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Abstract. Compliant rotational stages are widely used for the fine angular positioning of optical components,
where rotation center stability is critical to positioning accuracy. However, conventional designs often suffer
from rotation center offset. A rotational compliant mechanism with self-compensation for rotation center offset
is proposed based on a two-stage lever amplification system incorporating a non-vertical connecting beam and a
double-ended fixed flexure hinge. The input force transmitted to the second-stage lever is decomposed into two
orthogonal components. The y direction component drives the secondary lever to generate rotational motion,
whereas the x direction component produces a negative x direction displacement through the double-ended fixed
flexure hinge, thereby compensating for the rotation center offset. A kinematic analysis and a compliance model
are established, based on which multi-objective dimensional optimization is performed to balance the rotational
output and the center-offset indicator. The optimized design is subsequently evaluated using COMSOL finite
element simulations. Under a prescribed relative input displacement of 28 um, the mechanism produces an output
rotation of 3.12 mrad, with a first natural frequency of 572 Hz and a maximum center offset of 0.42 um. The stage
has overall dimensions of 51 mm x 78 mm. These numerical results indicate that the proposed configuration
can reduce rotation center offset and parasitic translational coupling under the adopted idealized simulation

conditions.

1 Introduction

With the rapid advancement of micro-/nano-fabrication
technology, high-precision positioning has found increas-
ingly extensive applications in fields such as micro-/nano-
assembly, optical alignment, and biological cell manipula-
tion (Qin et al., 2021; Wei and Xu, 2019; Gong et al., 2022;
Barber et al., 2011). Among various solutions for achieving
precision motion, compliant stages driven by piezoelectric
ceramics have attracted significant attention due to their com-
pact structure, smooth motion, absence of backlash, and ca-
pability for nanometer-level displacement resolution (Chen
et al., 2020; Habibullah, 2020). Compared to traditional rota-
tion mechanisms relying on bearing transmission, compliant
mechanisms transmit motion through the elastic deformation
of materials, fundamentally avoiding non-linear factors such
as friction, wear, and clearance, thereby significantly enhanc-
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ing the positioning accuracy and dynamic response perfor-
mance of the system (Baek et al., 2020; Huang et al., 2024).

Currently, rotational motion stages based on compliant
mechanisms can be primarily categorized into two types.
The first is the multi-degree-of-freedom (multi-DOF) micro-
positioning stage, which integrates rotational motion into
translational motion, with the most typical example be-
ing the three-DOF XY stage (Wang and Zhang, 2016).
It can achieve both in-plane translational motion and ro-
tational motion about an axis perpendicular to the plane.
For instance, Kim and Gweon (2012) employed compos-
ite mechanisms such as bridge-type amplification, double
compound guidance, and circular hinges to propose a novel
XY6 piezoelectric-driven stage featuring a serial structure
and a hybrid compliant mechanism. Yu et al. (2019) pro-
posed a large-stroke 3PPR planar compliant parallel mech-
anism based on compliant four-bar joints and double-leaf
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spring hinges. Although such stages can achieve the desired
rotational motion, they often suffer from undesired coupling
effects between translational and rotational motions, leading
to drift of the rotation center (Cai et al., 2025).

The second type is the single-degree-of-freedom(1-DOF)
rotational micro-positioning stage, which can reduce the cou-
pling effects of translational motion and achieve superior sys-
tem performance. Compared to the traditional planar XY 6
micro-positioning stages, the current research on such 1-
DOF rotational micro-positioning stages based on compliant
mechanisms remains relatively limited. Zhu et al. (2018) de-
veloped a compact single-layer stage with a rotational range
of 1.58 mrad. Although its absolute center offset was rela-
tively small, its rotational range and normalized center-offset
performance leave room for further improvement. Mu et al.
(2025) presents a parallel compliant rotational stage driven
by two voice coil motors (VCM) in a symmetrical layout,
which achieves a large rotational range of over 41.6 mrad.
However, due to the characteristics of VCM, several is-
sues arise. Firstly, they significantly increase the volume
and weight of the micro-positioning stage, which is detri-
mental to achieving a compact and lightweight design. Sec-
ondly, they lead to a low natural frequency and poor dynamic
performance of the positioning stage (Yang et al., 2021).
Thirdly, the use of two VCM introduces redundant actuation
and electromagnetic interference. Both the rotational compli-
ant mechanisms proposed by Clark et al. (2016) and Guo et
al. (2023) adopt a two-layer structure. This approach trades
off larger volume, more complex structure, lower stiffness,
and inferior dynamic performance in exchange for a larger
range of motion. These designs prioritize a larger rotational
range, but their multi-layer configurations or VCM-based ac-
tuation may lead to increased structural size and lower natu-
ral frequencies. The summary of related research is presented
in Table 1.

The proposed stage adopts a single-layer and single-PZT
configuration with a footprint of only 51 x 78 mm?, which is
the smallest among the compared designs. Compared with
the double-layer design of Guo et al. (2023), its footprint
is reduced by approximately 50.3 %, while its first natural
frequency is increased from 192.45 to 572 Hz. In addition,
the absolute center offset is reduced from 1.29 to 0.42 um,
corresponding to a reduction of approximately 67.4 %. Al-
though the output-angle amplification ratio is lower, the pro-
posed stage maintains a sufficiently large rotational range
of 3.12 mrad while preserving substantially higher structural
stiffness and dynamic frequency.

