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Abstract. Effective vibration control and dynamic behavior management in the presence of parameter uncer-
tainties are critical for high-speed motorized spindles. Although traditional robust design optimization minimizes
dynamic response variability, it lacks explicit control over failure probabilities. To address these limitations, this
study utilizes data from 1000 experimental runs to drive a reliability-based robust optimization investigation.
Instead of assuming ideal distributions, uncertainties in bearing stiffness and damping are quantified using the
Multi-Innovation Stochastic Gradient (MISG) method. These empirically identified distributions are propagated
via Monte Carlo simulation and integrated with the Non-dominated Sorting Genetic Algorithm II (NSGA-II) to
analyze the trade-offs between vibration suppression and reliability across target failure probabilities of 1 %, 5 %,
and 10 %. The results indicate that tightening the target failure constraint from 5 % to 1 % yields diminishing re-
turns, necessitating a 7.0 % increase in preload for only a marginal gain in response robustness. Comprehensive
experimental validation across the spectrum of 1000–24 000 rpm confirms the full-range efficacy of the pro-
posed framework. Specifically, statistical validation via 20 independent physical replications at the rated speed
of 24 000 rpm demonstrates that the optimized design reduces the experimental mean peak vibration by 16.84 %
and the response standard deviation by 29.78 % while successfully curtailing the failure probability from 55.44 %
to 0.35 %. These findings demonstrate that integrating experimental identification with robust optimization im-
proves both dynamic performance and engineering reliability in spindle-bearing systems.

1 Introduction

High-speed motorized spindles are critical components in
precision manufacturing equipment such as CNC (Computer
Numerical Control) machine tools, directly determining ma-
chining quality, efficiency, and stability (Tai and Altintas,
2024). As industries demand higher speeds, power densi-
ties, and precision (Abele et al., 2010), spindle systems face
increasingly harsh operating conditions involving centrifu-
gal effects, thermo-mechanical coupling (Bossmanns and Tu,
1999; Li et al., 2024), and variable cutting loads (Li et al.,
2021). These factors introduce significant time-varying un-
certainties in bearing stiffness, damping, and other dynamic
parameters (Cao et al., 2019), making vibration control a crit-
ical technical bottleneck for precision machining. Analyz-
ing vibration signals under bearing-parameter uncertainties
is therefore essential for ensuring reliable high-speed opera-
tion (Chen et al., 2024; He et al., 2019).

Two main approaches exist for vibration suppression in
spindle systems: active control and structural optimization.
Active control methods utilize real-time actuators to counter-
act vibrations, such as magnetic bearings (Sun et al., 2011)
or piezoelectric actuators (Arias-Montiel et al., 2014). While
these methods can achieve excellent performance under ideal
conditions, they increase system complexity and cost signif-
icantly, and their effectiveness depends heavily on accurate
system models (Li et al., 2023). In contrast, structural opti-
mization improves inherent dynamic characteristics through
design parameters such as bearing preload, bearing span, and
rotor geometry, offering a passive approach that enhances
structural stiffness and damping with lower cost and higher
reliability. Given these advantages, structural optimization
has become the preferred approach in industrial applications.

Traditional structural optimization studies have predomi-
nantly operated under deterministic frameworks. Cao and Al-
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tintas (Cao and Altintas, 2007) developed a comprehensive
spindle–bearing model with deterministic bearing-stiffness
functions. Nevertheless, bearing stiffness, material proper-
ties, and geometric dimensions exhibit considerable variabil-
ity, typically ranging from±5 % to 10 %, attributable to man-
ufacturing tolerances, assembly errors, and dynamic operat-
ing conditions, including thermal expansion and speed fluc-
tuations. (Yang and Ni, 2003). Crucially, most existing stud-
ies rely on theoretical catalog data or empirical formulas to
estimate these parameters, neglecting the “epistemic uncer-
tainty” caused by the discrepancy between theoretical mod-
els and the actual physical system. Under these uncertain-
ties, deterministic designs may perform well nominally but
suffer from large performance fluctuations or failures when
parameters deviate from assumed values. Consequently, the
adoption of robust design optimization (RDO) has become
imperative. This approach targets designs that maintain sta-
ble performance despite parameter uncertainties (Beyer and
Sendhoff, 2007).

To address parameter uncertainties, RDO frameworks
minimize both mean response and variance. Gao et al. (Gao
et al., 2008) achieved 22 % variance reduction in a spindle–
bearing system. However, mean–variance RDO does not ex-
plicitly control the probability of exceeding critical thresh-
olds (Park et al., 2006), which is a limitation critical for
safety applications. In safety-critical applications, the pri-
mary concern is often not the average performance or even its
variability but rather the tail behavior, the probability that vi-
bration amplitude exceeds a threshold causing bearing dam-
age, surface-finish degradation, or catastrophic failure. Stan-
dard mean–variance optimization provides no direct guaran-
tee that such failures will be rare, as minimizing variance
does not necessarily minimize the probability of exceeding
the critical vibration threshold.

To directly address reliability concerns, reliability-based
design optimization (RBDO) was introduced, explicitly in-
corporating probabilistic failure constraints into the opti-
mization formulation. Youn et al. (Youn et al., 2005) pro-
posed the Enriched Performance Measure Approach for ef-
ficient reliability estimation in RBDO, while Mohsine and
El Hami (Mohsine and El Hami, 2010) applied RBDO to
eigenfrequency constraints in mechanical systems. These
constraint-based RBDO methods successfully guarantee a
minimum reliability level. However, treating reliability as a
hard constraint rather than an optimization objective intro-
duces three significant drawbacks. First, the target failure
probability must be specified a priori, risking either infeasi-
ble designs (overly conservative targets) or inadequate safety
margins (lenient targets). Second, constraint-based RBDO
provides only a single design satisfying the prescribed re-
liability level, without revealing trade-offs between average
performance, variability, and reliability (Marler and Arora,
2004; Tu et al., 1999). Third, traditional RBDO studies (Du
and Chen, 2004) evaluate reliability constraints using first-
order (FORM) or second-order (SORM) reliability meth-

ods. In the context of high-speed spindle measurement and
design, these approaches encounter two critical limitations.
First, they assume known probability distributions. How-
ever, actual bearing-stiffness distributions under thermal-
centrifugal coupling are unknown a priori and cannot be ac-
curately described by standard catalog values. Relying on
incorrect distributional assumptions leads to substantial er-
rors in reliability estimates. Second, FORM approximates
the limit state function using linearization at the most proba-
ble point (MPP). For nonlinear bearing–rotor dynamics with
Hertzian contact, linearization errors can exceed 20 %–30 %
(Zhao and Ono, 1999), rendering the reliability assessment
inaccurate.

