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Abstract. The constructive commutative algebra is very useful in the kinematical analysis of the mechanisms
because a large class of systems can be described using polynomial equations. We show that one can analyze
quite complicated systems using a sort of divide and conquer strategy to decompose the system, and hence the
configuration space, into simpler parts. The key observation is that it seems that typically systems indeed have a
lot of distinct components, but usually only one of them is physically relevant. Hence if one finds the equations
describing the component of interest the analysis of this system can be surprisingly simple compared to the
original system. In particular typically the possible singularities of the original system disappear when one
restricts the attention to the relevant component. On the technical side we show that some basic constraints used
to define joints in 3 dimensional mechanisms can be decomposed to simpler parts. This has significant practical
consequences because using these fundamental decompositions when writing the equations for complicated
mechanisms decreases dramatically the complexity of the required computations.

1 Introduction

The configuration space of a large class of mechanical sys-
tems can be specified using polynomial equations. Hence the
configuration space is in this case avarietyand the kinemati-
cal analysis of the mechanism is the study of the geometrical
properties of this variety. The algebraic counterpart of a vari-
ety is itsideal and thus the methods of commutative algebra
and algebraic geometry can be brought to bear on the analy-
sis of kinematical problems.

One of the most fundamental questions about the kinemat-
ics is what is the mobility of the system. As we will see be-
low thedimensionof the variety provides a natural answer to
this question. Note that the dimension of a variety is a global
quantity; hence possible singularities of the variety have no
effect on the computation of dimension. Often in applications
one is ultimately interested in dynamical simulations of the
system. The numerical methods for this encounter difficul-
ties if the configuration space has singularities. The tools of
ideal theory are also very suitable for the analysis of singular-
ities. In fact it seems that usually singularities arise because
2 different components of the variety intersect. Hence if one
succeeds in finding the equations of the correct component
and using them then typically singularities simply disappear.

Moreover the equations for the relevant components can be
much simpler than the equations of the original system, es-
pecially in 3 dimensional cases.

Hence one could conclude that the fundamental aim of
the kinematical analysis is to decompose the configuration
space to simpler parts, and then choose the physically inter-
esting component for further analysis. We will explain below
a kind of divide and conquer strategy for doing this decom-
position and give several examples of its use. As a technical
result we show how to decompose basic constraints which
appear in the definition of revolute and cylindrical joint. As
far as we know this is a new result and we think this could be
quite important in practice because this decomposition sim-
plifies analysis of any mechanism where revolute or cylindri-
cal joints appear.

The drawback of the methods based on ideal theory is that
many things require that the base field is algebraically closed.
In practice this means that most of the theory is strictly
speaking valid only for complex varieties while in applica-
tions one is interested in real varieties. However, typically
the computations reveal important information about the va-
riety also in the real case. Moreover for any given concrete
system one can often use some special property of the sys-
tem to verify that the results are valid in real spaces although
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there is no general algorithm which would work in all cases.
Hence this lack of theoretical results in the real case is less
problematic in practice than one could expect.

There is actually also an active field of study called real al-
gebraic geometry. The resulting theory is quite different from
(complex) algebraic geometry. The theory is evidently of in-
terest in applications. Unfortunately there are only few actual
implementations of the constructive algorithms so while we
think that this approach has some potential in the future it
is not yet as practical as the methods described below. We
refer toBasu et al.(2006) and the references therein for an
introduction to this interesting subject.

To complement the algebraic or symbolic computations
described below it would be useful to do some numerical
computations. There have recently been some work in this
direction and inWampler et al.(2011) the authors introduce
a local dimension test for configuration spaces. The idea is to
use homotopy methods to numerically decompose the vari-
ety. Here also the main theorems require complex base field,
but again one can conclude that the algorithms in practice
produce results also in real case. For further information we
refer toSommese and Wampler(2005).

We will first review in Sect. 2 some basic terminology and
standard results of commutative algebra and algebraic geom-
etry which are needed later. Then in Sect. 3 we review the
framework for specifying the configuration space. In Sect. 4
we outline our strategy for analyzing the configuration space
by decomposing the relevant variety. We also argue that in
some sense it is natural to expect that the configuration space
decomposes. In Sect. 5 we illustrate our approach by consid-
ering several examples. Moreover we show that some funda-
mental constraint equations decompose and this has some re-
markable consequences in the analysis of complicated mech-
anisms. Then in Sect. 6 we show how to define and com-
pute the mobility using the notion of dimension of variety. In
Sect. 7 we treat singularities. Considering some examples it
seems that very often the singularity arises because 2 compo-
nents of the variety intersect. Hence if one finds the correct
component and discards the unnecessary one the singular-
ity disappears. In particular this happens in 2 well known
test problems for multibody dynamics simulations. Finally
in Sect. 8 we present some conclusions.

2 Preliminaries and notation

All the considerations that follow are based on the observa-
tion that the configuration space of a mechanical system can
be defined using polynomial equations. Let us briefly review
the necessary background. For more information we refer to
Shafarevich(1994) andHarris(1995) for a nice introduction
to algebraic geometry and toCox et al.(2007); Greuel and
Pfister(2008); Decker and Lossen(2006) for constructive as-
pects of commutative algebra.

2.1 Ideals and varieties

Let us consider polynomials of variablesx1, . . . , xn with co-
efficients in the fieldK and let us denote the ring of all such
polynomials byA = K[x1, . . . , xn]. In the kinematical analy-
sis we are given a set of polynomialsf1, . . . , fk ∈ A and the
configuration space is its zero set. This zero set is called the
variety corresponding to the system of polynomials and the
goal is to analyze the geometry of this variety using algebraic
properties of polynomials.

To this end let us first introduceideals: a subsetI ⊂ A is
an ideal if it satisfies

i. 0 ∈ I.

ii. If f ,g ∈ I, then f +g ∈ I.

iii. If f ∈ I andh ∈ A, thenh f ∈ I.

Typically ideals are constructed as follows. Letf1, . . . , fk ∈ A
be polynomials. The ideal generated by polynomialsfi is

I = 〈 f1, . . . , fk〉 = { f ∈ A | f = h1 f1+ . . .+hk fk, wherehi ∈ A}.

We say that the polynomialsfi aregeneratorsof I and as a
set they are thebasisof I.

Now the variety corresponding to an ideal is then

V(I) =
{
a ∈ Kn | f (a) = 0 ∀ f ∈ I

}
⊂ Kn

Typically in applications we think of a variety as a subset of
Rn. Now there are two special types of ideals which are very
important. LetI ⊂ A be an ideal. Theradical of I is

√
I = { f ∈ A | ∃ m≥ 1 such thatf m ∈ I}

Moreover we say thatI is a radical ideal ifI =
√
I. Note

thatV(I) = V(
√
I).

Then an idealI is prime if the following holds:

f g ∈ I ⇒ f ∈ I or g ∈ I.

Evidently a prime ideal is always a radical ideal.
The following facts are fundamental

– every ideal isfinitely generated, i.e. it has a basis with
a finite number of generators. This is theHilbert basis
theorem.