Compared with the more structurally similar single-layer
stage reported by Zhu et al. (2018), the proposed stage pro-
vides a 97.5 % larger output angle, a 33.0 % higher first nat-
ural frequency, an 18.8 % smaller footprint, and a 28.9 %
lower center shift per unit rotation angle. Therefore, the prin-
cipal advantage of the proposed design lies in its balanced
combination of compact single-layer construction, high nat-
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ural frequency, sufficient rotational range, and low rotation
center offset.

To simultaneously meet application requirements for high
stiffness, large rotational range, compact footprint, and min-
imal center offset, this paper presents a novel design for a
rotational compliant mechanism with self-compensating ca-
pability for rotation center offset. The proposed design uti-
lizes a two-stage lever amplification system to achieve rota-
tional motion, while incorporating specifically designed flex-
ure hinges and an input lever in the second stage to actively
compensate for the rotation center offset. Its self-contained
working principle and actuation method enable seamless in-
tegration with other systems. Compared to our earlier work
(Cai et al., 2024), which established a two-stage lever ampli-
fication mechanism for rotational motion but suffered from
center offset issues, the present design achieves a signifi-
cantly improved rotational accuracy. In this paper, Sect. 2
introduces the novel design concept of the rotational com-
pliant mechanism. Subsequently, Sect. 3 establishes the ana-
lytical model for the rotational compliant mechanism. Based
on the compliance model from Sect. 3, Sect. 4 conducts a
multi-objective optimization of the key geometric parame-
ters. Section 5 employs the finite element method for simula-
tion analysis and evaluation of the structure. Finally, Sect. 6
presents the conclusions.

2 Structure design

2.1 Intended application scenario and design
requirements

The proposed compliant rotational stage is intended for the
fine angular positioning of small optical components, such
as mirrors or lenses, in compact laser alignment, microscopy,
and optical metrology systems (Jeong et al., 2007; Lee et al.,
2019; Qu et al., 2016; Ye and Li, 2023). In these applications,
a small rotational motion must be generated about an approx-
imately stationary center. Rotation center drift and parasitic
translational motion may cause optical-axis deviation or po-
sitioning errors, particularly when the rotational stage is in-
tegrated into a compact precision instrument.

The main technical challenges are therefore to obtain suf-
ficient angular output from the limited stroke of a PZT actua-
tor, suppress rotation center offset and parasitic translations,
and maintain adequate separation between the operating fre-
quency range and the structural resonances. Based on the in-
tended precision-positioning application and relevant stud-
ies, the application-oriented design targets adopted in this
study are listed in Table 2. These requirements are study-
specific design targets for the intended application rather than
universal performance standards.

https://doi.org/10.5194/ms-17-967-2026
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Table 2. Design targets.

Technical requirement Design target

Maximum prescribed relative 28 um
input displacement

Output rotation angle Not less than 3.0 mrad

Maximum rotation center offset  Less than 0.5 pm

Target operational bandwidth 50Hz

Resonance separation f1/fow =10

Parasitic translational motion Minimized relative to
the baseline design
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Figure 1. Initial structure design (Cai et al., 2024).

2.2 Self-compensating compliant mechanism for
rotation center offset

Since the stroke of piezoelectric actuators is typically only
several tens of micrometers, displacement amplification
mechanisms are commonly employed to achieve a larger
range of motion. Therefore, this paper aims to present a com-
pact lever amplification mechanism that enhances the motion
range and achieves higher rotational accuracy, thereby meet-
ing the requirements of a wider variety of working condi-
tions. The initial structural design is shown in Fig. 1. The
input of the lever amplification mechanism is placed in the
middle of the beam. The two-stage amplification mechanism
is connected by an inter-stage connecting beam.

Although this initial design fulfills the fundamental re-
quirement for rotational motion, it exhibits certain limita-
tions. As illustrated in Fig. 2, a center offset exists between
the actual rotation center at the output point of the secondary
lever and the desired center of rotation. Consequently, a cer-
tain degree of linear coupled displacement will occur at the
output point. This undesirable condition will result in internal
interactive forces between the lever mechanism and the end-
effector stage. Once the rotational displacement becomes
sufficiently large, this coupling effect cannot be neglected,
as it introduces undesired out-of-plane deformations.

Based on the initial design, improvements have been im-
plemented. As shown in Fig. 3, a double-ended fixed flex-
ure hinge is first incorporated into the joint of the secondary

Mech. Sci., 17, 967-982, 2026
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The actual rotation center

The expected rotation center

Figure 2. Schematic of rotation center drift.
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Figure 3. A rotational compliant mechanism with self-
compensation for rotation center offset.

lever amplification stage. Subsequently, the connecting beam
between the two lever amplification stages is designed with
a non-vertical configuration. Under the action of the non-
vertical force, the input force is decomposed into two com-
ponent forces: one vertical upward (positive y direction) and
the other horizontal leftward (negative x direction). The com-
ponent force in the positive y direction drives the secondary
lever to generate rotational motion, while the component
force in the negative x direction induces a displacement in
the negative x direction through the double-ended fixed flex-
ure hinge. This displacement thereby compensates for the ro-
tation center offset. Accordingly, it is essential to derive the
compliance model of the compliant mechanism and then per-
form multi-objective optimization of the structural parame-
ters to achieve near-pure rotational output and a larger mo-
tion range.

2.3 Design of the rotational compliant stage

Based on the self-compensating compliant mechanism for
rotation center offset proposed above, a rotational compliant
micro-stage has been designed, as illustrated in Fig. 4.