Recent advances have addressed uncertainty quantification
in mechanical systems using polynomial chaos expansion
(Habashneh et al., 2024; Wan et al., 2020), interval anal-
ysis (Jin et al., 2024), and data-driven degradation assess-
ment (Wang et al., 2016). However, these approaches either
(1) fix reliability thresholds a priori without exploring para-
metric trade-offs, (2) rely on surrogate models (PCE, Krig-
ing) that may lose accuracy in highly nonlinear bearing dy-
namics (Dubourg et al., 2013), or (3) adopt single-objective
formulations that do not capture Pareto trade-offs between
nominal performance and robustness.

Building upon these foundations, this study advances
the state of the art by introducing a measurement-driven
parametric reliability-constrained framework. Unlike previ-
ous works that assume theoretical uncertainty bounds, this
study integrates rigorous experimental parameter identifica-
tion (phase 1) directly with reliability-based robust optimiza-
tion (phase 2). The framework minimizes the mean peak vi-
bration amplitude and its standard deviation, subject to para-
metric reliability constraints that bound the failure probabil-
ity below a prescribed target level. Instead of solving for
a single design, this study generates three distinct Pareto
fronts, one for each reliability threshold, revealing the trade-
off surface between performance, robustness, and reliability
margin. To mitigate linearization errors, Monte Carlo sim-
ulation is adopted to directly estimate failure probabilities.
Furthermore, bearing-parameter uncertainties are quantified
from 1000 experimental identification runs using the Multi-
Innovation Stochastic Gradient (MISG) algorithm (Ding and
Chen, 2007), ensuring that the probabilistic model accurately
captures actual system behavior.

The main contributions of this study are summarized as
follows:

First, a rigorous approach to experimental parameter iden-
tification and uncertainty quantification is established to
bridge the gap between theoretical assumptions and physi-
cal reality. By utilizing data from 1000 experimental runs,
this study quantifies bearing-parameter uncertainties and em-
ploys the MISG method to identify stiffness and damping co-
efficients from measured frequency response functions. The
normality of these parameters is subsequently validated via
the Shapiro–Wilk test, ensuring that the optimization frame-
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work is built upon empirical data rather than idealized theo-
retical assumptions.

Second, this study provides a quantitative analysis of
reliability–performance trade-offs. Rather than fixing a static
reliability threshold a priori, the investigation explores three
distinct constraint levels corresponding to target failure prob-
abilities of 1 %, 5 %, and 10 % to generate a family of Pareto
fronts. The resulting parametric analysis reveals the marginal
cost of safety. Specifically, tightening the allowable failure
probability constraint from 5 % to 1 % yields diminishing re-
turns, necessitating a 7.0 % increase in preload for only a
minimal reduction in vibration. This quantitative insight al-
lows engineers to explicitly trade off safety margins against
bearing life.

Third, a comprehensive experimental validation and full-
range robustness defense are demonstrated. The proposed
optimization scheme is verified on a high-speed motorized
spindle test rig across a wide operational spectrum from 1000
to 24 000 rpm to ensure full-range efficacy. For the optimal
design derived under the 5 % target failure probability con-
straint, experimental results at the rated speed demonstrate
a remarkable 158-fold reduction in mean failure risk, com-
pressing the failure probability from 55.44 % to 0.35 %. Con-
currently, the optimized configuration yields a 16.84 % re-
duction in the mean peak vibration amplitude and a 29.78 %
reduction in the response standard deviation. All observed
improvements demonstrate an exceptionally high level of
statistical significance when evaluated via a paired-sample
t test, confirming the exceptional capability of the methodol-
ogy in suppressing both vibration magnitudes and statistical
dispersions.

2 Data-driven, reliability-based robust design
optimization framework

To systematically address the coupled reliability and robust-
ness challenges in high-speed motorized spindle systems,
this chapter establishes an integrated, data-driven, reliability-
based robust design optimization framework structured into
three interconnected phases. The first phase focuses on ex-
perimental parameter identification, which quantifies the
non-ideal uncertainties of bearing stiffness and damping by
leveraging a multi-innovation stochastic gradient algorithm.
The second phase develops the mathematical formulation of
the reliability-based robust design optimization, integrating
the identified empirical distributions into a bi-objective op-
timization workflow that employs Monte Carlo simulations
and the non-dominated sorting genetic algorithm II to re-
solve the trade-offs between deterministic vibration suppres-
sion and stochastic failure risks. Finally, the third phase gov-
erns experimental verification, involving the physical fabri-
cation and full-spectrum operational testing of the optimized
design to validate the predicted performance enhancements
against a nominal baseline.

Table 1. Physical parameters of the motorized spindle system.

Parameter Symbol Value Unit

Rotor density ρ 7850 kgm−3

Elastic modulus E 2.1× 1011 Pa
Poisson’s ratio ν 0.3 –
Front bearing (7014) – 70× 110× 20 mm
Rear bearing (7010) – 50× 80× 16 mm
Nominal contact angle α0 15 (Front)/ degree

25 (Rear)
Total rotor mass Mrotor 4.25 kg

2.1 Dynamic modeling of the spindle-bearing system

2.1.1 Spindle-bearing finite-element model

The motorized spindle rotor is modeled as a Timoshenko
beam (Cao and Altintas, 2004) to capture shear deformation
and rotary inertia effects at high speeds. The governing equa-
tion of motion is as follows (Wu and Ma, 2026):

Mq̈ + (Cs+Cb(θ ))q̇ + (K+Kb(θ ))q −� ·Gq̇ = Fu(t), (1)

where Fu(t) represents the unbalanced force, defined as
Fu(t)=meω2

·[cos(ωt),sin(ωt),0, . . .]T. q is the generalized
displacement vector. M, K, and G represent mass, struc-
tural stiffness, and gyroscopic matrices of the rotor; Cs
and Cb are structural and bearing damping matrices; and
Kb is the bearing-stiffness matrix. The uncertain parame-
ter vector θ comprises the bearing-stiffness coefficients: θ =
[kf
yy,k

f
zz,k

r
yy , and kr

zz]
T, where the superscripts f and r de-

note the front and rear positions, while the subscripts y and
z represent the radial coordinate directions. Due to the ax-
isymmetric geometry of the angular contact ball bearings,
experimental identification reveals isotropic radial behavior
such that kf

yy = k
f
zz = k

f and kr
yy = k

r
zz = k

r. This directional
deviation remains below 0.01 %, a trend confirmed by the
manufacturer specifications and measurement data compiled
in Table 1. This reduces the effective independent parameter
count to two, yielding the simplified vector θ = [kf,kr