– every radical ideal can be decomposed to a finite num-
ber of prime ideals:

√
I = I1∩ · · · ∩ Is

where eachI` is prime. This gives the decomposition of
the variety toirreducible components:

V(I) = V(
√
I) = V(I1)∪ · · · ∪V(Is)
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Finally in parctical computations we need one more special
ideal:elimination ideal. LetI ⊂ A. Then itsk-th elimination
ideal is

Ik = I∩K[xk+1, . . . , xn]

Geometrically this is related to projections. Let us set

πk : Kn→ Kn−k, (x1, . . . , xn)→ (xk+1, . . . , xn)

Now the connection between these notions is that in nice sit-
uations we have in fact

πk
(
V(I)

)
= V(Ik) (1)

Precise statement is quite tricky. However, let us describe a
particular case which in fact is very useful below. Sometimes
we can find a mapF : V(Ik)→ V(I) such thatπk◦F is iden-
tity. In other wordsV(I) is the graph of some mapf over
V(Ik). An important special case is whenf is a polynomial
map. In this case for all practical purposes the study ofV(I)
can be reduced to the study ofV(Ik). We summarize this sit-
uation by

Definition 2.1 We sayV(I) ⊂ Kn is essentially the sameas
V(Ik) ⊂ Kn−k, if Eq.(1) holds and there is a map F: V(Ik)→
V(I) such thatπk ◦F is identity and F can be represented as
a graph of a polynomial map f . In this case we writeV(I) '
V(Ik).

As an example consider the ideal

I = 〈x2+ y2−1,z−4x4−3y3− xy−4〉 (2)

In this case

I1 = I∩K[x,y] = 〈x2+ y2−1〉

and π1 : V(I)→ V(I1) = S1 is a bijection andV(I) is the
graph of f = 4x4+3y3+ xy+4 which is given by the second
generator ofI. ConsequentlyV(I) ' S1, see Fig.1.

2.2 Gröbner bases

An essential thing is that all the operations above, especially
finding the generators of the elimination ideals and the prime
decomposition can be computedalgorithmically using the
given generators ofI. The key observation is that for many
algorithms we need certain nice bases for the ideals, called
Gröbner bases.

First we need to introducemonomial orderings. All the
algorithms handling the ideals are based on some orderings
among the terms of the generators of the ideal. An order-
ing � is such that given a set of monomials (e.g. terms of a
given polynomial),� puts them in order of importance: given
any two monomialsxα := xα1

1 . . . x
αn
n andxβ, whereα , β are

different multi-indices, then eitherxα � xβ or xβ � xα. In ad-
dition we require that for allγ, xγ � 1 andxα � xβ implies
xα+γ � xβ+γ.

Figure 1. The curve defined by the ideal in Eq. (2) projects to the
unit circle.

In particular each polynomialf has the biggest term with
respect to given ordering; this is called itsleading term, de-
noted by LT(f ). Now aGröbner basisof a given ideal is a
special kind of generating set, with respect to some ordering.

Definition 2.2 A set of polynomials g1, . . . ,gk is a Gröbner
basisof an idealI with respect to the given ordering if

I =〈g1, . . . ,gk〉 and

〈LT(I)〉 =〈LT(g1), . . . ,LT(gk)〉

Stated in this way it is not quite obvious if such bases actually
exist. However, one can show that Gröbner bases exist for
any ordering, and moreover given any set of generators of an
ideal, the corresponding Gröbner basis can be computed.

To compute elimination ideals we needproduct orderings.
Let us consider the ringK[x1, . . . , xn,y1, . . . ,ym] and let�A

(resp.�B) be an ordering for variablesx (resp.y). Then we
can define the product ordering as follows:

xαyβ � xγyδ if

xα �A xγ or

xα = xγ and yβ �B yδ
(3)

Whenever we use product orderings we indicate it with
parenthesis. For example

K[(x4, x5, x7), (x1, x2, x3, x6)]

is the same set asK[x1, . . . , x7] but the parenthesis indicate
that we will use�A among the variables (x4, x5, x7), and�B

among the variables (x1, x2, x3, x6).
The Gr̈obner bases have many special properties which are

important in the analysis of the ideal and the corresponding
variety. For us the essential property is the following.

Lemma 2.1 Let I ⊂ A be an ideal and Ik =

I∩K[xk+1, . . . , xn] the k-th elimination ideal. If G is a
Gröbner basis forI with respect to a product ordering, then
Ge =G∩K[xk+1, . . . , xn] is a Gröbner basis forIk.
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Hence if the Gr̈obner basis is available, good generators
of the relevant elimination ideal are immediately available.
Moreover if we have the nice situation whereV(I) ' V(Ik)
we get even more information because the generators in
G \Ge gives us the polynomial mapf whose graph isV(I).
An example of this situation can be seen in Eq. (2) where the
ideal is already initially given by the required Gröbner basis.

Computing the radical of the ideal or the prime decompo-
sition requires still more ideas which are beyond our scope.
Anyway all these are implemented inSingular (Greuel et al.,
2007) which we have used in all our computations.

2.3 Complexity

The major drawback in these algebraic computations is that
the complexity of the computations is really very bad in the
worst case. LetI = 〈 f1, . . . , fk〉 ⊂ A be some ideal and let us
suppose that the degree of eachf j is at mostd. Then the
degrees of the polynomials in the Gröbner basis ofI are
bounded byMayr (1997)

2
( 1

2 d2+d
)2n−1

Hence the complexity is doubly exponential in the number of
variables. In some sense one cannot improve this result be-
cause one can also show that there are ideals whose Gröbner
basis contains at least 22cn

generators and the degree of at
least some of these generators is also at least 22cn

for some
c> 0.

Since the bounds are so bad one might be tempted to con-
clude that applying these methods in practice is hopeless.
However, these are worst case bounds and in many cases
the computations can be remarkably fast. Also time depends
strongly on the ordering: computing a Gröbner basis using
some ordering can be quite intractable while for some other
ordering the computation can be very fast. Why this is so is
not very well understood, so in practice it may be useful to
simply try different orderings.

Anyway the complexity is a serious issue and hence a di-
rect computation of a Gröbner basis or prime decomposition
of some mechanism is typically not feasible. Since the com-
plexity depends strongly on the number of variables it is es-
sential to consider suitable subsystems of the given ideal with
fewer variables. Thus, as explained below, we can study quite
complicated mechanisms in a routine way.

3 Configuration space

To describe the motion of a rigid body we need a fixed co-
ordinate system (or spatial or global coordinate system), and
the coordinate system moving with the body (or body or lo-
cal coordinate system). A typical point in spatial coordinates
is denoted byx and in body coordinates byχ. Let us further
denote bySO(n) the group of orthogonal matrices whose de-
terminant is one.

Now the relation between spatial and body coordinates is
given by the formula

x= r +Rχ

wherer is some convenient reference point, for example the
center of mass, andR∈ SO(3). Hence the configuration space
of one rigid body isR3×SO(3). We use Euler parameters
to represent orientation. Leta= (a0,a1,a2,a3) with |a| = 1.
Then the following map provides a representation of the ori-
entation

a 7→ 2

a2
0+a2

1−
1
2 a1a2−a0a3 a1a3+a0a2

a1a2+a0a3 a2
0+a2

2−
1
2 a2a3−a0a1

a1a3−a0a2 a2a3+a0a1 a2
0+a2

3−
1
2


Note thata and−a give the same matrix so thatS3, the unit
sphere inR4, is a 2 sheeted covering space ofSO(3). Hence
in factSO(3) is isomorphic to the real projective spaceRP3.

There is an interesting alternative to represent the config-
uration space:Study coordinates(Husty et al., 2007; Walter
et al., 2009; Walter and Husty, 2011; Study, 1903). In this
framework the configuration space of a single rigid body is a
6 dimensional quadratic variety in 7 dimensional projective
space. In some situations this might be more efficient than the
coordinates we are using. However, a detailed comparison of
the 2 approaches is beyond the scope of this article and we
will not consider this representation further. Note, however,
that the algebraic tools and methods that we use can also be
applied in the context of Study coordinates because the con-
figuration space is in any case a variety.

