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Abstract. To address the low efficiency of traditional geometry-based step error calculations in five-axis numer-
ical control (NC) finishing that cannot reuse historical data, this study proposes a step error prediction method
based on a SSA-Attention-LSTM (Sparrow search algorithm–attention mechanism–long short-term memory)
model. The method employs principal component analysis (PCA) for dimensionality reduction, optimizes LSTM
hyperparameters using the Sparrow search algorithm, incorporates an attention mechanism to enhance key fea-
ture extraction, and introduces dropout to prevent overfitting. Experimental results on two surface models show
that the proposed model achieves an average R2 of 99.4 %, which is 31 %, 10 %, 5 %, and 6 % higher than that of
back propagation (BP), long short-term memory (LSTM), bidirectional gated recurrent unit (BiGRU), and bidi-
rectional long short-term memory (BiLSTM) models. In the blade test case, the model achieves high-precision
prediction using only 9480 training samples, with an R2 of 0.995, demonstrating high prediction accuracy for
step error in five-axis finishing tool paths.

1 Introduction

Five-axis computer numerical control (CNC) machining is
widely applied in the precision machining of complex free-
form surfaces. As shown in Fig. 1a, the cutting path of the
tool along the discrete cutter contact (CC) points on the
workpiece surface is illustrated, while Fig. 1b shows the step
error formed between adjacent cutter location (CL) points.
Taking the j th and (j+1)th CL points on the ith tool path as
an example, the tool holding points are Oi,j and Oi,j+1, re-
spectively. The maximum normal distance eL

max between the
CC point line PCC

i,j P
CC
i,j+1 and the ideal CC point trajectory

CCi,j is defined as the linear error. Taking the midpoint Om
of the line segment Oi,j and Oi,j+1, the maximum normal
distance eNL

max among the tool base circle atOm, the CC point
line PCC

i,j P
CC
i,j+1, and the ideal CC point trajectory, CCi,j is

defined as the nonlinear error, where PCL
m is the CC point

coordinate corresponding to the midpoint of the CL points,
while T m represents the intermediate tool axis vector ob-
tained by averaging and normalizing T i,j and T i,j+1.

When the tool completes the five-axis simultaneous mo-
tion from PCL

i,j to PCL
i,j+1, the tool envelope surface formed by

the sweeping cutting edge (i.e., the edge of the tool base cir-
cle) constitutes the actual cutting path. The maximum normal
distance emax between this actual cutting path and the ideal
CC point trajectory line CCi,j is defined as the step error,
which is a key geometric indicator for controlling machining
accuracy.

Currently, step error calculation mainly relies on
geometry-based iterative methods. Various approaches have
been proposed, such as point-by-point iteration by Liu et al.
(2022), dynamic-programming-based tool path planning by
Wu et al. (2008), and geometric envelope methods by Zhou
et al. (2015). These geometry-based iterative methods re-
quire explicit mathematical models, and their computational
cost increases sharply with higher-precision requirements.
Moreover, each calculation is performed independently with-
out reusing historical experience, resulting in low efficiency
when generating high-quality tool paths that require massive
step error calculations, which has become a major bottleneck
limiting their practical application.

In recent years, machine learning techniques have shown
potential in tool path planning due to their ability to learn
from data and handle complex nonlinear relationships. Neu-
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Figure 1. Tool cutting and step error. (a) Tool cutting along CC points. (b) Step error between two adjacent CL points.

ral networks have been applied to personalized tool path gen-
eration, machining error prediction, tool path length predic-
tion, and machining cycle prediction (Eskandari et al., 2013;
Geng et al., 2011; Sun et al., 2022). Zhang et al. (2023) pro-
posed using a back propagation (BP) neural network to pre-
dict three-axis step error with high accuracy. However, it suf-
fers from issues such as slow computation and susceptibility
to overfitting, making it difficult to directly apply to five-axis
step error prediction.

Besides the machining field, data-driven methods are also
widely applied in dynamic system analysis and intelligent
monitoring. Existing studies have established 3D vision sys-
tems to realize non-contact detection of equipment (Cascino
et al., 2025), and other studies have utilized deep learning to
complete mechanical component defect recognition (Zheng
et al., 2021). The above cross-domain studies confirm that
deep neural networks excel at mining nonlinear features from
high-dimensional data, providing a good reference for the
step error prediction research in this paper.