]
T. The

bearing damping coefficients are not modeled as independent
uncertain variables; instead, they are derived directly from
the identified stiffness components via a calibrated propor-
tionality relationship:

Cj = η ·Kj , (2)

where the proportionality constant is established as η = 4×
10−6 s. The coefficient is calibrated from experimental modal
testing and manufacturer data to represent the combined ef-
fects of Hertzian contact damping and lubricant viscous dis-
sipation. Consequently, the bearing damping uncertainty is
fully governed by the stiffness uncertainty through this lin-
ear relationship, introducing no additional degrees of free-
dom into the probabilistic model.
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Although cross-coupling stiffness terms are identified ex-
perimentally, they are treated as deterministically based on
a preliminary sensitivity analysis. This decision is based on
a preliminary sensitivity analysis. The results indicate that
the variance of these cross-coupling terms contributes less
than 3 % to the total output uncertainty of the system. Con-
sequently, the stochastic characterization focuses exclusively
on the main diagonal stiffness parameters. The rotor struc-
ture is discretized intoNe uniform beam elements. Each node
possesses 4 degrees of freedom, specifically comprising two
lateral displacements and two rotational displacements. The
element matrices are formulated using cubic Hermite shape
functions and are subsequently assembled via standard finite-
element procedures.

Bearings provide localized support at the front and rear
boundaries, modeled as discrete spring-damper elements:

Kb(θ )=
∑

kdir
j (θ ) ·

[
δij ,δ

T
ij

]
,

Cb(θ )=
∑

Cdir
j (θ ) ·

[
δij ,δ

T
ij

]
, (3)

where δij is the indicator vector that has unity at bearing-
node degrees of freedom (DOFs) and is zero elsewhere, and
the parameters kdir

j and Cdir
j are the stiffness and damping

coefficients. Initial baseline estimates of the bearing stiffness
kdir
j (ω) as a function of rotational speed were obtained from

the manufacturer’s technical catalog for the specified bearing
configurations. These include the front-bearing model 7014
featuring a 70 mm bore and a 40° nominal contact angle and
the rear-bearing model 7010 featuring a 50 mm bore and a
25° nominal contact angle, both evaluated under a nominal
preload.

The catalog datasets exhibit distinct speed-dependent
degradation trends caused by centrifugal forces and gyro-
scopic moments at elevated speeds. Specifically, the front
bearing exhibits an approximate 60 %–70 % stiffness reduc-
tion from standstill up to the maximum rated speed, whereas
the rear bearing undergoes a 30 %–40 % reduction, which
is highly consistent with established empirical findings for
high-speed angular contact ball bearings.

However, these manufacturer catalog values reflect
highly idealized operating conditions and neglect critical
installation-specific factors. These uncertainties include ther-
mal expansion mismatches between the housing and the
shaft, assembly tolerances spanning the standard range for
IT7 grade fits, preload variations induced by differential
thermal growth, and deviations in lubrication conditions. To
ground the baseline model in physical reality, the tracking
proportionality constant η defined in the governing equa-
tions is precisely calibrated here via modal hammer testing
on the stationary spindle assembly, executed across five dis-
tinct impact locations with 20 averages computed per loca-
tion. This rigorous experimental calibration ensures that the
speed-dependent bearing-damping matrices properly inherit
the installation-specific constraints prior to the optimization
phase.

Consequently, the structural damping matrix Cs accounts
for internal material hysteresis and aerodynamic resistance
losses and is modeled via the classical

Cs = αRM+βRK. (4)

The tracking coefficients are calibrated as αR = 3.5 rads−1

and β = 2.1× 10−6 s through modal hammer testing on the
stationary spindle assembly.

2.1.2 Parameter identification via MISG and
probabilistic characterization

The optimization algorithm requires initial guesses and
bounds for the parameter vector θ . Initial stiffness values
kdir
j are set to the manufacturer-provided data at each test

speed. To account for modeling uncertainty and installa-
tion tolerances, parameter bounds are established as follows:
kdir
j ∈ [0.5kmfg,1.5kmfg], cdir

j ∈ [0.5cinit,2.0cinit], where kmfg
denotes the nominal manufacturer catalog data, and the ini-
tial damping baseline is defined via the coupling relationship.

Although the bearing damping matrix is theoretically char-
acterized by proportional relationships, an analytical deter-
mination of the exact coefficients remains imprecise due to
complex, velocity-dependent tribological conditions within
the bearing raceways. To accurately capture the speed-
dependent dynamics of the bearing system and to bypass
idealized assumptions, a data-driven identification approach
utilizing the MISG algorithm (Xing et al., 2026) is imple-
mented. This recursive methodology simultaneously esti-
mates the complete set of eight dynamic parameters from the
experimentally acquired vibration profiles.

For parameter identification, the continuous-time system-
governing equations of the spindle system are discretized us-
ing a uniform sampling interval of 1t = 0.1 ms, yielding the
discrete-time linear regression form:

y(k)= ϕT(k)θ + e(k), (5)

where k denotes the discrete time index, y(k) is the mea-
sured vibration output, θ is the vector of bearing parameters,
e(k) is measurement noise, and ϕ(k) is the information vec-
tor constructed from measured displacements and velocities
at bearing nodes.

The MISG algorithm accelerates convergence by utilizing
innovations from p consecutive time steps. The stacked in-
formation matrix is

8p(k)= [ϕ(k),ϕ(k− 1), . . .,ϕ(k−p+ 1)]T. (6)

And the innovation vector is
Ip(k)=[

y(k)−ϕT(k)θ̂k, . . .,y(k−p+ 1)−ϕT(k−p+ 1)θ̂k
]T
. (7)

Then, the dimensionally synchronized recursive parameter
update rule is formulated as follows:

θk+1 = θk +
µk8p(k)Ip(k)
r(k)+‖8p(k)‖2

, (8)
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where µk denotes the positive learning rate adjusting the gra-
dient step size, and r(k) is a time-varying scaling factor en-
suring numerical stability.

It is acknowledged that the MISG algorithm assumes a lin-
ear time-invariant system representation, which holds when
bearing contact forces remain within the Hertzian elastic
regime and preload dominates the stiffness response. For the
angular contact ball bearings adopted in this study, this con-
dition is verified across the operating range by the manufac-
turer’s speed-dependent stiffness data, which exhibit smooth
monotonic stiffness reduction without abrupt nonlinear tran-
sitions (Bal and Karaçay, 2025).