In 2 dimensional case we can simply consider that the ori-
entation is given by a point in the unit circleS1 because tak-
ing nowa= (a0,a1) with |a| = 1 the map

a 7→

(
a0 −a1

a1 a0

)
shows thatSO(2) is isomorphic toS1. Hence given a system
of nb rigid bodies the corresponding configuration spaceV is

V ⊂
(
R3×S3)nb ⊂ R7nb (3D)

V ⊂
(
R2×S1)nb ⊂ R4nb (2D)

So even for a moderately complicated mechanisms the num-
ber of variables involved is substantial. Since the time com-
plexity of the computations depends strongly on the num-
ber of variables how can we in fact analyze realistic situa-
tions? Before discussing actual examples let us first outline
our strategy.

4 How to decompose?

One could say that to analyze a given configuration space
one should ideally (!) compute the prime decomposition of
the relevant ideal and then examine each prime component

Mech. Sci., 4, 33–47, 2013 www.mech-sci.net/4/33/2013/



S. Piipponen and J. Tuomela: Kinematics 37

and the corresponding irreducible variety separately. Since
the direct decomposition is infeasible for complexity reasons
we must find other ways.

The basic step of our method can be described as follows.
We are given an idealI which we want to decompose. To
do this we choose someJ ⊂ I which has a decomposition
J = J0∩ J1; then this gives

I = I+ J =
(
I+ J0

)
∩

(
I+ J1

)
⇒

V = V(I) = V(I+ J0)∪V(I+ J1)

After this we can continue our study by analyzing sepa-
rately the (hopefully simpler) componentsV0 = V(I+J0) and
V1 = V(I+ J1). Now it seems that a priori there are several
problems with this approach.

1. why should the idealsI0 = I+ J0 andI1 = I+ J1 be
simpler than the original ideal?

2. how to actually chooseJ?

3. why shouldV decompose at all?

Let us examine these problems in turn.
It is intuitively at least plausible thatI0 andI1 should be

simpler than the originalI. The ideal can be thought of as
some kind of description of the variety. Now if one decom-
poses a variety to its irreducible components it seems reason-
able to expect that the description of a part is less complex
than the description of the whole. Of course it is not always
so straightforward but anyway in actual computations even
a partial decomposition typically reveals important informa-
tion about the system.

Then how do we actually chooseJ? The whole difficulty
of computations is that the time complexity with respect to
number of variables is awful. Hence we should chooseJ such
that its generators contain only a relatively small subset of all
variables. Now if one thinks of a “random” idealI then typ-
ically there is no hope of finding suchJ. Fortunately ideals
arising in mechanical systems have a lot of structure and it
turns out that one can relatively easily find natural candidates
for J.

We can think of a mechanism as a graph where joints are
vertices and rigid bodies are edges. Now the equations are
generally of 2 types: joint equations and loop equations. Joint
equations involve only 2 rigid bodies (we could call these lo-
cal constraints), hence only a small subset of all variables.
Loop equations describe the overall structure: one must re-
turn to the same point when going around the loop (so we
could call these global constraints). Typically loops are quite
short, i.e. do not have many variables.

Hence one expects that in the initial equations describing
the system there are naturally subsets of equations where
only a small number of variables occur. Moreover in many
casesJ is an elimination ideal which is computed using some

elimination ordering. Again usually the structure of the sys-
tem readily suggests at least some good candidates for choos-
ing an appropriate elimination ordering.

Then we have the final and the most important question:
why should the configuration space decompose? In other
words why is it not irreducible? In some sense perhaps it
would be natural to suppose that there should only be one
irreducible component. After all an engineer has designed
the mechanism to function in a certain way. Why would one
need more than one component to describe the configuration
space? However, in practice there can be surprisingly many
components; for example in our analysis of Bricard’s mech-
anism (Bricard, 1927) we found several hundreds of compo-
nents (Arponen et al., 2009).

But why this should be so? Now let us again think of the
mechanism as a graph. The parameters which determine the
properties of the system include the lengths of the edges
(rigid bodies). Choosing these parameters randomly would
probably reduce the number of components ofV1. However,
an engineer uses standard parts so that typically there are al-
gebraic relations between the lengths and/or symmetries in
the system. This increases the number of components.

This seems somewhat counterintuitive from complexity
point of view. Somehow one would expect that the mecha-
nism issimpler if it has symmetries or simple relations be-
tween its lengths. Fortunately the paradox is only apparent:
namely in practice we can discard most of the components as
irrelevant, and after this the one (or few) remaining compo-
nent can be remarkably simple.

Indeed one can discard most of the components because
there may be

– embedded components. Doing partial decompositions
one often finds components which are contained in
higher dimensional components. Obviously these em-
bedded components are physically uninteresting.

– complex components. There may be some components
which have no real points, i.e. they are empty as real
varieties.

– “negative” components.Typically parameters (for ex-
ample lengths) are positive numbers. Some components
may admit real points only for negative parameter val-
ues.

– “spurious” components. Sometimes the equations ad-
mit spurious solutions, in other words there may be
some configurations which are in principle possible but
do not correspond to the way the mechanism was de-
signed to work. For example Bricard’s mechanism has
some spurious 2 dimensional components. One can ac-
tually “see” these components by looking at the picture
of Bricard’s mechanism as discussed below.

1Possible drawback of this is that perhaps the mechanism cannot
perform any useful work in this case.
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– “superfluous” components. This situation arises in 3 di-
mensional case. For every rigid body we attach a local
coordinate system. In principle this can be chosen ar-
bitrarily, but typically there are some “natural” choices.
Now different choices may lead to a different descrip-
tion of the configuration space in terms of Euler param-
eters.

After getting rid of all these unwanted components system
can simplify drastically as we will see in the examples below.
This also simplifies the analysis of the singularities of the
system.

5 Analysis of joints and examples

5.1 Some common types of joints

In practice the constraints for rigid bodies are of quite par-
ticular form. In fact it turns out that using only three basic
constraints we can construct a large class of mechanisms by
taking appropriate combinations of the basic ones. In the fol-
lowing letr i be the position of the reference point of the body
Bi and letRi be its orientation.

The first basic constraint is thecoincidence constraint(or
briefly C-constraint). This constraint simply says that given
pointsχi andχ j in the coordinate systems of bodiesBi and
B j are really the same point in the spatial coordinate system.
Hence

r j +Rjχ
j − r i −Riχ

i = 0. (4)

Typically χi andχ j are the positions of the relevant joint in
the corresponding body coordinate systems.

Next we introduce a basic constraint where we require that
two vectorsvi , v j given in body coordinate systems must be
perpendicular to each other in the spatial coordinate system.
This is calledsymmetric orthogonality constraint(or SO-
constraint), and is given by

〈Riv
i ,Rjv

j
〉 = 0. (5)

Note that this depends only on the orientation. In the third
constraint we are given a vectorvi and the pointsχi andχ j in
body coordinates. Let us consider the difference ofχi andχ j

in spatial coordinates:

di, j = r j +Rjχ
j − r i −Riχ

i

Now we require that this is orthogonal tovi which must natu-
rally also be expressed in the spatial coordinates. This isnon-
symmetric orthogonality constraint(or O-constraint), and it
is of the form

〈Riv
i ,di, j〉 =

〈Riv
i , r j +Rjχ

j − r i
〉− 〈vi ,χi

〉 = 0.
(6)

Table1 indicates how one can define some typical joints us-
ing different combinations of the basic constraints.

