S1 = *1

The singular configurations corresponds to the cases wherg,\ since dim(V(Z)) = 2 we can actually visualize how

some or all bars are aligned along the horizontal axis. Thergng gingyjarities look like. Let us choose the product order

are clearly a lot of intersection singularities. However, the , _ K[(Ss, S, 1), (3, G2, ¢1)] and compute the 3rd elimina-
only physically relevant component given by tonideal

I=(G+-1.9.0-19-51,0-C1 %65~ L%-50C6-C) 11 pre o 1o oy where

is clearly smooth. Note that Fhis_ is obtained directly from q =ng1_ 2C§C§+ c‘2‘—8c§c§—8c§c§+ 16c‘1‘+8(c§+ c%—Zci)
Eqg. (11) by appropriate substitutions. Actually {Bonzlez
et al.(2006 one considered the case where an arbitrary numNow plotting the surfacé&/(Z3) in the neighborhood of ei-
ber of 4 bar mechanisms are put together in this way. How-ther singular point gives Fi@. This looks very much like a
ever, one can immediately generalize the above discussion toone, and this leads us to the last important concept that we
this case and write down the relevant equations also in thisntroducetangent cone
case. Given a pointp € V the tangent cone d&f at p is denoted

In above examples one can clearly argue that there is onlypy C,V. For a precise definition we refer tdarris (1995.
one interesting component for dynamical simulations. How-However, we note that the tangent cone can constructively
ever, this evidently depends on the context. In kinematotropidoe computed. It has the following basic properties:



Various singularities are a major problem in the dynam-
ical simulations of mechanisms. Since the singularities are
of many diterent types it would seem that one would have to
adjust the numerical codes for thesfalient cases. However,
if the configuration space has many components then most of
the singularities seem to be intersection singularities. But be-

) cause one of the goals of the analysis of the configuration
\ space is to identify the correct component and do the simu-
lations with it, then in this case the intersection singularities
disappear. So in this way a lot of mechanisms which have
appeared to be singular are in fact regular and any simulation
method can be used to study them.

We think that it is very natural to define the mobility of the
mechanism to be simply the dimension of the variety. The
main diference to the dierential geometric notion of dimen-

The variety of 3 bar slider crank mechanism in the neigh-
borhood of a singular point.

— if pis a smooth point the@,V = T,V sion is that algebraically the dimension is a global quantity
and possible singularities of the variety have fie& on this.
— dim(C,V) = dimy(V) However, as we have seen the variety can have components

o _ _ _of different dimensions so also here one cannot really avoid
Hence intuitively the tangent cone is the simplest possi-qoing the decomposition of the configuration space.

ble approximation o¥ in the neighborhood op such that On the technical level we think that introduction of Defi-
dim(CpV) = dimp(V). o nition 2.1 is quite useful as a guideline: givehthe goal is
In the case of Figd the tangent cone is given by to find the elimination ideal’y wherek is as big as possi-
ble such thav(Z) = V(Zy). All relevant propertie&/(I) can
22— 2-2=0 (I) = V() prop ()

be determined by studying(7) and sincel has fewer vari-
S==-5=1 ables the computational cost of analyzlpgs typically much

) ) ) _ less than the cost of analyzing the original ideal.
which actually is a cone in the classical sense. Note that up to \\e have also shown that some of the basic constraints used
the constant factor the terms of the polynomied 2¢;—¢5 iy specifying revolute and cylindrical joints in fact decom-
are the lowest order terms in the generator of the eI|m|na—pose_ As far as we know this is a new result which may have
tion ideal 7. So near the origin incg, ¢z, c3)-space this cone  qyjte significant practical implications. This is because in any

approximates well the varieyy(Z). mechanism where these joints occur we can replace the orig-
Finally for general lengthk; of the bars we compute that  jng| constraint equations with an appropriate prime compo-
there can be singularities only if nent. In this way computational cost is essentially reduced

L Ly Laz0 Ll a0 and hence one can analyze quite complicated mechanisms
1mhke—ls=U OF Litlo—ls= much more easily than previously thought.

or Li—-Ly+L3=0

Hence there are no singularities if the lengthsare chosen
“randomly”.