Regarding uncertainty attribution, two distinct sources co-
exist in the identification output: inherent parametric scat-
ter from manufacturing tolerances and thermal variation and
algorithmic identification error intrinsic to the MISG proce-
dure. To assess their relative contributions, a sensitivity study
was conducted in which the identified parameters were per-
turbed by ±5 %, and the resulting change in peak vibration
amplitude was evaluated. The identification error component
accounts for less than 3 % of the total output variance, con-
firming that the dominant source of uncertainty is physical
rather than algorithmic and supporting the validity of using
the MISG-identified parameters as stochastic inputs into the
subsequent reliability analysis. Extension of this framework
to strongly nonlinear systems or coupled multi-shaft config-
urations represents a direction for future investigation.

To explicitly quantify the influence of parametric uncer-
tainties on the spindle dynamic response, the identified bear-
ing parameters are modeled as stochastic variables rather
than deterministic constants (Zhu and Liu, 2020). Let θ ∈
Rnp denote the random parameter vector comprising the ef-
fective radial stiffness coefficients of the front and rear bear-
ings.

Drawing upon statistical theory (Qiao et al., 2025), the
joint probability distribution of the uncertain parameters is
modeled as a multivariate normal distribution. The probabil-
ity density function, denoted as f (θ ), is defined as follows:

f (θ )=
1

√
(2π )np |6θ |

× exp
(
−

1
2

(θ −µθ )T6−1
θ (θ −µθ )

)
, (9)

where np = 4 is the dimension of the parameter. µθ = E[θ ]
represents the mean vector of the identified parameters.6θ =
E[(θ −µθ )(θ −µθ )T

] is the symmetric, positive-definite co-
variance matrix capturing both the variance of individual pa-
rameters and the intercorrelations.

2.2 Reliability-based robust design optimization
formulation

2.2.1 Bi-objective formulation with parametric reliability
constraints

The robust design task is cast as a nonlinear constrained opti-
mization problem under uncertainty (Quintana and Ciurana,
2011). Let x = [x1, . . .,xnd ]

T denote the vector of determin-
istic design variables, and let θ ∈ Rnp be the random vector
representing the identified bearing stiffness and damping pa-
rameters. The peak vibration amplitude at the tool tip is de-
noted by y(x,θ ). The optimization aims to simultaneously
minimize the mean vibration level performance and its vari-
ability robustness, subject to a probabilistic constraint on the
failure risk. The mathematical formulation of this reliability-
based robust design optimization (RBRDO) framework is de-
fined as follows:

find
x

x ∈�

minimize F(x)= [µy(x),σy(x)]T

subject to Pf(x)= P (y(x,θ )> δlim)≤ Ptarget
gdet(x)≤ 0
xL
i ≤ xi ≤ x

U
i , i = 1, . . .,nd

, (10)

whereµy(x)= E[y(x,θ )] is the expected peak vibration am-

plitude, and σy(x)=
√
E[(y(x,θ )−µy)2] is the standard de-

viation. Pf(x) represents the failure probability, defined as
the likelihood that the response exceeds the critical thresh-
old δlim. Ptarget signifies the user-defined maximum allowable
failure probability threshold. In this study, the discrete levels
Ptarget ∈ {1%,5%,10%} are investigated to map the explicit
trade-offs between manufacturing safety margins and perfor-
mance costs.

The critical vibration threshold is set to δlim = 195 µm.
This boundary condition is calibrated from empirical sur-
face roughness requirements in precision milling operations,
where tool tip displacement amplitudes exceeding this limit
induce severe surface finish degradation (Ra> 3.2 µm) and
reduced tool life in aerospace component manufacturing
(Ahmadian and Pezeshk, 2014).

The design vector x comprises three physically indepen-
dent parameters, each governing a structurally distinct con-
tribution to the system stiffness matrix: the front-bearing
preload (Ff), the bearing span (Lspan), and the rotor span di-
ameter (Dspan).

The front-bearing preload directly controls the local ra-
dial stiffness at the front support, which dominates the tool-
tip dynamic response and the suppression of cutting-induced
vibration; it is therefore treated as the primary, highest-
sensitivity design variable. The bearing span governs the
lever-arm relationship between rotor tilting and bearing-
node displacement, thereby influencing the first-order natu-
ral frequency and the effective bending stiffness of the rotor-
bearing assembly (Wang et al., 2011). The shaft diameter in-
dependently determines the bending and torsional stiffness of
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Table 2. Design variables, physical definitions, and optimization
bounds.

Variable Unit Lower bound Upper bound
(xL) (xU)

Front Preload N 1000 3000
Bearing Span mm 80 150
Rotor Span Diameter mm 50 80

the rotor, governing the rotor’s intrinsic flexural deformation
and the associated critical speed, irrespective of the bearing
support conditions.

These three variables enter the system stiffness matrix
through structurally separate terms–bearing–contact stiff-
ness, bearing-position lever arms, and shaft section stiffness,
respectively, with no algebraic interdependence among their
governing equations. This weak coupling renders the result-
ing Pareto front more interpretable, as each objective im-
provement can be attributed to a physically distinct mecha-
nism rather than a confounded combination of variables. The
physical bounds are listed in Table 2. Additionally, the de-
terministic constraint vector gdet(x) enforces structural in-
tegrity and resonance avoidance:

gdet(x)=
[
σvM(x)
σyield

− 1, 1−
ωn1(x)

1.2×�max

]T

≤ 0, (11)

where σvM is the maximum von Mises stress (σyield =

930 MPA), and ωn1 is the first natural frequency, ensuring
a 20 % safety margin above the maximum speed.

2.2.2 Monte-Carlo-based uncertainty propagation

To evaluate the objective functions and the probabilistic con-
straints without introducing linearization errors (typical of
FORM/SORM methods), a direct Monte Carlo simulation
(MCS) (Leonenko and Podlubny, 2022) approach is embed-
ded within the optimization loop.

For each candidate design x generated by the optimizer,
the statistical estimators are computed using Nmc indepen-
dent random samples {θk}

Nmc
k=1 drawn from the multivariate

normal distribution f (θ ) identified in Sect. 2.1. The estima-
tors are given by the following:

µ̂y(x)=
1
Nmc

Nmc∑
k=1

y(x,θk), (12)

σ̂y(x)=

√√√√ 1
Nmc− 1

Nmc∑
k=1

(
y(x,θk)− µ̂y(x)

)2
, (13)

P̂f(x)=
1
Nmc

Nmc∑
k=1

I�F (y(x,θk)), (14)

Where I�F (·) is the indicator function, which equals 1 if
y(x,θk)> δlimy and 0 otherwise.

To determine the necessary sample size Nmc, a pre-
analysis convergence study was conducted. The criterion was
set to maintain the relative standard error (RSE) of the fail-
ure probability estimator below 30 % for the lowest target
probability (Pf = 1%), which is sufficient to distinguish be-
tween feasible and infeasible designs in stochastic optimiza-
tion. Based on this criterion, the sample size is fixed at
Nmc = 1000 for all optimization runs. This ensures that the
coefficient of variation for the mean and standard deviation
estimators remains well below 5 %.