Table 1. Different types of joints.

type of joint types of constraints # of conditions

spherical 1 C 3
universal 1 C and 1 SO 4
revolute 1 C and 2 SO 5
cylindrical 2 SO and 2 O 4
translational 3 SO and 2 O 5

The above constraints are alllocal constraints: they are
defined on a single joint where 2 rigid bodies meet. In ad-
dition we haveglobal constraintsor loop equations. These
describe the structure of the mechanism as a whole. Let us
again consider the mechanism as a graph with joints as ver-
tices and rigid bodies as edges. LetS be some index set such
that the edges of this set make a loop in the graph. This gives
constraint equations of the following form:∑
i∈S

Riv
i = 0

Herevi are (constant) vectors from one joint to the next one
in a given local coordinate system. Note that also these equa-
tions depend only on the orientation. In fact in many cases the
position variablesr i can be completely eliminated using C-
constraints (Eq.4). Using the terminology of Definition2.1
we can say that oftenV(I) ' V(Ik) whereI denotes the ideal
of all constraints and the generators ofIk depend only on Eu-
ler parameters.

Obviously the above constraints do not exhaust all possible
or interesting situations which occur in practice. However,
these are fundamental building blocks for mechanisms which
already provide a rich class of systems.

In the following examples the standard unit vectors are de-
noted byej . The local coordinates are always chosen such
thate1 points from one joint to the next. Hence the loop equa-
tions are always of the form∑
i∈S

LiRie1 = 0

whereLi is the relevant length of the rigid bodyi.
Note finally that in some specific situations the relevant

joints can be represented more easily in some other way.
However, our goal is to show what can be done in all situ-
ations so we keep our discussion at this general level.

5.2 3 bar mechanism

Otherwise known as a triangle! Let us fix one body by setting
R0 = I and let us also normalize its length byL0 = 1. Then the
loop equations can be written as

(I + L1R1+ L2R2)e1 = 0
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This gives us 3 equations, denoted byq j = 0, 0≤ j ≤ 2. Fur-
ther denoting bya (resp.b) the Euler parameters ofR1 (resp.
R2) we have the additional equations

pa =a2
3+a2

2+a2
1+a2

0−1= 0

pb =b2
3+b2

2+b2
1+b2

0−1= 0
(7)

Then choosing the elimination ordering to eliminate vari-
ablesb2 andb3 and computing the Gröbner basis of the ideal
yields

I = 〈q0,q1,q2, pa, pb〉

= 〈g0,g1,g2,g3,g4〉 where

g0 = 4L1(a2
1+a2

0)−α0

g1 = 4L2(b2
1+b2

0)−α1

g2 = 4L1(a2
3+a2

2)−α2

g3 = α1b2+ . . .

g4 = α1b3+ . . . and

α0 = (L2− L1+1)(L2+ L1−1)

α1 = (L1− L2+1)(L1+ L2−1)

α2 = (L1− L2+1)(L1+ L2+1)

The dots indicate that the terms omitted contain neitherb2

norb3 and hence we have the elimination ideal

I2 = 〈g0,g1,g2〉

Note that allα j are positive for relevant parameter values.
Referring to Definition2.1 it is clear that

V(I) ' V(I2) ' S1×S1×S1

In this case the ideal did not decompose. However, the com-
puted Gr̈obner basis is clearly more informative than the
original equations. In particular the variablesb2 andb3 could
be eliminated from the system. So if a triangle appears as a
subsystem of a more complicated mechanism one can replace
at the outset the original loop equations with this basis.

5.3 4 bar mechanism

Let us next analyze the familiar 2 dimensional 4 bar mech-
anism where the opposite edges are of equal length. The
lengths are denoted bya andb, see Fig.2.

Let us number the edges from 0 to 3 and denote the param-
eters defining the orientation by (c j , sj), 0≤ j ≤ 3. The loop
equations give here

p1 = ac0−bc1−ac2+bc3 = 0

p2 = as0−bs1−as2+bs3 = 0

q j = c2
j + s2

j −1= 0, j = 0, . . . ,3

Figure 2. The choices of local coordinates for 4 bar mechanism.
The arrow indicates the direction ofe1 for each body.

Let J = 〈p1, p2,q0, . . . ,q3〉 be the corresponding ideal. Then
we compute

J =
√

J = J0∩ J1 where

J0 = 〈q0,q1, s2− s0,c2− c0, s3− s1,c3− c1〉

J1 = 〈p1, p2,q0,q1,q2,

2abs1(s2−s0)+2b2s2
1−(a2−b2)(c2c0−1)−(a2+b2)s2s0,

2ab(c2s1−c1s0)+2b2c1s1+(a2−b2)s2c0−(a2+b2)c2s0,

2ab(s2c1−s1c0)+2b2c1s1−(a2+b2)s2c0+(a2−b2)c2s0,

2abc1(c2−c0)−2b2s2
1−(a2+b2)(c2c0−1)−(a2−b2)s2s0〉

Now we might suspect by looking at the second component
that the casea= b is somewhat special. Recall that we do not
necessarily get a Gröbner basis or a correct decomposition
simply by substituting special parameter values. Doing the
computations again in this case yields

Ĵ =
√

Ĵ = Ĵ0∩ Ĵ1∩ Ĵ2 where

Ĵ0 = J0

Ĵ1 = 〈q0,q1, s2+ s0,c2+ c0, s3+ s1,c3+ c1〉

Ĵ2 = 〈q0,q2, s1− s0,c1− c0, s3− s2,c3− c2〉

Now evidently we can conclude that in the former case both
J0 andJ1 can be physically relevant while in the latter case
we can say that the componentsĴ1 and Ĵ2 are spurious.

Note that in both cases we can correctly guess the number
of prime ideals appearing in the prime decomposition sim-
ply by looking at the picture of 4 bar mechanism. Obviously
this again shows that the system of polynomials defining the
configuration space are very special. In general there is no
known method for determining the number of prime compo-
nents without actually computing the prime decomposition.

Let us then see how we can use this preliminary decompo-
sition in analyzing more complicated mechanisms. Suppose
we put together two 4 bar mechanisms. This gives the system
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Figure 3. The 4 different modes of the system (Eq.8) corresponding to the decomposition (Eq.10).



p1 = c0−bc1− c2+bc3 = 0

p2 = s0−bs1− s2+bs3 = 0

p3 = ac4−bc3−ac5+bc6 = 0

p4 = as4−bs3−as5+bs6 = 0

q j = c2
j + s2

j −1= 0, j = 0, . . . ,6

(8)

Now we can without loss of generality fix the coordinates so
thatc0 = 1 ands0 = 0. Hence we set

I = 〈c0−1, s0, p1, p2, p3, p4,q0, . . . ,q6〉 (9)

and denote byV = V(I) the corresponding variety. But now
using the decomposition ofJ above we see thatV has poten-
tially 4 components:

V = V0∪V1∪V2∪V3 (10)

It is easy to check these components are distinct and in fact
all are physically relevant, see Fig.3.

Doing the computations reveals thatV0 ' V(〈q1,q4〉) '
S1×S1. Other components are a bit more complicated.

Then taking the special case wherea= b= 1 we have ac-
cording to the decomposition of̂J potentially 32 = 9 cases,
but evidently only one of them is reasonable and we can eas-
ily write down the relevant ideal:

Î = 〈c0−1, s0,q1, s2,c2−1, s3− s1,c3− c1,

q4, s5− s4,c5− c4, s6− s3,c6− c3〉
(11)

Clearly we haveV(Î) ' S1×S1.