The mechanism employs a single actuation input, requir-
ing only one micro-displacement actuator to achieve rota-
tional displacement output, thereby avoiding issues of actu-
ation redundancy. This approach not only reduces costs but
also simplifies the control system. Furthermore, to transform
the imperfect actuation source under practical conditions into
an ideal linear input, the input does not adopt direct force
application. Instead, a leaf-spring-based flexural input guid-
ance mechanism is connected to the PZT, replacing mechan-
ical contact with elastic deformation. This mechanism acts

Mech. Sci., 17, 967-982, 2026

B. Cai et al.: Design of a compact rotational compliant stage

Compliant PZT actuator

Figure 4. The designed rotational compliant stage.

as a physical motion filter that suppresses parasitic motions
through directional stiffness configuration and error isola-
tion.

The compliant mechanism exhibits a centrosymmetric
configuration and comprises two parallel branches. Each
branch consists of a two-stage lever displacement amplifica-
tion mechanism and a guidance mechanism. The parallel de-
sign with integrated guidance mechanisms allows the micro-
displacement PZT actuator to be nested centrally, leading
to more balanced stress distribution on both sides. Finally,
the output point at the terminal end of the secondary lever
beam is rigidly connected to the end effector, transmitting
the rotational displacement from the compliant mechanism
to the work stage. Using the pseudo-rigid-body model, the
two-stage lever amplification structures can be simplified
as in Fig. 5. Furthermore, should a larger range of mo-
tion be required, the entire design can be extended to three
or even more amplification stages by connecting additional
lever mechanisms, thereby accommodating specific applica-
tion demands.

3 Analytical modeling

The designed compliant mechanism consists of a centrosym-
metric two-stage lever amplification system. Therefore, to es-
tablish the output compliance of the entire mechanism, it is
sufficient to calculate the compliance of a single-side two-
stage lever amplification mechanism. As shown in Fig. 6, a
global coordinate system O-xy is established at the stage’s
rotation center, and a local coordinate system is set up on the
inter-stage connecting beam, with all key points annotated.

https://doi.org/10.5194/ms-17-967-2026
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Figure 6. Schematic of the rotational compliant stage showing the
coordinate system and labeled points.

3.1 Modeling assumptions and sign conventions

To clarify the compliance derivation, coordinate transforma-
tions, and matrix assembly, the assumptions, coordinate sys-
tems, and sign conventions adopted in the analytical model
are summarized as follows.

1. The mechanism is modeled as a planar system in the
global x-y plane. Only the two in-plane translational
degrees of freedom and the rotation about the z axis
are considered. Out-of-plane translations, out-of-plane
rotations, and torsional deformation are neglected.

2. Small deformation and small rotation are assumed.
First-order linear kinematics are used, while higher-
order geometric terms and geometric stiffening or soft-
ening effects are neglected.

3. Except for flexure hinges H1-HS5, the connecting links,
lever segments, and end effector are treated as ideally
rigid bodies. Structural deformation is concentrated in
the flexure regions, and the local elastic deformation of
nominally rigid members is not represented separately
in the lumped-compliance model.

https://doi.org/10.5194/ms-17-967-2026
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Figure 7. Schematic of the first lever amplification mechanism.

4. The material is assumed to be homogeneous, isotropic,
and linearly elastic. The flexure compliances are calcu-
lated from the closed-form expressions given in the ar-
ticle. Material nonlinearity and residual stress are not
considered.

5. Assembly errors, contact and friction, PZT hysteresis
and creep, and thermal effects are not included in the
analytical model.

To avoid ambiguity in the coordinate transformations and
compliance-matrix operations, the principal variables and
sign conventions used in the analytical model are summa-
rized in Table 3. Unless otherwise specified, all generalized
displacement and load vectors are expressed in the global co-
ordinate system O-xy.

3.2 Compliance modeling of the single-side two-stage
lever amplification mechanism

The compliance model of the mechanism comprises three
parts: the first lever amplification mechanism, the inter-stage
connecting beam, and the second lever amplification mech-
anism. The employed flexure hinges include both leaf-type
and circular notch, labeled H1 to HS, respectively. The fol-
lowing analysis divides the mechanism into these three seg-
ments and utilizes the compliance matrix method to derive
the overall compliance model (Yong, 2007; Yong and Lu,
2009).

As shown in Fig. 7, the first lever amplification mechanism
consists of a lever beam (Igp), a circular notch flexure hinge
(H1), and a fixed support. Based on the compliance matrix

Mech. Sci., 17, 967-982, 2026
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Table 3. Definitions of the principal variables and sign conventions used in the analytical model.

Symbol Definition Symbol Definition
0, M; In-plane rotation and moment about the z 0;-X; Vi Local coordinate system attached to flexure
axis; counterclockwise is positive hinge H; or the inter-stage connecting beam
j=12 Index of the two centrosymmetric compliant T AjR; Rigid-body transfer matrix from compliance
branches o reference point A ; to end-effector
connection point R ;
Dg Generalized displacement vector at point Q, CRj Equivalent compliance matrix of branch j
expressed in the stated coordinate system transferred to connection point R
Fqo=I[Fy,qQ, Generalized load vector acting at point Q q =[uo, Generalized rigid-body motion of the end
Fy Q- VO, 017 effector with respect to nominal center O
M Z,Q]T
Cy; Compliance matrix of flexure hinge H; inits ~ G; Matrix that maps the end-effector motion ¢
local coordinate system to the compatible motion of connection
point R ;
R(B) Planar rotation matrix used to transform pj Generalized reaction exerted by the end
generalized quantities between a local effector on branch j at point R
coordinate system and the global coordinate
system
Txy Rigid-body matrix that transfers generalized  dpzr Relative displacement between the two ends
displacement from point X to point Y; the of the PZT actuator
corresponding load transformation follows
virtual-work equivalence
rxy Position vector of point Y relative to point X §; Input displacement received by compliant
branch j; for identical centrosymmetric
branches, § ; = dpzT/2
bj Column vector that converts the scalar Ci(g) Equivalent input compliance of one branch

actuation force of branch j into the
equivalent generalized load at point A ;

after the end-effector constraint is included

theory, the displacement at the point B can be calculated as:

AxB
Dg=| Ay | =Cqi x Fp, (D
Abg
where
ci o 0
Cm=| 0 Cy —C@ : 2
0 -G G
"
Fg=| Fay
| Ma;— Fay (Ig — Iag sin «) + FaylaGg cos o
1 0 0 Fay
= 0 1 0 Fay
| lar —lpr 1 Ma;
3)
Mech. Sci., 17, 967-982, 2026

Then, the displacement of point B can be calculated as

Axp ch 0 0
Dp=| Ay |=| 0 CFf -Cq
RUNIRREE
! 0 0 Fay
0o 1 0 Fay (4)
| lar g1 1 M,

According to the geometry of the lever mechanism, the dis-
placement of point A can be determined by transferring the
displacement of point B, which is

[ Axp +1Ia1 X Afp 1 0 a1
DM =| Ayg—IgixA6g |=| 0 1| —Ig
L Afp 0 0 1
[ Axp
Ay (5)
i Abg

https://doi.org/10.5194/ms-17-967-2026
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Figure 8. Schematic of the second lever amplification mechanism.

According to the compliance matrix theory, the displace-
ment at point A under the action of the flexure hinge HI is
given by

DK] = C1 X FA. (6)

Therefore, the compliance at point A of the first-stage lever
amplification mechanism can be obtained as

1 0 chioo 0
Ci=| 01 —Ig [x| 0 & -c3
00 1 0 -Cii ¢
1 0 0
x| 0 1 0 |. (7

Iar —Ipr 1

As shown in Fig. 8, the second lever amplification mech-
anism consists of a lever beam (Irg), two leaf-type flexure
hinges (H2, H3), and a fixed support. The flexure hinge H2
can be modeled as a fixed-fixed leaf spring, primarily pro-
viding compensation for the rotation center offset. The flex-
ure hinge H3 can be treated as a cantilever beam, mainly en-
abling rotational motion. Since the compliance of the two
flexure hinges at point A is connected in series, the compli-
ance of each flexure hinge at point A is determined sepa-
rately.

Based on the compliance matrix theory, the displacement
at the point E can be calculated as

DE = CH2 X FE, (8)
where
clh, 0o o0
Ci2=| 0 0 0 |, ©))
33
0 0 Gp
i Fex Fax
Fg=| Fgy =| Fay
| ME; —IAE X Fay + Ma;
1 0 0 Fax
=0 1 0 Fay |- (10)
| 0 —lag 1 My,

https://doi.org/10.5194/ms-17-967-2026
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Then, the displacement of point E can be calculated as

cl, o 0
DEZCHZXFE: 0 0 0
0 0 C
1 0 0 Fax
0o 1 0 Fay |. 11)
0 —Ilag 1 M,

According to the geometry of the lever mechanism, the
displacement of point A can be determined by transferring
the displacement of point E, which is

[ Axg 4 1ae(1 — cos (Ag))
D2 = | Ayp—Iag sin (Ab)
L AbGg
1 0 0
=| 0 1 —Iag |Dg. (12)
00 1

According to the compliance matrix theory, the displace-
ment at point A induced by flexure hinge H2 can be ex-
pressed as

D2 = C, x Fy. (13)

Therefore, the compliance at point A under the action of flex-
ure hinge H2 can be calculated as

1.0 0 Cip 00
C2= 0 1 _lAE X 0 0 0
00 1 0 0 Cp
1 0 0
x| 0 1 0 |. (14)
0 —lag 1

Similarly, the compliance at point A under the action of
flexure hinge H3 can be calculated as

10 chy 0 0
Ci=| 0 1 —ly [x| 0 CB -CZ
00 1 | 0 -G Cf

1 0 0]

x| 0 1 0

0 —lar 1

5)

As shown in Fig. 9, the inter-stage connecting beam con-
sists of two leaf-type flexure hinges (H4, HS) and a connect-
ing beam. First, local coordinate systems are established at
points C and D. The force at point A is then transformed
from the global coordinate system to these local coordinate
systems and subsequently transferred to point C to obtain the

Mech. Sci., 17, 967-982, 2026
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Figure 9. Schematic of inter-stage connecting beam.

force at point C expressed in the local coordinate system.

FCxl T FAx
Fci=| Fcy1 | =Tac XR(E —01) x| Fay |, (16)
Mc;) Ma,
where
. sine —cosa O
R(E —oz) = cosa sina 0O |, 17
0 0 1
1 0 O
Tac=|[ 0 1 0 (18)
0 Iac 1

Based on the compliance matrix theory, the displacement at
the point C can be calculated as

AXxci Cé[lt 0 0 Fcxl
Dci=| Ayar [=]| 0 célﬁ cég Feyr .
Afc1 0 ¢ ¢ Mcz

19)

Then, the displacement of point A in the local coordinate sys-
tem is obtained from the displacement of point D, and finally
transformed into the displacement in the global coordinate
system through coordinate transformation.