2.2.3 NSGA-II solution procedure

The bi-objective optimization problem is solved using the
Non-dominated Sorting Genetic Algorithm II (NSGA-II)
(Deb et al., 2002), chosen for its efficiency in handling con-
flicting objectives and nonlinear constraints. The solution
procedure involves the following steps:

1. Initialization. An initial population of size Npop is gen-
erated via Latin hypercube sampling within the bounds
defined in Table 2.

2. Evaluation. For every individual, the MCS module
computes the objectives (µ̂y, σ̂y) and the constraint (P̂f).

3. Constraint handling. A rigorous penalty mechanism is
applied. Designs violating the deterministic constraints
or the reliability constraint (P̂f > Ptarget) are assigned a
penalized rank, ensuring that they are dominated by fea-
sible solutions.

4. Selection and evolution. The population undergoes non-
dominated sorting and crowding distance calculation.
Offspring are generated using binary tournament selec-
tion, simulated binary crossover (SBC), and polynomial
mutation.

5. Elitism. A new population is formed by merging par-
ents and offspring and selecting the best Npop individu-
als based on rank and crowding distance.

The algorithmic hyper-parameters are configured as fol-
lows: population size Npop = 100, maximum generations
Ngen = 200, crossover probability pc = 0.9, and mutation
probability pm = 0.25. Independent optimization runs are
performed for each reliability constraint level as Ptarget =

1%,5%,10% to generate distinct Pareto fronts.
The total computational demand of the RBRDO frame-

work processes approximately 20 million surrogate model
calls per optimization run, enabled by a Kriging meta-
model constructed from 200 design-of-experiment samples.
All optimization runs were performed on a laptop computer
equipped with an Intel Core i7 processor and 16 GB of
RAM. The total wall-clock time per complete RBRDO run
is approximately 1.2 h for all three reliability constraint lev-
els combined, confirming the practical feasibility of the pro-
posed framework for industrial spindle design workflows.
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3 Experimental parameter identification and
validation

This section rigorously validates the proposed data-driven
identification framework to establish a high-fidelity founda-
tion for the subsequent reliability-based robust design opti-
mization. The validation proceeds in three stages. First, the
numerical convergence and tracking stability of the MISG
algorithm are verified using synthetic datasets. Second, sys-
tematic experimental data acquisition is performed on a
high-speed motorized spindle test rig to quantify bearing-
parameter uncertainties across the operational spectrum. Fi-
nally, the identified joint probability distributions are val-
idated both statistically and physically against indepen-
dent modal tests, ensuring that the downstream optimization
framework is driven by empirical physical reality rather than
idealized theoretical assumptions.

3.1 Numerical verification of the identification algorithm

Prior to processing experimental data, the convergence char-
acteristics and noise robustness of the MISG algorithm were
evaluated via numerical simulation. This evaluation estab-
lishes a controlled environment where true parameter values
are known a priori, thereby enabling a direct quantitative as-
sessment of the identification accuracy.

Synthetic vibration data were generated using the finite-
element model described in Sect. 2. The system equations of
motion were integrated using the fourth-order Runge–Kutta
method (Ding et al., 2010; El-Mikkawy and Rahmo, 2003)
with a time step dt = 0.0001 s at a representative operating
speed of 10 000 rpm. The reference radial stiffness was ini-
tialized at its nominal state k0 = 2.5× 108 Nm−1, and the
corresponding damping matrix was derived via the propor-
tional relationship. To simulate realistic industrial measure-
ment conditions, uncorrelated Gaussian white noise with a
standard deviation was added to the displacement responses
(He et al., 2025), matching the technical specifications of the
eddy current sensors deployed in the physical experimental
rig.

A Monte Carlo simulation with 1000 independent trials
was conducted to evaluate the algorithm’s performance. As
illustrated in Fig. 1, the MISG algorithm with an innovation
length of 3 exhibits superior convergence properties com-
pared to the standard stochastic gradient (SG) method.

Quantitative analysis confirms that the MISG algorithm
reduces convergence iterations from 606 to 75, yielding a
8.1× speedup and an 87.6 % reduction compared to the stan-
dard SG method. The MISG approach also decreases the fi-
nal normalized root-mean-square error by 15 % with mini-
mal steady-state tracking fluctuations. Despite an 18 % in-
crease in per-iteration cost, the accelerated convergence re-
duces total computation time by 28 %. The results confirm
that the algorithm is sufficiently robust in relation to mea-

surement noise and computationally efficient for processing
large-scale experimental datasets.

3.2 Experimental data acquisition and speed-dependent
characteristics

Following numerical verification, a systematic experimental
campaign was conducted on a high-speed motorized spindle
test rig to capture the true physical variability of the bearing
parameters in Fig. 2.

The spindle speed spectrum from 1000 to 24 000 rpm was
discretized into 50 uniformly distributed speed points. At
each speed point, the spindle was operated under steady-
state thermal conditions, and vibration data were acquired
using high-precision eddy current sensors sampled at a fre-
quency of 10 kHz. To explicitly quantify the parameter un-
certainty, the identification process was repeated 20 times at
each speed, resulting in a total dataset of 1000 identified pa-
rameter vectors.

The identification results reveal a distinct nonlinear degra-
dation of bearing stiffness with increasing rotational speed,
attributed to centrifugal softening and gyroscopic dilation ef-
fects. As summarized in Table 3, the radial stiffness of the
front bearing decreases by approximately 25.2 % as the speed
increases.

The full-range tracking trajectories and the statistical dis-
persion intervals are visually illuminated in Fig. 3.

The shaded regions in Fig. 3 represent the ±2σ uncer-
tainty bounds derived from the experimental repetitions. No-
tably, the identified stiffness values exhibit minor yet dis-
tinct deviations of approximately 1.5 % to 3.0 % from the
numerical baseline model. These discrepancies are attributed
to installation-specific factors, such as the thermal expansion
mismatch between the steel shaft and the aluminum housing
and manufacturing tolerances in the bearing seats. This close
yet imperfect agreement highlights the high fidelity of the
proposed MISG identification process. It confirms the neces-
sity of using experimentally identified parameters rather than
idealized theoretical catalog values to achieve a high-fidelity
robust design optimization.