Note here the important property of simplicity/complexity.
In the case where lengths were arbitrary we got 4 distinct
components. In case of equal lengths there were 9 compo-
nents so that in this sense it appears to be more complicated.
However, only 1 of those components is actually physically
interesting, and moreover the equations describing this com-
ponent are remarkably simple. Hence we see that when there
are special relations in the system it also reduces the com-
plexity of the relevant ideal.

5.4 SO-constraints

Let us now analyze more precisely the SO-constraints in the
definition of universal, revolute, cylindrical and translational
joints. Let us first consider the revolute joint.

Let Ra (resp.Rb) be the rotation matrix associated to the
first (resp. second) body with Euler parametersa (resp.b).
Let us choose the local coordinates as in Fig.4. Hencee3

gives the axis of rotation in the coordinate system of the sec-
ond body. In this case the 2 SO-constraints can be written
as

Irev =〈p1, p2, pa, pb〉 where

p1 =〈Rae1,Rbe3
〉

p2 =〈Rae2,Rbe3
〉

andpa andpb are as in Eq. (7). It turns out that this ideal is
not prime, but how to actually find a convenient prime com-
ponent? Note thatdim(V(Irev)) = 4 so the goal is to find a 4
dimensional prime component. To this end let us choose the
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following elimination ordering

A = K[(b3,b2,a3), (a2,b1,b0,a1,a0)]

and let us compute the corresponding elimination ideal:

I3,0 = Irev ∩K[a2,b1,b0,a1,a0] = 〈r0〉

The polynomialr0 is quite complicated so we do not write
it down. However, it factors to 2 components (which are still
very complicated):r0 = r0,ar0,b. Let us choose one of the fac-
tors such that

I1
rev = Irev + 〈r0,a〉 and dim(V(I1

rev)) = 4

Next let us choose for example

A = K[(b3,b2,a2), (a3,b1,b0,a1,a0)]

Then we compute

I3,1 = I
1
rev ∩K[a3,b1,b0,a1,a0] = 〈r1〉

Again the generator factors:r1 = r1,ar1,b, and we choose the
factor which gives 4 dimensional component:

I2
rev = Irev + 〈r0,a, r1,a〉 and dim(V(I2

rev)) = 4

We can continue in this manner:

– choose the ordering

– compute the 3rd elimination ideal which happens to
have only one generator

– factor this generator

– choose an appropriate factor and add this to the original
ideal

Note that the polynomials in these intermediate ideals are
very complicated and the relevant Gröbner bases can con-
tain more than 100 generators. However, once we have found
a sufficient number of factors everything simplifies dramati-
cally and we obtain

Ĩrev = 〈pa, pb,g1, . . . ,g5〉 where

g1 = (a2−a3)b0+ (a3+a2)b1− (a1+a0)b2+ (a0−a1)b3

g2 = (a0−a1)b0+ (a1+a0)b1+ (a3+a2)b2+ (a3−a2)b3

g3 = 2a2
0+2a2

2+2b1b0−2b3b2−1

g4 = 2b2
1+2b2

2+2a1a0+2a3a2−1

g5 = b3b1+b2b0−a2a1+a3a0

(12)

One can now check that this is a prime ideal and
dim(V(Ĩrev)) = 4.
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this again shows that the system of polynomials defining the
configuration space are very special. In general there is no
known method for determining the number of prime compo-
nents without actually computing the prime decomposition.

Let us then see how we can use this preliminary decompo-
sition in analysing more complicated mechanisms. Suppose
we put together two 4 bar mechanisms. This gives the system

p1 = c0 − bc1 − c2 + bc3 = 0
p2 = s0 − bs1 − s2 + bs3 = 0
p3 = ac4 − bc3 − ac5 + bc6 = 0
p4 = as4 − bs3 − as5 + bs6 = 0
q j = c2

j + s2
j − 1 = 0, j = 0, . . . ,6

(8)

Now we can without loss of generality fix the coordinates so
that c0 = 1 and s0 = 0. Hence we set

I = ⟨c0 − 1, s0, p1, p2, p3, p4,q0, . . . ,q6⟩ (9)

and denote by V = V(I) the corresponding variety. But now
using the decomposition of J above we see that V has poten-
tially 4 components:

V = V0 ∪V1 ∪V2 ∪V3 (10)

It is easy to check these components are distinct and in fact
all are physically relevant, see Figure 3.

Doing the computations reveals that V0 ≃ V(⟨q1,q4⟩) ≃
S 1 × S 1. Other components are a bit more complicated.

Then taking the special case where a = b = 1 we have ac-
cording to the decomposition of Ĵ potentially 32 = 9 cases,
but evidently only one of them is reasonable and we can eas-
ily write down the relevant ideal:

Î = ⟨c0 − 1, s0,q1, s2,c2 − 1, s3 − s1,c3 − c1,

q4, s5 − s4,c5 − c4, s6 − s3,c6 − c3⟩
(11)

Clearly we have V(Î) ≃ S 1 × S 1.
Note here the important property of simplicity/complexity.

In the case where lengths were arbitrary we got 4 distinct
components. In case of equal lengths there were 9 compo-
nents so that in this sense it appears to be more complicated.
However, only 1 of those components is actually physically
interesting, and moreover the equations describing this com-
ponent are remarkably simple. Hence we see that when there
are special relations in the system it also reduces the com-
plexity of the relevant ideal.

5.4 SO-constraints

Let us now analyze more precisely the SO-constraints in the
definition of universal, revolute, cylindrical and translational
joints. Let us first consider the revolute joint.

Let Ra (resp. Rb) be the rotation matrix associated to the
first (resp. second) body with Euler parameters a (resp. b).

Figure 4. The revolute joint and the choice of the local coordinates.
The axis of rotation is parallel to e3 of the body Bb.

Let us choose the local coordinates as in Figure 4. Hence
e3 gives the axis of rotation in the coordinate system of the
second body. In this case the 2 SO-constraints can be written
as

Irev =⟨p1, p2, pa, pb⟩ where

p1 =⟨Rae1,Rbe3⟩
p2 =⟨Rae2,Rbe3⟩

and pa and pb are as in (7). It turns out that this ideal is not
prime, but how to actually find a convenient prime compo-
nent? Note that dim(V(Irev)) = 4 so the goal is to find a 4
dimensional prime component. To this end let us choose the
following elimination ordering

A = K[(b3,b2,a3), (a2,b1,b0,a1,a0)]

and let us compute the corresponding elimination ideal:

I3,0 = Irev ∩K[a2,b1,b0,a1,a0] = ⟨r0⟩

The polynomial r0 is quite complicated so we do not write
it down. However, it factors to 2 components (which are still
very complicated): r0 = r0,ar0,b. Let us choose one of the fac-
tors such that

I1
rev = Irev + ⟨r0,a⟩ and dim(V(I1

rev)) = 4

Next let us choose for example

A = K[(b3,b2,a2), (a3,b1,b0,a1,a0)]

Then we compute

I3,1 = I1
rev ∩K[a3,b1,b0,a1,a0] = ⟨r1⟩

Again the generator factors: r1 = r1,ar1,b, and we choose the
factor which gives 4 dimensional component:

I2
rev = Irev + ⟨r0,a,r1,a⟩ and dim(V(I2

rev)) = 4

We can continue in this manner:
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Figure 4. The revolute joint and the choice of the local coordinates.
The axis of rotation is parallel toe3 of the bodyBb.