In this appendix we demonstrate how to @egular to ana-

) _ ) i lyze the slider crank system (Ef5). Below is the command
The major problem in using algebraic methods to a”a|yzeprompt for the actual computations.
mechanisms is the computational cost which grows very fas

in the worst case as a function of the number of variables> ring r=0, (c1,s1,c2,s2,c3,s3),dp;
However, we have outlined above our strategy which at least LIB"all.1lib";

partially circumvents this problem. We have also argued that- poly pl=2*sl+s2+s3;

the equations in the mechanical systems are naturally of the poly p2=cl1”2+s172-1;

form where this approach is useful. Indeed it seems that poly p3=c2”2+s2"2-1;

somewhat unexpectedly the configuration spaces of mecha- poly p4=c3”2+s3"2-1;

nisms often decompose to many irreducible varieties. More> ideal I=pl,p2,p3,p4;

over many of these components are physically uninteresting list L1=minAssGTZ(I);

and hence once one finds the right component the analysis of dim(groebner(I));

the configuration space can be greatly simplified. > matrix J=jacob(I);



> ideal S=I+minor(J,4); Gogu, G.: Mobility of mechanisms: a critical review, Mech. Mach.
> dim(groebner(S)); Theory, 40, 1068-1097, 2005.

> list L2=minAssGTZ(S); Gonzlez, M., Dopico, D., Lugs, U., and Cuadrado, J.: A bench-
> ring r2=0, ((s3,s2,s1),(c3,c2,cl)), marking system for MBS simulation software, Multibody Syst.
(dp(3),dp(3)); Dyn., 16, 179-190, 2006.

Greuel, G.-M. and Pfister, G.: AnisuLar introduction to commu-
tative algebra, Springer-Verlag, Berlin, 2nd extended Edn., 2008.

Greuel, G.-M., Pfister, G., and Safemann, H.: ScuLar 3.1.3, A

> poly q=g[1];q; Computer Algebra System for Polynomial Computations, Centre

for Computer Algebra, University of Kaiserslautehtpy//www.

singular.uni-kl.de2007.

— First define the actual base ring r and constraint ideal Harris, J.: Algebraic geometry, vol. 133 Graduate Texts in Math-

ematics Springer-Verlag, New York, 1995.

— Next we compute the prime decomposition of the con-Husty, M. L. and Shiicker, P.: A proposal for a new definition of
straint ideal and compute the dimension of the corre- the degree of freedom of a mechanism, in: Proc. Conf. on Inter-
sponding variety. giosg%igplinary Applications of Kinematics (IAK2008), Lima, Peru,

— Then we proceed to compute the singular variety, itsHusty, M. L., Pfurner, M., and Sbcker, P.: A new andficient
dimension and the prime decomposition of the corre- algorithm for the inverse kinematics of a general serial 6R ma-

> ideal I=imap(r,I);
> ideal g=groebner(I);

In the prompt we:

sponding ideal, denoted here By nipulator, Mech. Mach. Theory, 42, 66-81, 2007.
Mayr, E.: Some complexity results for polynomial ideals, J. Com-
— After this we mover into ring with elimination order- plexity, 13, 303-325, 1997.
ing indicated byK[(ss, Sz, S1), (Cs,C2,C1)]. The notation ~ Mdller, A.: Generic mobility of rigid body mechanisms, Mech.
dp in the prompt means that we ugeded reverse lex- Mach. Theory, 44, 1240-1255, 2009.

Shafarevich, |.: Basic algebraic geometry. 1, Springer-Verlag,
Berlin, 2nd Edn., 1994.
— At the end we print the only generator of the third elim- Sommese, A. and Wampler, C.: The numerical solution of systems
ination idealq. of polynomials, World Scientific Publishing Co. Pte. Ltd., Hack-
ensack, NJ, 2005.
Study, E.: Geometrie der Dynamen, B.G. Teubner, Leipzig, 1903.
Edited by: A. Miller Walter, D. R. and Husty, M.: Kinematic analysis of the TSAI-3UPU
Reviewed by: three anonymous referees parallel manipulator using algebraic methods, in: Proceedings of
the 13th World Congress in Mechanism and Machine Science,
2011, Guanajuato, Bkico, 2011.
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