3.3 Statistical properties and normality validation

To justify the use of multivariate normal (MVN) distributions
in the uncertainty propagation model (Sect. 2), the identi-
fied parameters were subjected to rigorous statistical testing.
While physical parameters such as stiffness are strictly pos-
itive, the coefficient of variation for all identified parameters
was found to be low, ranging from approximately 6.0 % to
6.4 %. Consequently, the probability of sampling negative
values from a fitted normal distribution is negligible, ren-
dering the Gaussian assumption physically permissible. Nor-
mality was validated using the Shapiro–Wilk test, which is
sensitive to deviations in the distribution tails. The test re-
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Figure 1. Convergence performance comparison between MISG and standard SG algorithms showing the reduction in iteration steps and
steady-state error.

Figure 2. Experimental setup of the high-speed motorized spindle system.

sults for the main diagonal stiffness parameters are presented
in Table 4.

Three of the four diagonal stiffness parameters yielded p
values well above the 0.05 threshold, ranging from 0.420 to
0.829, confirming normality. The front-bearing radial stiff-
ness exhibited a marginal departure with a p value of 0.025.
However, given the large sample size of 1000, the Shapiro–
Wilk test is highly sensitive to minor deviations in the dis-
tribution tails, and the practical impact on the Monte Carlo

uncertainty propagation remains negligible. To further visu-
alize the goodness of fit, quantile–quantile (Q–Q) plots were
generated.

As shown in Fig. 4, the data points align closely with
the theoretical dashed red line, with coefficients of deter-
mination R2 > 0.99 for all parameters. This linearity es-
tablishes a rigorous statistical foundation for the subse-
quent data-driven reliability-based robust design optimiza-
tion (RBRDO) framework.
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Table 3. Identified bearing stiffness and damping parameters at representative operating speeds.

Speed (rpm) kyy,f (×108 Nm−1) kyy,r (×108 Nm−1) cyy,f (Nsm−1) cyy,r (Nsm−1) ζf (%) ζr (%)

1000 3.183 2.764 1273 1106 2.42 2.44
5000 3.125 2.716 1250 1086 2.42 2.44
10 000 2.985 2.638 1194 1055 2.43 2.43
15 000 2.856 2.514 1142 1006 2.42 2.43
20 000 2.712 2.382 1085 953 2.42 2.42

Figure 3. Speed-dependent stiffness reduction trends with ±2σ uncertainty bands derived from experimental data.

Table 4. Normality validation results for main diagonal bearing
stiffness parameters.

Parameter Mean SD Shapiro– p value
Wilk W

kyy,f (MNm−1) 308.51 18.65 0.9965 0.025
kzz,f (MNm−1) 308.51 18.98 0.9983 0.420
kyy,r (MNm−1) 271.48 17.41 0.9984 0.478
kzz,r (MNm−1) 271.48 16.98 0.9989 0.829

Furthermore, regarding the system’s energy dissipation
mechanisms, the operational damping is proportionally cou-
pled with the identified radial stiffness rather than being mod-
eled as an independent stochastic variable. To maintain phys-
ical consistency, the nominal damping ratios for the front and
rear bearings are configured as 0.032 and 0.028, respectively.
These values closely align with the baseline results from in-
dependent stationary impact modal tests (averaging 0.029)
and fall strictly within the authoritative empirical range of
0.02–0.05 established in rotor dynamics literature (Cao and
Altintas, 2004). Consequently, the system uncertainty is fun-
damentally governed by the four primary radial stiffness

parameters, successfully eliminating parameter redundancy
while preserving high modeling fidelity.

4 Reliability-based optimization results and
discussion

4.1 Parametric Pareto analysis and trade-offs

The bi-objective optimization framework was executed
across three distinct target failure probabilities: Ptarget ∈

{1%,5%,10%}. For each discrete risk threshold, the NSGA-
II algorithm generated a Pareto optimal front in the mean–
standard deviation µy−σy space, quantifying the conflict be-
tween nominal vibration performance and robustness under
parameter uncertainties.

A clear monotonic trend governs the topological evolution
of the frontiers displayed in Fig. 5. Enforcing a more strin-
gent target failure probability constraint severely restricts the
available feasible design space, causing the Pareto fronts to
shift toward regions characterized by an increased expected
mean vibration but a suppressed statistical dispersion. Un-
like traditional unconstrained or single-objective optimiza-
tion scenarios where stricter constraints uniformly degrade
the entire design point, the reliability-based robust design
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Figure 4. Q–Q plots of the identified bearing parameters comparing sample quantiles against theoretical normal quantiles.

optimization formulation reveals a highly non-trivial phys-
ical mechanism. To guarantee a higher safety margin against
identified bearing uncertainties, the optimization trajectory
is compelled to sacrifice a portion of its deterministic per-
formance to squeeze the distribution tails of the dynamic re-
sponse. This phenomenon is quantitatively demonstrated by
the transition from a 10 % to 1 % target failure probability,
which yields a substantial 4.27 µm reduction in the response
standard deviation at the cost of a 2.23 µm inflation in the
expected peak vibration amplitude. This performance redis-
tribution reflects the mechanical trade-off inherent in high-
speed rotor assemblies, where ensuring reliability under un-
certainty demands a targeted stiffening strategy.

To facilitate practical engineering decision-making and
to isolate specific manufacturing configurations, a repre-
sentative optimal compromise solution was selected from
each Pareto front using the achievement scalarizing function
(ASF) method configured with equal objective weight allo-
cations w1 = w2 = 0.5. This mathematical approach iden-
tifies the balanced design point that simultaneously mini-
mizes nominal vibration magnitudes and suppresses opera-
tional sensitivity. Table 5 compiles the structural design vec-
tors, statistical objectives, and deterministic state constraints

Table 5. Optimal compromise solutions and dynamic performance
under different target failure probabilities.

Parameter Pf ≤ 10% Pf ≤ 5% Pf ≤ 1 %

Design variables

Front preload (N) 2000 2804.39 3000
Bearing span (mm) 749.9 536.8 323.2
Rotor span diameter (mm) 62.5 62.5 65

Performance metrics

Mean amplitude (µm) 15.02 16.44 17.25
SD (µm) 12.42 9.69 8.15
Failure probability 8.42 % 0.35 % 0.12 %

Constraints

Max von Mises stress (MPA) 245.3 284.1 312.4
First natural frequency (Hz) 156.5 178.0 195.2

evaluated for these three representative compromise config-
urations.

The results in Table 5 reveal a critical physical mechanism:
the bearing preload and the span serve as the primary struc-
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Figure 5. Parametric analysis of multi-objective optimization frontiers: (a) topological migration of Pareto optimal fronts, (b) self-adaptive
structural design parameters, and (c) declining tracking sensitivity captured by the absolute MBR metric.

tural levers for system reliability enhancement. As the target
failure probability constraint tightens from 10 % to 1 %, the
front-bearing preload increases by 50 % from 2000 N to its
absolute physical upper boundary of 3000 N. This aggressive
loading directly maximizes the localized radial contact stiff-
ness at the support nodes, narrowing the stochastic response
dispersion caused by parametric bearing variations.