Next let us consider the 2 SO-constraints of the cylindrical
joint. Choosing the local coordinates as above for revolute
joint the equations can be written as

Icyl =〈p3, p4, pa, pb〉 where

p3 =〈Rae2,Rbe1
〉

p4 =〈Rae3,Rbe1
〉

Since the equations are quite similar to the equations of the
revolute joint one might suspect that the ideal decomposes in
the same way. This turns out to be true and using precisely
the same ideas as above one finds the following prime com-
ponent.

Ĩcyl =〈pa, pb,h1, . . . ,h5〉 where

h1 =b2
1+b2

0−a2
1−a2

0

h2 =b0a3−b1a2+b2a1−b3a0

h3 =b1a3+b0a2−b3a1−b2a0

h4 =b2b1+b3b0−a2a1−a3a0

h5 =b3b1−b2b0−a3a1+a2a0

(13)

Again one can now check that this is a prime ideal and
dim(V(Ĩcyl)) = 4.

Note that all generators of̃Irev andĨcyl are only 2nd order
polynomials.

Let us then consider the translational joint. Now it is clear
at the outset that one possibility is to simply choosea= b.
In general the ideal is obtained by adding one polynomial to
Icyl:

Itra =〈p3, p4, p5, pa, pb〉 where

p5 =〈Rae2,Rbe3
〉

Then using the same componentĨcyl as above we easily com-
pute

Ĩtra =Ĩcyl + 〈p5〉

=〈pa,b0−a1,b1+a0,b2+a3,b3−a2〉
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Figure 5. The typical cubical arrangement of the Bricard mecha-
nism. The arrows indicate the axes of rotations of revolute joints.
When going around the curve in Fig.6 the mechanism becomes an
equilateral triangle at one point.

Finally the SO-constraint of the universal joint can be writ-
ten as

Iuni =〈p6, pa, pb〉 where

p6 =〈Rae3,Rbe3
〉

Note that the variablesa andb appear symmetrically inIuni:
i.e. the ideal is invariant with respect to exchanginga and
b. Now in factV(Iuni) is irreducible which can be checked
with software package B2 which is based on the ideas
described inSommese and Wampler(2005).

5.5 Consequences

The prime components found in Eqs. (12) and (13) are ac-
tually quite important from practical point of view. Let us
illustrate this by reconsidering the Bricard mechanism which
we already analyzed inArponen et al.(2009).

In Bricard mechanism we have 6 bars of equal length con-
nected in 1 loop with 6 revolute joints, see Fig.5. Now one
can see how unintended 2 dimensional components arise. For
example one cuts the bar 4, then rotates the pointC to point
A and similarly pointD to O. Now one can again join the
pointsC andD with bar 4. Evidently the constraint equations
are satisfied. But now one can rotate edges 2 and 3 aroundA
and independently rotate 5 and 6 aroundO. Hence there must
be 2 dimensional components. But one suspects that without
cutting one cannot reach this configuration, and this is in fact
easy to check: 1 dimensional and 2 dimensional components
do not intersect (not even in complex domain!).

In actual computations we fix one of the bars, i.e. we iden-
tify the local coordinates of one bar with the global coordi-
nates. This leaves us with Euler parameters of 5 bars which

2This package has been developed by D. Bates, J. Hauenstein,
A. Sommese and C. Wampler, seehttp://www.nd.edu/∼sommese/
bertini/.

Figure 6. The varietyV(I17) given by Eq. (14).

makes 20 variables. Then we have 6 revolute joints. Using
systematically the equations in Eq. (12) together with loop
equations we would get 6·7+3= 45 equations. However, the
joints with the fixed bar give only 3 equations so we have
finally only 4·7+2 ·3+3= 37 equations with 20 variables:

I = 〈p1, . . . , p37〉

Now computing the Gr̈obner basis of the elimination ideal
where all but 3 variables are eliminated we obtain

V(I) ' V(I17) ⊂ R
3 where

I17 = 〈2x2+2y2−1,16x2z2+32x2yz−16x4+1〉
(14)

So the analysis of the Bricard mechanism is reduced to the
analysis of a simple curve given byI17. The varietyV(I17)
is given in Fig.6. Note that it has 2 components as a real
manifold although it is irreducible as a variety. Physically
both curves represent the same situation. This is because the
the Euler parametersa and−a represent the same orientation
and it is easy to check thatV(I17) is symmetric with respect
to origin.

One can readily check thatI17 is prime. BecauseV(I) '
V(I17) then evidentlyI is also prime. The Gr̈obner basis of
I contains 19 generators so in addition to the 2 generators of
I17 there are 17 generators which give the the mapf whose
graph isV(I).

Note that the remarkable thing about this computation is
that we have a system of 37 polynomials with 20 variables
but still the computation of the elimination ideal took only
a few seconds with a standard PC. On the other hand the di-
rect computation of the Gröbner basis for the original Bricard
system with 20 equations and 20 variables is a hopeless task,
at least for a standard computer.

Hence we can conclude that using Eqs. (12) and (13) in
the analysis instead of the original equations actually makes
the study of complicated mechanisms tractable.
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6 Mobility

In our algebraic framework the definition of the mobility
is pretty straightforward:mobility of the mechanism is the
dimension of the configuration space. This definition has
been proposed for mobility before for example in (Husty and
Shr̈ocker, 2008).

There are many (equivalent) ways to define the dimension
of the variety. Unfortunately all these different approaches
to dimension are rather involved so we simply refer toCox
et al.(2007) andHarris(1995) for a discussion of this topic.
Anyway the important thing from the point of view of ap-
plications is that once we have computed the Gröbner basis
of the ideal the dimension of the corresponding variety can
easily be calculated. In fact the second technical condition
about the leading terms in Definition2.2 of Gröbner basis
is actually crucial here. It can be shown that the dimension
depends only on the leading ideal, and the Gröbner basis au-
tomatically provides a basis for this. Hence once we have the
Gröbner basis the computation of the dimension is very fast.

Note that the dimension defined in this way is a global
quantity: we do not need to specify any particular (neigh-
borhood of a) point of the variety. Also it is irrelevant if the
variety is singular or smooth, the dimension is well defined
in either case.

However, the situation is unfortunately not so simple in
practice. We have remarked above that varieties can have
many different components, and evidently different compo-
nents can have different dimensions. In this case our com-
putation gives the maximal dimension: if we have the irre-
ducible decompositionV = V1∪ · · · ∪Vk, then

dim(V) = max
1≤ j≤k

dim(V j)

Hence for the mobility it is also important to know (or at least
have some idea about) the decomposition of the variety.

For varieties one can also define thelocal dimension. Sup-
pose that we know explicitly some pointp ∈ V. Then ifV has
the decomposition as above then the local dimension ofV at
p is

dimp(V) = max
1≤ j≤k

{
dim(V j) | p ∈ V j

}
Again it is far from obvious how to actually characterize this
number in a constructive way. Anyway this is possible us-
ing the theory oflocal rings. We refer toGreuel and Pfister
(2008) andHarris (1995) for the precise definition. Anyway
it turns out that the techniques which are valid in polynomial
rings can be extended to local rings, in particular certain nice
bases exists, calledstandard bases, which generalize the no-
tion of Gröbner bases. The local dimension of configuration
space has also been investigated inWampler et al.(2011) by
homotopy methods mentioned in introduction.

The consequence of this is that the local dimension can
be easily computed once an appropriate standard basis is
known. This is also implemented inSingular.

The problem with all these definitions of dimension is that
they refer to the dimension as a complex variety. Hence in
practice one must by some other means verify that the va-
riety contains real points. Again this is not an easy task in
general for arbitrary varieties. However, in the context of
mechanisms, the existence of real points follows from the
fact that the mechanism can actually be built. Note however
that one may still have some components of the variety which
are “purely complex”.