Axa -
Dit=| ays |=R"(5 —a)Tsc) Der (20)
2
AOp
Based on the compliance matrix theory,
DI = Cy x Fa. Q1)

Mech. Sci., 17, 967-982, 2026
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Therefore, the compliance at point A under the action of flex-
ure hinge H4 can be determined as

sine cosa O [ 1 O O
Cs=]| —cosa sina O 0 1 Iac
| 0 0 1 L0 0 1
¢y 0 0 1 o0 o
0 ¢ ¢ 0 1 0
L0 GE O GE L0 Iac 1
[ sine —cosa O ]
cosa sina O 22)
| 0 0 1|

Similarly, the compliance at point A under the action of flex-
ure hinge H5 can be determined as

sinae cosa O 1 0 O
Cs=| —cosa sina O 0 1 Iap
0 0 1 0 0 1
Cls 0 0 1 0 0
22 23
0 C13{25 C13{35 0 1 0
L 0 G5 G 0 lap 1
[ sine —cosa O
cosa sina O 23)
| 0 0 1

As shown in Fig. 6, to determine the compliance at point A,
flexure hinges H1, H4, and HS are connected in series. There-
fore, the total compliance at point A for the first lever ampli-
fication mechanism and the inter-stage connecting beam can
be expressed as
Ca1=C1+C4+Cs. (24)
Similarly, since the compliance of flexure hinges H2 and H3
is connected in series, the total compliance of the second
lever amplification mechanism at point A can be expressed
as

Caz =G +Cs. (25)
Since Ca1 and Cay are connected in parallel at point A, the

total compliance of the two-stage lever mechanism at point
A can be expressed as

Ca=(Cat+Ca) (26)

Based on the compliance matrix theory, the displacement at
point A is
DAZCAXFA. (27)

https://doi.org/10.5194/ms-17-967-2026
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The displacement at point A is then transferred to point R,
yielding the displacement at point R as

B Axp +Iar (1 —cos (ABn))
Aya —IaR sin (AG4)
AN
1 0 0
=| 0 1 —=IarR |[Da. (28)
| 00

1

The force from the piezoelectric ceramic micro-actuator is
transferred to point A, yielding the force at point A as

Fpzry
Fa=| Fpzry
|l Fpzry + Mpzr: — [A1FPZTA
= 0 1 0 Frzry . 29)
| —lar lp 1 Mpzr;

Finally, by combining Egs. (27), (28), and (29), the displace-
ment at point R can be obtained as

AXR 1 0 0
Dg = AyR = 0 1 —iar
AGR 0 0 1
1 (U Fpz1x
x Cp x 0 1 0 Frzry . (30)
—lar hp 1 Mpzr;

3.3 Motion-stage constraint and input—rotation
relationship

For the ith branch, let the equivalent compliance matrix and
the generalized actuation-force transmission vector at point
A; be defined in the same global coordinate system. The
force transmission vector includes both the actuation direc-
tion and the orientation of the corresponding branch. The
generalized displacement of the rigid end effector at the nom-
inal rotation center O is defined as

uo
qg=| vo |, (3D
%

where the first two components are the translational displace-
ments of the end effector and 6 is its output rotation angle.

Because A; and R; are located on the same nominally rigid
member, their generalized displacements are related through
the rigid-body transformation:

DR, =Tar; Da,;, (32)
where
L 0 —yar;
TA;Ri = 0 1 XA;R; . (33)
0 0 1
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The equivalent compliance and stiffness matrices of the ith
branch at point R; are consequently obtained as

Cr, =TA;r,Ca, Tar, ", Kr, =Cr, " (34)

Let x; and y; denote the initial coordinates of point R; rela-
tive to O. Since R; is rigidly connected to the end effector, its
displacement must satisfy the rigid-body compatibility con-
dition:

Dg; = Gigq, (35
with
1 0 —Yi
G,’ = 0 1 Xi . (36)
0 0 1

Under the actuation force Fj, the free displacement of point
R; predicted by the original A-point compliance model is

d}, =Tar,CabiF;. (37)

Let p; denote the generalized reaction exerted by the rigid
end effector on the ith branch at R;. The actual displacement
of R; is then

Dy, =dy, +Cg,p;. (38)

Combining the branch compliance relation with the rigid-
body compatibility condition gives

p; = Kg, (qu - dgi) . (39)

For an unloaded end effector, the reactions at Ry and R,
must satisfy the overall force and moment equilibrium con-
dition:

2
> .G"p;=0. (40)
i=1

Substitution of the reaction forces yields the stage-
constrained equilibrium equation:

Kng = f, (41)

where
2 2

Km:ZGiTKR,-Givfm =ZGiTTA,»R,-7TbiFi. (42)
i=1 i=1

Therefore, the generalized motion of the rigid end effector
and its rotation angle are given by

g=Kn ' fn.0=es"q, (43)
where

0
eg=| 0 |. (44)
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For the centrosymmetric mechanism, the two branches are
subjected to the same actuation-force magnitude F. The vec-
tors by and b, are selected according to the actual opposite
actuation directions of the two branches. Define

2
h=Kn 'Y G/ Tor b (45)

i=1
The force-driven relationship can then be written as

g=hF,0=e; hF. (46)

The displacement constraint imposed by the PZT actua-
tor is further introduced. According to the principle of vir-
tual work, the input displacement of the ith branch, measured
along its own actuation direction, is
8 = biTDA,. = biTTAiRi_lqu. 47

Let the total PZT displacement denote the relative dis-
placement between the two ends of the actuator. Owing to the
centrosymmetric configuration and the identical input stiff-
nesses of the two branches, the two branch input displace-
ments have equal magnitudes and jointly form the total actu-
ator stroke:

SpzT

dpzr =981 +82,81 =6 = ——.