Concurrently, the optimization framework executes a ma-
jor geometric modification by shortening the bearing sup-
port span from 749.9 to 323.2 mm. From a structural me-
chanics perspective, this substantial reduction in the support
span alters the tilting lever arm of the shaft assembly, thereby
maximizing the global flexural rigidity of the rotor-bearing
system and driving the first natural frequency upward from
156.5 to 195.2 Hz. Crucially, all identified compromise solu-
tions strictly satisfy the deterministic engineering guardrails,
maintaining a minimum 20 % critical speed resonance mar-
gin and keeping structural stresses well below the material
yield thresholds.

To guarantee the structural applicability and mathemati-
cal transparency of the established parameter identification
loop, it is essential to delineate the boundaries of the multi-
innovation stochastic gradient (MISG) method regarding er-
ror entanglement. In complex rotating machinery, algorith-
mic identification errors (epistemic uncertainty) and inher-
ent structural variations (aleatory uncertainty) are inevitably
coupled within the gathered experimental data. Under the
linear-bearing assumption within small-displacement oper-
ating regimes, the convergence noise of the MISG algo-
rithm is demonstrated to propagate linearly into the local-
ized support matrices, exhibiting a strictly bounded variance
that serves as a justified stochastic input layer for the subse-
quent RBRDO framework without misleading the optimiza-
tion vector. However, for heavily loaded systems operating
under massive imbalances or strong fluid–film nonlinearities
where boundary parameters dynamically scale with displace-
ment amplitudes, the current framework must be adapted

Table 6. Marginal benefit analysis of reliability constraints.

Transition 1Ptarget 1µy MBR Preload cost
(µm) (µm%−1)

10 % to 5 % 5.0 % 2.73 0.55 Moderate
5 % to 1 % 4.0 % 1.54 0.39 High

into an amplitude-dependent iterative identification scheme.
Acknowledging this limitation provides a clear operational
boundary for the reliable stabilization and high-fidelity struc-
tural dynamic modeling of precision spindle systems.

4.2 Marginal benefit analysis and methodological
comparison

While stricter reliability constraints generally reduce fail-
ure risk, they yield diminishing returns in vibration suppres-
sion performance. To explicitly quantify this trade-off, the
marginal benefit ratio (MBR) is defined as the reduction in
response standard deviation per percentage point reduction in
the target failure probability, expressed as MBR= |1µy |

|1Ptarget|
.

Table 6 summarizes the metrics across the evaluated opti-
mization transitions.

The data reveal a clear decline in optimization efficiency:
the transition from 10 % to 5 % yields a high MBR of
0.55 µm%−1, which drops to 0.39 µm%−1 when tightening
the constraint from 5 % to 1 %.

Crucially, capturing this minor variance reduction forces
the bearing preload to its absolute physical limit of 3000 N,
representing a 7.0 % increase over the 5 % design. This ag-
gressive loading accelerates rolling-element wear and risks
friction-induced thermal over-closure.

Balancing these trade-offs against ISO 20816-3:2022
Grade G2.5 standards and established spindle design criteria
(ISO, 2022), the 5 % configuration provides the optimal engi-
neering equilibrium. It compresses the verified failure prob-
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ability to 0.35 %, suppresses the response standard deviation
to 9.69 µm, and maintains a sustainable baseline for physical
prototyping and validation.

To evaluate the proposed RBRDO framework, the opti-
mized design is benchmarked against the unoptimized base-
line, RDO, and RBDO frameworks under identical uncer-
tainties. As illustrated in Fig. 6, the RDO approach mini-
mizes the response standard deviation to 8.53 µm and the ex-
pected amplitude to 15.25 µm (by setting a 3000 N preload
and a 0.3000 m span). However, lacking safety guardrails, its
verified failure probability soars to an unacceptable 21.07 %
(Fig. 6c). Conversely, the RBDO method restricts the fail-
ure probability to 0.30 % by adopting a conservative de-
sign (1850.00 N, 624.5 mm). Yet, without variance control,
it yields an excessive standard deviation of 11.80 µm and an
inflated amplitude of 16.93 µm, indicating high sensitivity to
stochastic fluctuations.

By integrating reliability constraints with ro-
bust descriptors, the proposed RBRDO frame-
work achieves an optimal compromise design
(x = [2804.39N,536.8mm,62.5mm]T). It guarantees a
low failure probability of 0.35 % while suppressing the
standard deviation to 9.69 µm and maintaining a favorable
expected amplitude of 16.44 µm, demonstrating superior
joint-optimization capability.

Finally, it is critical to acknowledge that the accuracy
of this data-driven probabilistic framework inherently relies
on the availability of sufficient and unbiased experimental
samples to construct precise probability density functions.
When the available data volume is strictly constrained due
to high testing costs or operational limits, alternative un-
certainty quantification paradigms can be deployed to miti-
gate data dependency. For instance, non-probabilistic inter-
val or bounded convex models, such as those established by
Zhang et al. (Zhang et al., 2026) and Zhao et al. (Zhao et al.,
2025), elegantly propagate parameter variations using only
the hard physical boundaries of uncertain inputs instead of
explicit probability shapes. Alternatively, if a probabilistic
structure must be maintained under tight computational bud-
gets, high-efficiency decoupled simulation protocols, such as
the two-stage framework proposed by Khalid et al. (Khalid
and Bansal, 2026), can be implemented to drastically reduce
the required number of expensive function evaluations. Inte-
grating these non-probabilistic interval descriptors or decou-
pled simulation frameworks into multi-axis high-speed spin-
dle configurations represents a vital and promising direction
for future methodological extensions.

4.3 Experimental verification and full-range robustness
defense

To validate the proposed data-driven RBRDO framework,
experimental testing was conducted on a high-speed motor-
ized spindle. A high-precision sensor array monitored or-
thogonal displacement channels at the front- and rear-bearing

boundaries to capture real-time lateral dynamics under multi-
source uncertainties.

Prior to analyzing the broadband vibration amplitudes, the
underlying modal evolution must be established. As illus-
trated in the integrated Campbell diagram (Fig. 7), the un-
optimized baseline configuration features lower natural fre-
quency trajectories, yielding three distinct critical speeds
within the working range at 9765, 16 361, and 21 996 rpm.
Upon implementing the optimized structural design vector,
characterized by an optimal assembly preload of 2804.39 N
and a shortened bearing support span of 536.8 mm, the static
structural stiffness is substantially enhanced. Consequently,
the natural frequency curves shift vertically upward, caus-
ing the first two critical speeds to migrate to 11 450 and
19 100 rpm, respectively. The third-order critical speed is
successfully extrapolated to 25 800 rpm, safely clearing the
24 000 rpm maximum operational speed threshold.