Let us finally compare this approach to other ways to com-
pute the mobility. The differential geometric way is to study
the rank of the Jacobian of the map defining the configuration
space. The drawback of this is that the map and the Jacobian
together is more complicated to analyze than the map (and
the corresponding ideal) itself. Moreover this leads to prob-
lems with singularities.

There is also a long history of different formulas which
have been proposed to compute the mobility, seeGogu
(2005) for a thorough review. The idea is to compute the
mobility somehow without actually analyzing the equations
themselves. One specifies the mechanism as a graph with
joints as vertices and rigid bodies as edges. Then one spec-
ifies the type of joints at the vertices and computes the mo-
bility based on this information. As far as we know all these
formulas fail for some systems. Recall that one reason for
the interest in Bricard mechanism was that the formulas pre-
dicted that it could not move.

One could also argue that any formula must fail at least for
some systems. Recall that Wunderlich mechanism (Wunder-
lich, 1954) has assembly modes where mobility is either 1 or
2 (Müller, 2009). Hence any formula fails to recognize either
1 or 2 dimensional assembly modes. Also the Bricard mech-
anism is interesting in this respect. The classical formulas
gave the mobility as zero. InArponen et al.(2009) we found
the correct component whose mobility is one. However, the
original equations admit also 2 dimensional components. But
from the point of view of graphs this assembly mode is in-
distinguishable from the 1 dimensional component. On basis
of what information could one choose the correct answer?

Of course various formulas are and always will be useful,
but it seems that one cannot get the right answer in all situa-
tions without analyzing the equations.

7 Singularities

7.1 Theory

Intuitively singularities are in dynamical simulations related
to the fact that the rank of the Jacobian of the relevant map
drops at the singular point. The precise definition in our
framework is more involved, and as was the case with dimen-
sion, there are different approaches. Perhaps the simplest one
is to again consider first the case of an irreducible variety.

Let V = V(I) ⊂ Kn be an irreducible variety whereI =
〈 f1, . . . , fk〉 is a prime ideal. Further letf = ( f1, . . . , fk) : Kn→
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Kk be the corresponding map and let df be the Jacobian of
f . The Jacobian evaluated at pointp is denoted by dfp.

The tangent space ofV at p, denoted byTpV, is by defini-
tion the nullspace of dfp. Note thatTpV is a vector subspace
so its dimension is well defined. Now we can give

Definition 7.1 The point p∈ V issingularif

dim(TpV) > dim(V).

Otherwise the point p issmooth. The set of singular points
of V is denoted byΣ(V).

In fact it turns out that

Lemma 7.1 Σ(V) is itself a variety whose dimension is less
thandim(V).

Hence “almost all” points of a variety are smooth.
In case of arbitrary varieties we again first decompose it to

irreducible components:

V = V1∪ · · · ∪V`

Then we can give

Definition 7.2 The point p∈ V is smooth if the following
conditions are satisfied:

1. p belongs toonly oneirreducible component Vi of V

2. p ∈ Vi is a smooth point of irreducible variety Vi .

Combining the above definitions gives thus the following
characterization of the singular points of an arbitrary vari-
etyV

Σ(V) =Σess(V)∪Σint(V) where

Σess(V) =
⋃̀
i=1

Σ(Vi) and

Σint(V) =
⋃
i, j

Vi ∩V j

We could call the points inΣess(V) essential singular points
and the points inΣint(V) intersection singular points.3

To studyΣint(V) we need simply to compute intersections
and no Jacobians are needed. For essential singular points we
need the Jacobian of the generators of the ideal and itsFitting
ideals.

Let M be a matrix of dimensionk×n with entries inA.
The `-th Fitting ideal ofM, I`(M), is the ideal generated by
the `× ` minors of M. If ` ≤ 0 we defineI`(M) = A and if
` >min{k,n}, thenI`(M) = 0. Note that

I`+1(M) ⊂ I`(M) for all ` ⇒

V(I`(M)) ⊂ V(I`+1(M))

3Note that this is not standard terminology.

Now the varietyV(I`(M)) consists of the points where the
rank of M is less thaǹ . In particular if I`(M) = A then the
rank ofM is at least̀ everywhere.

Let now f = ( f1, . . . , fk) : Kn 7→ Kk be a map correspond-
ing to the prime idealI = 〈 f1, . . . , fk〉 and letV = V(I) be
the corresponding irreducible variety. Let us suppose that
dim(V) = n−`. The following result is sometimes called (un-
surprisingly) theJacobian criterion.

Theorem 7.1 The singular variety of V is

Σ(V) = V
(
I+ Il(d f )

)
= V

(
I
)
∩ V

(
Il(d f )

)
In particular if I+ Il(d f ) = A then V is smooth.

We have concluded above that typically the mechanisms
have a lot of irreducible components. Hence a prioriΣ(V)
can be very complicated. On the other hand since most of the
components are irrelevant the physically interesting part of
Σ(V) can be much simpler or even empty!

The number of minors in the Fitting ideal grows quite
quickly as a function ofn andk: the number of̀ × ` minors
is given by

n! k!
(`!)2(n− `)! (k− `)!

Hence it is again very useful to find appropriate elimination
ideals so that we are in the situation of Definition2.1. Since
the singular sets are in fact varieties we have

Lemma 7.2 If V(I) ' V(I j) then Σ(V(I)) ' Σ(V(I j)). In
particular in this caseV(I) is smooth if and only ifV(I j)
is smooth.

In case the singular points are isolated it is interesting to
compute how many such points there are. It turns out that this
is possible without actually computing the points themselves.
Let us suppose thatV(I) contains only a finite number of
points and let #V(I) denote the number of points inV(I).
Let A/I be the residue class ring. Now one can show that
if #V(I) is finite thenA/I is finite dimensional as a vector
space overK and moreover

#V(I) ≤ dimK(A/I)

If I is a radical ideal this is an equality. The important thing
here is that once a Gröbner basis ofI is known this number
can easily be calculated. Note however that for real points
this only gives an upper bound.

7.2 Examples

In multibody dynamics the singularities are a nuisance and
one should find ways to deal with them. InGonźalez et al.
(2006) there are some test problems where singularities oc-
cur and one of them is the Bricard mechanism. But we have
seen above that the configuration space of Bricard mecha-
nism is essentially given by varietyV(I17) whereI17 is given
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Figure 7. A configuration for numerical test problem inGonźalez
et al.(2006).

in Eq. (14). But now one can immediately conclude using
Theorem7.1thatV(I17) is smooth and hence by Lemma7.2
thatV(I) itself is smooth.

Moreover the generators of the Gröbner basis of the whole
ideal provides us appropriate equations which can be used in
dynamic simulations. With these equations there are no sin-
gularities in the Bricard system and any multibody dynamics
software can be used to simulate Bricard mechanism.

Let us then consider the case of Eq. (9). As noted above
there are 9 components and it is easy to check that there are
a lot of intersection singularities. But it is also straightfor-
ward to check that the physically relevant component given
by Eq. (11) is smooth.

A variant of this is proposed as a test problem inGonźalez
et al.(2006), see Fig.7. Here all bars are of equal length one
and we fix the bars 0 and 4 which gives the following system.