5 (48)

Substituting the force-driven relation above, the input
compliance of either branch under the end-effector constraint
is
C(C )

. =b] TR, 'Gih. (49)
For the centrosymmetric branches, the constrained input
compliances of the two branches are identical. The actuation
force corresponding to the prescribed total PZT displacement

is therefore

_ dpzr
2Ci,©°

(50)

Finally, substituting the PZT displacement constraint into
the stage-constrained force-driven model gives the direct re-
lationship between the total PZT displacement and the output
rotation angle:

eolh s
- ~SOPZT-
ZCin(C)

0 = (&2))

4 Dimension optimization

To minimize internal motion coupling within the compliant
mechanism and achieve near-pure rotational displacement
output (although the centrosymmetric architecture inherently
reduces motion coupling to some extent), it is necessary to

Mech. Sci., 17, 967-982, 2026
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Figure 10. Pareto front plot.

ensure minimal variation in the distance between point R and
the rotation center O before and after rotation. The Pareto
multi-objective optimization method, originally introduced
by Italian economist Vilfredo Pareto, addresses optimiza-
tion problems involving conflicting objectives. Thus, this ap-
proach is well-suited for optimizing the performance param-
eters of compliant mechanisms (Li et al., 2021).

As shown in Fig. 6, the distances between the two points
and the change in the two distances can be determined as
follows:

IO = loF + IR, (52)
Ior = \/ (—lor + AxR)? + (Ayr)?, (53)
8= |idx — lbe| - (54)

where lgR is the original distance without any input, l(l)R is
the distance with input, and § is the change in two distances.

The parameters of the dimensions were optimized us-
ing a multi-objective approach, with the dual objectives of
minimizing coupling and maximizing the rotational motion
range.

The optimization was implemented in MATLAB using the
gamultiobj solver. Since gamultiobj minimizes all objective
functions, the two objectives were formulated as follows:
J1(x) } _ [ —[Or(x)] }
P16 2 B N IC T
The population size was set to 300, the maximum number
of generations was set to 1000, and the Pareto fraction was
set to 0.1. The maximum number of stall generations and the
function tolerance were set to 500 and 1 x 10 =19 respec-
tively. The evolution of the Pareto front was monitored using
the gaplotpareto function. The remaining genetic operators,

rr;inF(x)=|: (55)
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Table 4. Design parameter ranges considered for optimization. L (length of the fixed-fixed hinge), b (width of the flexure hinge), ¢ (minimum
thickness of the hinge at the center), 2a (length of the leaf-type hinge), / (distance between points), « (included angle), r (radius of the circular
notch flexure hinge). Considering practical machining precision, the optimization results were rounded to one decimal place.

Parameter Ranges  Opt. value ‘ Parameter Ranges  Opt. value
L [5, 10] 9.8 mm r [1,2] 1.7 mm
b [6, 8] 6.3 mm I [20,25] 23.0mm
1 [1,2] 1.0 mm Igp [3, 5] 4.7 mm
ay [1, 3] 3.0mm 153 [1,2] 1.0 mm
IAF [1, 6] 1.8 mm ap [1, 1.5] 1.4 mm
IAR [10,15] 11.4mm loE [15,18] 17.8 mm
o [10,25] 17.7°
Table 5. The material properties of AL7075-T651. sl
Young Poisson’s Yield Density -
Property modulus (E) ratio (u)  strength (o) (p)
Parameter 71.7 GPa 0.33 503 MPa 2810kgm—3 B

including population initialization, selection, crossover, and
mutation, retained their MATLAB default settings. The opti-
mization was terminated when either the maximum number
of generations was reached or the change in the Pareto front
spread satisfied the prescribed stall-generation and function-
tolerance criteria.

After defining the optimization parameters and their
ranges, Pareto multi-objective optimization was employed to
obtain the Pareto frontier shown in Fig. 10. The resulting
non-dominated solutions describe the trade-off between ro-
tational output and rotation center offset. The final geometric
parameters were selected from the Pareto set by jointly con-
sidering a large output rotation, a small value of §, and satis-
faction of all geometric constraints. The selected parameters
are summarized in Table 4.

5 Finite element analysis

5.1 Finite element model and numerical settings

The finite element analysis was performed using COM-
SOL Multiphysics 6.0 with the Solid Mechanics interface. A
three-dimensional model of the compliant stage was estab-
lished using AL7075-T651, which was assumed to be homo-
geneous, isotropic, and linearly elastic. The model was dis-
cretized using free tetrahedral mesh elements with quadratic
displacement shape functions, and the flexure-hinge regions
were locally refined.

The mounting surfaces of the base were fully constrained,
while the bolts were not explicitly modeled and replaced by
fixed constraints at the mounting holes. The PZT actuator
was represented by prescribed displacements of +8pzt/2 and
—3pzT1/2 at the two input interfaces, respectively, so that each
centrosymmetric branch received one-half of the total actu-
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Figure 11. Stress distribution of the developed stage.

ator displacement. In the displacement-controlled finite ele-
ment analysis, the prescribed displacement of 28 um repre-
sents the actual relative displacement delivered between the
two actuator—stage interfaces, rather than the unloaded free
stroke of the PZT actuator. The end effector was modeled as
a rigid domain. A stationary study was performed using the
default solver settings, with geometric nonlinearity enabled.

5.2 Mesh convergence study

A mesh-convergence analysis was conducted to evaluate the
influence of mesh density on the finite element results. Since
the deformation of the proposed mechanism is mainly con-
centrated in the circular-notch and leaf-type flexure hinges,
the flexure regions were locally refined to accurately capture
their deformation characteristics. Four mesh levels available
in COMSOL, namely Normal, Fine, Finer, and Extra-fine
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meshes, were examined. The corresponding finite element
models contained 14 685, 37 664, 141989, and 325031 el-
ements, respectively.