To address the above problems, this paper proposes a step
error prediction method for five-axis NC finishing based
on the SSA-attention-LSTM (Sparrow search algorithm–
attention mechanism–long short-term memory) model. By
integrating the Sparrow search algorithm (SSA) for hyperpa-
rameter optimization and incorporating an attention mecha-
nism to enhance key feature extraction, the model effectively
captures the spatiotemporal continuity and nonlinear charac-
teristics of tool motion, thereby improving prediction accu-
racy and stability while preventing overfitting. In order to use
the SSA-attention-LSTM model to predict five-axis finishing
step error, this paper conducts research on data preprocess-
ing architecture design, network structure optimization, and
multi-task collaborative training mechanisms. The main con-
tent is as follows: Sect. 2 defines the step error based on five-
axis machining geometric principles. Section 3 designs the
sample data architecture. Z-score standardization is applied
to eliminate unit differences (Al-Faiz et al., 2018). Principal
component analysis (PCA) is used for dimensionality reduc-
tion and reconstruction of high-dimensional discrete point
sets to compress redundant noise and enhance model gener-

alization capability (Fariz and Basha, 2024). Section 4 con-
structs the SSA-attention-LSTM collaborative optimization
framework. The SSA is introduced to dynamically optimize
LSTM hyperparameters (hidden-layer dimensions, learning
rate). The attention mechanism is used to weight and fo-
cus on key CC and CL features. Dropout (Chen et al., 2024)
regularization and the Adam (Kingma and Ba, 2014; Salem
et al., 2022) optimizer are combined to suppress overfitting.
Section 5 validates the effectiveness and prediction accuracy
of the proposed SSA-attention-LSTM model using tool path
sample data from two general free-form surfaces and a typ-
ical aero-engine blade workpiece, covering both basic geo-
metric test cases and practical industrial scenarios.

2 Sample data design and optimization

This paper employs tool parameters and CC and CL points as
core input variables. As the samples contain diverse param-
eter types (e.g., tool radius, point coordinates), standardiza-
tion is applied to unify the scales of these parameters. The
high-dimensional features of the standardized samples are
reconstructed by PCA to reduce the dimensionality, aiming
to eliminate interference from redundant features and retain
critical ones, thereby suppressing model overfitting.

2.1 Sample data design

Before using the neural network model for step error pre-
diction, extensive samples are required to train the model
for ideal prediction accuracy. As derived from the geomet-
ric principles of step error, the following parameters are all
necessary input variables for calculating five-axis step error:
adjacent CC points (PCC

i,j , PCC
i,j+1), CL points (PCL

i,j , PCL
i,j+1)

and their corresponding tool axis vectors (T i,j , T i,j+1), the

discrete point set
{
P
i,j
k

}
on the local CC curveCCi,j , and

basic tool parameters. These data collectively constitute the
input features of the samples, while the step error value is
the only output variable. They form the sample data struc-
ture shown in Table 1.
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Table 1. Sample data required for step error prediction.

Input layer Output layer

Tool Fillet Tool Tool Discrete CL Tool Expected Calculated
radius radius length inclination points in points vectors value of value of

angle CC curve step error step error

R r L α
{
P
i,j
k

}
, PCC
i,j

, PCC
i+1 PCL

i
, PCL
i+1 T i,j , T i,j+1 ŷt yt

2.2 Sample data optimization

In step error prediction of the five-axis finish machining,
original sample data suffer from high-dimensionality, multi-
dimensional units, and redundant features, which directly im-
pair the model’s computational efficiency and generalization
capability. To address this, this section proposes an optimiza-
tion strategy based on data standardization and PCA.Z-score
standardization is applied to eliminate parameter-scale dis-
crepancies, and PCA extracts critical geometric features and
compresses redundant information. This approach effectively
reduces data complexity, suppresses noise interference, and
significantly enhances the model’s prediction efficiency and
accuracy.

3 Design and optimization of the
SSA-attention-LSTM model for step error
prediction

To achieve high-precision and high-efficiency prediction of
step error for five-axis finishing tool paths, this paper pro-
poses a joint modeling and optimization method that inte-
grates the SSA with an attention-mechanism-based LSTM
network, resulting in the SSA-attention-LSTM model. The
attention mechanism is introduced to adaptively highlight
key CL point features and suppress attenuation and noise in
information transmission. Furthermore, the SSA algorithm
is integrated to achieve intelligent global optimization of hy-
perparameters, enhancing the model’s generalizability while
avoiding local optima caused by complex sample features,
thereby significantly improving the model’s prediction ro-
bustness and accuracy.

3.1 Design of the LSTM model integrated with attention
mechanism

Unlike traditional BP neural networks that process indepen-
dent samples, LSTM, as an improved architecture of recur-
rent neural networks (RNNs), introduces gating mechanisms
(forget gate, input gate, and output gate). The forget gate de-
termines the retention level of important historical CC and
CL points, preserving crucial features. The input gate then
integrates subsequent CC and CL point features for compre-
hensive learning of core sample characteristics. Finally, the
output gate extracts the final core sample data from the mem-

ory cell. This mechanism incorporates historical sample in-
formation for step error prediction, combines current outputs
with hidden states from previous time steps, and enable per-
ception and transmission of continuous contextual features.