I =〈p1, p2, p3, p4,q1,q2,q3,q5,q6〉

p1 =1− c1− c2+ c3

p2 =− s1− s2+ s3

p3 =1− c3− c5+ c6

p4 =− s3− s5+ s6

q j =c2
j + s2

j −1 j ∈ {1,2,3,5,6}

The direct decomposition shows that we have 6 components.
The singular configurations corresponds to the cases where
some or all bars are aligned along the horizontal axis. There
are clearly a lot of intersection singularities. However, the
only physically relevant component given by

Î = 〈c2
1+s2

1−1, s2,c2−1, s3−s1,c3−c1, s5,c5−1, s6−s1,c6−c1〉

is clearly smooth. Note that this is obtained directly from
Eq. (11) by appropriate substitutions. Actually inGonźalez
et al.(2006) one considered the case where an arbitrary num-
ber of 4 bar mechanisms are put together in this way. How-
ever, one can immediately generalize the above discussion to
this case and write down the relevant equations also in this
case.

In above examples one can clearly argue that there is only
one interesting component for dynamical simulations. How-
ever, this evidently depends on the context. In kinematotropic

Figure 8. A slider crank mechanism.

mechanisms the mobility of the system can change and this
can happen only by going through a singular point. Here one
thus cannot eliminate all components and in dynamical sim-
ulations the nature of the singularity must be taken into ac-
count.

In above examples we have only seen intersection singu-
larities which then disappear if one chooses the correct com-
ponent. Let us finally consider an example where there are
essential singular points. Consider a version of slider crank
mechanism in Fig.8 whereO is the fixed point. The system
can be written as

I =〈p1,q1,q2,q3〉

p1 =2s1+ s2+ s3

q j =c2
j + s2

j −1 j ∈ {1,2,3}

(15)

One can easily check that this is a prime ideal and
dim(V(I)) = 2. Then we compute

Is =I+ I4(d f ) which gives

dim(Σ(V(I))) =0 and #Σ(V(I)) = 2

The 2 singular points are given by

c1 = c2 = c3 = 0

s2 = s3 = −s1 = ±1

Now since dim(V(I)) = 2 we can actually visualize how
the singularities look like. Let us choose the product order
A = K[(s3, s2, s1), (c3,c2,c1)] and compute the 3rd elimina-
tion ideal

I3 =I∩K[c3,c2,c1] = 〈q〉 where

q=c4
3−2c2

3c2
2+ c4

2−8c2
3c2

1−8c2
2c2

1+16c4
1+8(c2

3+ c2
2−2c2

1)

Now plotting the surfaceV(I3) in the neighborhood of ei-
ther singular point gives Fig.9. This looks very much like a
cone, and this leads us to the last important concept that we
introduce:tangent cone.

Given a pointp ∈ V the tangent cone ofV at p is denoted
by CpV. For a precise definition we refer toHarris (1995).
However, we note that the tangent cone can constructively
be computed. It has the following basic properties:
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Figure 9. The variety of 3 bar slider crank mechanism in the neigh-
borhood of a singular point.

– if p is a smooth point thenCpV = TpV

– dim(CpV) = dimp(V)

Hence intuitively the tangent cone is the simplest possi-
ble approximation ofV in the neighborhood ofp such that
dim(CpV) = dimp(V).

In the case of Fig.9 the tangent cone is given by

2c2
1− c2

2− c2
3 = 0

s2 = s3 = −s1 = 1

which actually is a cone in the classical sense. Note that up to
the constant factor the terms of the polynomial 2c2

1− c2
2− c2

3
are the lowest order terms in the generator of the elimina-
tion idealI3. So near the origin in (c1,c2,c3)-space this cone
approximates well the varietyV(I3).

Finally for general lengthsL j of the bars we compute that
there can be singularities only if

L1− L2− L3 = 0 or L1+ L2− L3 = 0

or L1− L2+ L3 = 0

Hence there are no singularities if the lengthsL j are chosen
“randomly”.

8 Conclusions

The major problem in using algebraic methods to analyze
mechanisms is the computational cost which grows very fast
in the worst case as a function of the number of variables.
However, we have outlined above our strategy which at least
partially circumvents this problem. We have also argued that
the equations in the mechanical systems are naturally of the
form where this approach is useful. Indeed it seems that
somewhat unexpectedly the configuration spaces of mecha-
nisms often decompose to many irreducible varieties. More-
over many of these components are physically uninteresting
and hence once one finds the right component the analysis of
the configuration space can be greatly simplified.

Various singularities are a major problem in the dynam-
ical simulations of mechanisms. Since the singularities are
of many different types it would seem that one would have to
adjust the numerical codes for these different cases. However,
if the configuration space has many components then most of
the singularities seem to be intersection singularities. But be-
cause one of the goals of the analysis of the configuration
space is to identify the correct component and do the simu-
lations with it, then in this case the intersection singularities
disappear. So in this way a lot of mechanisms which have
appeared to be singular are in fact regular and any simulation
method can be used to study them.

We think that it is very natural to define the mobility of the
mechanism to be simply the dimension of the variety. The
main difference to the differential geometric notion of dimen-
sion is that algebraically the dimension is a global quantity
and possible singularities of the variety have no effect on this.
However, as we have seen the variety can have components
of different dimensions so also here one cannot really avoid
doing the decomposition of the configuration space.

On the technical level we think that introduction of Defi-
nition 2.1 is quite useful as a guideline: givenI the goal is
to find the elimination idealIk wherek is as big as possi-
ble such thatV(I) ' V(Ik). All relevant propertiesV(I) can
be determined by studyingV(Ik) and sinceIk has fewer vari-
ables the computational cost of analyzingIk is typically much
less than the cost of analyzing the original ideal.

We have also shown that some of the basic constraints used
in specifying revolute and cylindrical joints in fact decom-
pose. As far as we know this is a new result which may have
quite significant practical implications. This is because in any
mechanism where these joints occur we can replace the orig-
inal constraint equations with an appropriate prime compo-
nent. In this way computational cost is essentially reduced
and hence one can analyze quite complicated mechanisms
much more easily than previously thought.

Appendix A

Singular example

In this appendix we demonstrate how to useSingular to ana-
lyze the slider crank system (Eq.15). Below is the command
prompt for the actual computations.

> ring r=0,(c1,s1,c2,s2,c3,s3),dp;

> LIB"all.lib";

> poly p1=2*s1+s2+s3;

> poly p2=c1ˆ2+s1ˆ2-1;

> poly p3=c2ˆ2+s2ˆ2-1;

> poly p4=c3ˆ2+s3ˆ2-1;

> ideal I=p1,p2,p3,p4;

> list L1=minAssGTZ(I);

> dim(groebner(I));

> matrix J=jacob(I);

Mech. Sci., 4, 33–47, 2013 www.mech-sci.net/4/33/2013/



S. Piipponen and J. Tuomela: Kinematics 47

> ideal S=I+minor(J,4);

> dim(groebner(S));

> list L2=minAssGTZ(S);

> ring r2=0,((s3,s2,s1),(c3,c2,c1)),

(dp(3),dp(3));

> ideal I=imap(r,I);

> ideal g=groebner(I);

> poly q=g[1];q;

In the prompt we:

– First define the actual base ring r and constraint idealI.

– Next we compute the prime decomposition of the con-
straint ideal and compute the dimension of the corre-
sponding variety.

– Then we proceed to compute the singular variety, its
dimension and the prime decomposition of the corre-
sponding ideal, denoted here byS.

– After this we moveI into ring with elimination order-
ing indicated byK[(s3, s2, s1), (c3,c2,c1)]. The notation
dp in the prompt means that we usegraded reverse lex-
icographic orderinginside the blocks.

– At the end we print the only generator of the third elim-
ination idealq.

Edited by: A. Müller
Reviewed by: three anonymous referees
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