The output rotation angle under the maximum prescribed
input displacement of 28 um was selected as the convergence
indicator. The output rotation angles obtained using the nor-
mal, fine, finer, and extra-fine meshes were 3.061, 3.098,
3.116, and 3.120 mrad, respectively. As the number of ele-
ments increased, the predicted output rotation angle gradu-
ally approached a stable value. Taking the extra-fine mesh re-
sult as the reference, the relative differences obtained using
the normal, fine, and finer meshes were 1.891 %, 0.705 %,
and 0.128 %, respectively.

The difference between the finer and extra-fine mesh re-
sults was only 0.128 %, indicating that further mesh refine-
ment had a negligible influence on the predicted rotational
output. Therefore, considering both computational accuracy
and computational cost, the finer mesh containing 141989
elements was adopted for the subsequent static and modal
analyses.

5.3 Static and dynamic performance evaluation

In this section, the proposed mechanism is evaluated using
finite element analysis. Compliant mechanisms achieve mo-
tion through the elastic deformation of their structure; as
such, their performance is heavily influenced by the mate-
rial properties. Aluminum alloy 7075-T651 is considered an
excellent candidate material for these applications due to its
favorable mechanical characteristics. The detailed material
properties are listed in Table 5.

First, a static analysis was conducted in COMSOL to eval-
uate the compliant mechanism’s output compliance, input
stiffness, factor of safety, rotational angle, and rotational ac-
curacy.

As shown in Fig. 11a, when a 1 N mm moment is applied
at point R around the rotation center O, the mechanism pro-
duces a rotational displacement of 15.91 x 1073 mrad. Ac-
cording to Coy = 0/M;, the output rotational compliance
of the device is calculated as 15.91 mrad(Nm)~!. Compared
with the output compliance obtained from the analytical
model in Sect. 3, the error is 9 %. The primary reasons for
this error include the neglect of certain displacements in the
x direction during modeling and the inherent accuracy limi-
tations of the compliance matrix modeling method.

As shown in Fig. 11b, when a pair of 10N forces in
opposite directions along the y axis are applied at the
micro-actuator, the maximum displacement at the input end
is 0.55 um. Therefore, based on the deformation principle
Kin = F/é, the input stiffness of the device is calculated
as 18.05Num~!. The adopted piezoelectric ceramic actua-
tor is a Core Tomorrow PST150/5 x5/20 with a stiffness of
KpzT = 60 N pum. Since K, < KpzT, the design meets the re-
quirement.
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Table 6. Rotational displacement performance. Retain three signif-
icant digits.

din Axr  AyR AbR 3
(um) (um)  (um)  (mrad) (pm)
1 0.00914  4.11 0.111  0.00937
4 0.0366 16.5 0.445 0.0403
7 0.0640  28.8 0.778 0.0752
10 0.0915 41.1 1.11 0.114
13 0.119 535 1.44 0.158
16 0.146  65.8 1.78 0.205
19 0.174  78.1 2.11 0.256
22 0.201 90.5 2.45 0.312
25 0.229 103 2.78 0.372
28 0.256 115 3.12 0.424

To evaluate the safety factor of the device, the maximum
displacement of 28 um was applied to the piezoelectric actu-
ator. As shown in Fig. 12, the maximum stress in the mech-
anism is 198 MPa, which is well below the material’s yield
strength of 503 MPa. This results in a high factor of safety of
ineld/amax =2.54.

To evaluate the rotational angle and accuracy of the pro-
posed mechanism, a parameter sweeping is implemented for
the input displacement, as summarized in Table 6. The re-
sults demonstrate that under a 28 um input displacement, the
maximum rotational angle reaches 3.12 mrad. The maximum
center offset is 0.424 um. This indicates that the designed
compliant mechanism exhibits excellent decoupling capabil-
ity for rotational motion. Furthermore, the input—output rela-
tionship depicted in Fig. 13 shows a highly linear correlation
between the output rotational displacement and the actuator
input displacement.

Based on the requirements of the intended precision po-
sitioning application and relevant studies, the target opera-
tional bandwidth of the compliant rotational stage was set to
50 Hz. To represent the actual assembled configuration more
accurately, both the end effector and the PZT actuator were
included in the modal model. The end effector was mod-
eled as a rigid domain with its actual mass, while the PZT
actuator was represented by an equivalent axial stiffness of
60N um~! together with its actual mass. During the eigen-
frequency analysis, the prescribed displacement conditions
used in the static analysis were deactivated, while the base
constraints were retained.

The first three natural frequencies of the assembled stage
were 572, 1006, and 1457 Hz, respectively, and the corre-
sponding mode shapes are shown in Fig. 14. Therefore, the
first structural resonance is approximately 11.44 times higher
than the target operational bandwidth, providing a sufficient
frequency-separation margin for precision positioning.

Following the validation of the rotational compliant mech-
anism, the end effector was integrated into the design. The
performance of the full assembly was then evaluated through
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Figure 12. Static structure. (a) The moment around the z axis. (b) Total deformation.
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Figure 13. Input-output relationship.

simulation. As illustrated in Fig. 15, the end effector exhibits
a uniform and symmetrical rotational motion, and its kine-
matic output shows close agreement with that of the compli-
ant stage, confirming effective motion transmission.