The shift in critical speeds governs the overall frequency
response. As shown in Fig. 8, the baseline spindle produces
significant amplitude magnification and asymmetric local-
ized resonance peaks with increasing rotational speed. These
peaks display steep-left, shallow-right profiles induced by
nonlinear bearing clearances and quadratic unbalance forces.
The baseline design exceeds the safety threshold over multi-
ple high-speed ranges, especially near the third-order critical
speed.

In contrast, the optimized spindle maintains stable, con-
strained dynamic responses across the full speed spectrum.
Its third-order critical speed falls outside the operating range,
eliminating severe high-speed resonant amplification and
confining vibrations to a mild sub-resonant region up to
24 000 rpm. The ±2σ uncertainty band verifies that the data-
driven framework ensures full-speed operational safety and
limits tool-tip vibration despite speed-dependent centrifugal
softening and thermal expansion.

The validation metrics in Table 7 demonstrate high pre-
dictive fidelity, with relative modeling errors for both the ex-
pected mean vibration and response standard deviation re-
maining consistently well below 5 %. This close agreement
confirms that the data-driven parameter identification accu-
rately captured the actual physical variability of the spindle-
bearing assembly.

To eliminate any potential experimental ambient bias and
mathematically guarantee the optimization gains, a strict sta-
tistical verification campaign consisting of 20 independent
physical replication runs was conducted at 24 000 rpm. The
experimental verification metrics and statistical significance
indicators across these independent trials are compiled in Ta-
ble 7. A comprehensive analysis of the empirical datasets
demonstrates that the optimized spindle assembly achieves
an immense reliability gain, characterized by an extraordi-
nary 158-fold reduction in the operational failure risk and a
concurrent 16.84 % reduction in the expected mean peak vi-
bration amplitude. Furthermore, the robust objective success-
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Figure 6. Multi-metric comparative analysis of spindle dynamic performance under different optimization frameworks, including RDO,
RBDO, and the proposed RBRDO.

Figure 7. Campbell diagram of the motorized spindle system.

fully suppresses the response standard deviation by 29.78 %,
effectively halving the total response variance.

To highlight the distinct scientific contributions of the pro-
posed data-driven RBRDO framework, Table 8 compares
this study with existing robust optimization and reliability-
based design methodologies in the contemporary literature.

Unlike traditional mean–variance RDO, which lacks ex-
plicit failure probability control, or standard RBDO meth-
ods that rely on theoretical FORM/SORM assumptions at a
single reliability point, the proposed data-driven parametric

framework offers superior robustness, flexibility, and empiri-
cal validity (Youn et al., 2005; Mohsine and El Hami, 2010).

The methodology achieves a 50.70 % experimental reduc-
tion in variance, surpassing the 22 % typically reported in
simulation-based RDO (Gao et al., 2008). Furthermore, it
enables systematic trade-off evaluations across three distinct
reliability levels (1 %, 5 %, 10 %) rather than adhering to
static boundaries. By establishing a rigorous statistical ver-
ification loop (p < 0.001) from identified parameter distri-
butions, this framework effectively bridges the gap between
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Figure 8. Full-spectrum empirical vibration amplitude response curves.

Table 7. Quantitative summary of experimental verification metrics and statistical significance indicators at 24 000 rpm.

Performance Unoptimized Optimized design Quantitative t statistic p value Cohen’s d
metric baseline (5 % target) improvement

Pf 55.44 % 0.35 % 158-fold reduction 78.996 2.18× 10−25 25.23
(−99.4 %)

µy 19.77 µm 16.43 µm 16.84 % reduction 39.727 9.45× 10−20 10.68
σy 13.80 µm 9.69 µm 29.78 % reduction 13.246 4.80× 10−11 4.26

numerical modeling and physical reality, overcoming the in-
herent limitations of conventional interval analysis models
restricted to unverified worst-case simulations (Zhang et al.,
2026).

5 Conclusions

This study establishes a data-driven reliability-based robust
design optimization (RBRDO) framework for high-speed
motorized spindles under parametric uncertainties. Utilizing
the multi-innovation stochastic gradient (MISG) method, the
actual stochastic distributions of bearing stiffness and damp-
ing were successfully quantified, effectively capturing ±5 %
to 12 % parameter deviations induced by thermal–centrifugal
coupling and manufacturing tolerances. Shapiro–Wilk test-
ing validated the multivariate normal distribution assump-
tion, providing a rigorous empirical foundation for high-
fidelity structural dynamic modeling over conventional de-
terministic models that overlook these critical variations.

Parametric reliability analysis revealed a highly nonlinear
trade-off in spindle vibration control. Tightening the target

failure probability constraint from 10 % to 5 % efficiently
suppressed response dispersion with a high marginal bene-
fit ratio of 0.55 µm%−1, whereas further tightening from 5 %
to 1 % yielded sharp diminishing returns, demanding an ag-
gressive 7.0 % increase in bearing-assembly preload for neg-
ligible robustness gains. Consequently, the 5 % target serves
as the optimal engineering threshold that perfectly balances
robust stabilization with hardware longevity and sustainable
mechanical boundaries.

Comprehensive physical testing across the full spec-
trum confirmed the framework’s real-world efficacy. At the
24 000 rpm rated maximum speed, the optimized configura-
tion reduced the expected mean peak vibration amplitude by
16.84 % (from 19.77 to 16.44 µm) and the response standard
deviation by 29.78 % (from 13.80 to 9.69 µm). The opera-
tional failure probability dropped from 55.44 % to 0.35 %,
achieving exceptional statistical significance and confidence
via paired-sample t-test verification. Ultimately, integrating
experimental uncertainty quantification with RBRDO pro-
vides a practical, high-efficiency solution for dependable sta-
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Table 8. Comparison with existing robust optimization and RBDO studies.

Study Method Variance Explicit Parametric Experimental
reduction control constraints validation

Gao et al. (2008) Mean–variance RDO 22 % – – Simulation only
Youn et al. (2005) RBDO (FORM) Not reported Single point – –
Mohsine and El Hami (2010) RBDO (SORM) Not reported Single point – –
Zhang et al. (2026) Interval analysis Not applicable Worst-case only – –
This study Data-driven RBDO 50.70 % 3 levels Pf ≤ 1%,5%,10% n= 20, p < 0.001

bility control and broadband vibration suppression in high-
speed rotating machinery.
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