6 Comparative analysis with the baseline design

To quantitatively validate the effectiveness of the proposed
self-compensation mechanism, a comparative study is con-
ducted between the present design and the baseline two-
stage lever amplification mechanism without compensation
features (Cai et al., 2024). Both mechanisms are simulated
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under identical conditions (AL7075-T651, same mesh den-
sity, and boundary constraints) with an input displacement of
9 um. The results are summarized in Table 7.

As shown in Table 7, the proposed mechanism reduces the
center offset by 63.1 %, confirming the effectiveness of the
non-vertical connecting beam and double-ended fixed flex-
ure hinge in actively compensating for rotation center drift.
The parasitic displacements in the x and y directions are sup-
pressed by 75.1 % and 80.7 %. Meanwhile, the output rota-
tional angle increases by 27.0 % (from 0.795 to 1.010 mrad)
under the same input, demonstrating that accuracy improve-
ment is achieved without sacrificing motion range. These
quantitative results provide further numerical evidence that
the proposed self-compensation mechanism effectively sup-
presses the parasitic translational coupling inherent in the
baseline rotational compliant mechanism.

7 Conclusions

This study proposes a compact rotational compliant stage
with structural self-compensation for rotation center offset.
The stage adopts a centrosymmetric single-actuator config-
uration comprising two parallel branches, each consisting
of a two-stage lever amplification mechanism and an in-
put guidance mechanism. The combination of a non-vertical
inter-stage connecting beam and a double-ended fixed flex-
ure hinge produces a compensating displacement at the sec-
ondary lever, thereby reducing rotation center drift. The cen-
trally arranged PZT actuator and symmetric guidance mech-
anisms also enable balanced load transmission between the
two branches. A compliance-based analytical model was es-
tablished by considering the rigid end-effector constraint and
the displacement compatibility imposed by the PZT actuator.
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Figure 14. Modal analysis of the stage.
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Table 7. Quantitative comparison of rotational performance between the baseline and proposed designs under an input displacement of 9 um.
Note: the parasitic displacements in X and Y are defined as the residual translational deviations of the output point (point R in Fig. 6) from

an ideal pure circular trajectory.

Baseline design  Proposed
Performance metric (Cai et al., 2024) design  improvement
Center offset (um) 0.274 0.101 63.1%
Output angle (mrad) 0.795 1.01 27.0 %
Parasitic displacement in X (um) 0.255 0.0634 75.1 %
Parasitic displacement in Y (um) 1.92 0.370 80.7 %

mm
x1072

Figure 15. Total displacement distribution of the end effector under
a 28 um input displacement.

Pareto multi-objective optimization was subsequently per-
formed to balance the rotational output and the center-offset
indicator.

Under a prescribed relative input displacement of 28 um,
the optimized stage produces an output rotation of 3.12 mrad,
with a maximum rotation center offset of 0.424 um and a
maximum von Mises stress of 198 MPa. The first natural fre-
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quency of the assembled stage, including the end effector
and PZT actuator, is 572 Hz. With overall planar dimensions
of 51 mm x 78 mm, the proposed stage achieves a favor-
able balance among rotational range, rotation center stability,
structural compactness, and dynamic performance. A con-
trolled comparison with the baseline two-stage lever mecha-
nism further shows that the proposed configuration substan-
tially reduces the rotation center offset and parasitic transla-
tional motion while increasing the output rotation under iden-
tical simulation conditions. These results provide additional
numerical evidence for the effectiveness of the proposed self-
compensation mechanism.

It should be noted that the present conclusions are based
on analytical modeling and finite element simulations under
idealized material, geometric, loading, and boundary condi-
tions. Practical factors such as machining tolerances, assem-
bly errors, PZT hysteresis and creep, preload variation, and
off-axis actuation were not included in the current model.
Prototype fabrication and experimental characterization will
therefore be required to further evaluate the practical posi-
tioning accuracy and dynamic performance of the proposed
stage.

Beyond its technical contributions, the proposed self-
compensating compliant stage also carries broader signifi-
cance in the context of the United Nations Sustainable Devel-
opment Goals (SDGs). By enabling higher rotational preci-
sion and reduced parasitic motion within a compact, single-
actuator architecture, the design supports advances in pre-
cision manufacturing, semiconductor alignment, and optical
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and biomedical instrumentation, contributing to SDG 9 (In-
dustry, Innovation and Infrastructure).

Appendix A:

The compliance components of the notch flexure are as fol-
lows.

1 4 1
cll [Marctanxﬂs—i— 1 —n]

MU= 2Eb) | Vs +1
c2_ 3 s (357 4+ 657 + 1152+ 85 +2)
HL ™o FEp, (s+ 1) 2s+1)?
2(3s% —4s —2) (s + D’arctany/2s + 1
+ 573 +
(2s +1)%/
B _ R _ 353 | 6s(s + Darctany/2s + 1
AL 7 0 Eb i @2s+1y/2
352 4+4s5+2 }
(s +1)(2s + 1)?
3 _ 353 6s (s + 1)arctan/2s + 1
U™ 2Eb 2 (25 +1)52
352+ 4542 :|
(s+1)(2s + 1)?
cll — LZ3
H2 = 16 Ebyty3
33 _ 3L,
H2 4Ebyty3
2a;
Cll=—-(=3,45)
Hi Ebt;
32a
22 L
= (l = 37 47 5)
Hi™ Epy;3
24a
23 32
CHi = CH! == Ebill‘l'?’(l = 3747 5)
24a;
Ch = L (i=3,4,5
Hi Eb,’tl'3( )

Here, s =2r/t, r is the radius of the circular notch flexure
hinge, ¢ is the minimum thickness of the hinge at the center,
and E is the Young’s modulus of the material.
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