For five-axis finishing tool paths, this mechanism allows
the model to incorporate preceding tool path information
and model temporal correlations of step error, thus improv-
ing prediction accuracy and stability. However, LSTM may
insufficiently distinguish feature importance, and early CL
point information is prone to attenuation during transmis-
sion, reducing prediction accuracy. Therefore, an attention
mechanism is introduced to optimize LSTM by dynamically
weighting different features according to their importance,
thereby achieving superior prediction results.

As shown in Fig. 2, the attention-LSTM model structure
comprises five layers: input layer, LSTM layer, attention
layer, fully connected (FC) layer, and output layer. The in-
put layer imports preprocessed sequence data into the LSTM
layer for model training. It should be emphasized that the
lead angle is used as an independent input feature in this
study, and all information of the tilt angle is completely con-
tained in the two three-dimensional tool axis vectors. As a
complete representation of spatial posture, the tool axis vec-
tor can eliminate the inherent periodic non-uniqueness of an-
gle parameters and retain the inherent coupling relationship
between posture angles, which is more conducive to network
learning.

After learning sample features through the LSTM layer,
the hidden states ht at all time steps are output. Subsequently,
an independent attention layer processes these hidden states;
this layer calculates corresponding weight coefficients αt for
each hidden state ht and continuously updates these weights
to emphasize the information most critical for prediction. Fi-
nally, nonlinear transformation of the weighted feature vector
is performed via a sigmoid activation function. Features are
mapped through the FC layer, and prediction is completed at
the output layer.

The weight coefficient αt is calculated in Eq. (1). ht rep-
resents the hidden state at the t th time step. w is a learnable
weight matrix. b and u represent the learnable bias vector and
weight vector, respectively. et represents the attention score
at time step t . αt indicates the relative importance of the hid-
den state ht at the t th time step to the current prediction task,
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Figure 2. Attention-LSTM structure.

i.e., the weight coefficient. et = uT tanh(wht + b)
αt =

exp(et )∑T
∑
j

j=1 exp
(1)

After calculating the weight coefficients, as shown in Eq. (2),
a vector v that integrates global key feature information is
obtained by performing a weighted summation of the hid-
den states across all time steps. This vector encompasses the
historical information most critical to the current prediction.

v =
∑T

t=1
αtht (2)

Finally, a fully connected layer is set at the output layer. The
vector v, which integrates global key feature information, is
mapped into the final predicted value ŷ, as shown in Eq. (3).
Here, Wo represents the output layer weight matrix, bo rep-
resents the output layer bias vector, and σ represents the Sig-
moid activation function.

ŷ = σ (Wov+ bo) (3)

3.2 Attention-LSTM hyperparameter optimization based
on SSA algorithm

In five-axis machining step error prediction tasks, input fea-
tures within the dataset exhibit strong correlations. Conse-
quently, minor variations in hyperparameters (e.g., LSTM
hidden layer dimensions, learning rate) can cause significant
fluctuations in prediction accuracy. Furthermore, when ma-
chined surface profiles are similar, the distribution of key fea-
ture points (CC, CL) may overlap, which can easily trap the
training model in local optima. To address this, this section
uses the SSA for the collaborative optimization of the LSTM
neural network.

The SSA is a swarm intelligence optimization algorithm
that simulates the foraging and anti-predation behaviors of

sparrows. By mimicking sparrows’ food-seeking and dan-
ger avoidance behaviors, it balances global and local search,
effectively escaping local optima to find the global optimal
solution. As shown in Fig. 3, the main steps of the algo-
rithm include setting hyperparameter boundaries, population
initialization, producer assignment, scrounger assignment,
and scout assignment. After each position update, the fitness
value of each individual is calculated. The optimal solution
is updated, and the termination condition is assessed based
on fitness. The detailed steps are as follows.

3.2.1 Step 1: hyperparameter boundary setting and
population initialization

In the initial phase of SSA, the search space is firstly defined,
and an initial candidate solution set is generated to establish
a start point for subsequent iterative optimization. The pop-
ulation size is N . As shown in Eq. (4), each sparrow’s po-
sition vector Xi corresponds to a candidate solution, where
Xi = [xi1,xi2, . . .,xiD] represents the position vector of the
ith sparrow in the D-dimensional search space. Ub and Lb
are the upper- and the lower-bound vectors of the hyperpa-
rameters, respectively. The symbol � denotes element-wise
multiplication, and rand(0,1) represents a randomly gener-
ated vector with a uniform distribution in the interval [0,1].

Xi = Lb+ rand(0,1)� (Ub−Lb), i = 1,2, . . .,N (4)

3.2.2 Step 2: fitness value calculation and producer
assignment

1. Fitness value calculation.

The fitness values of the initially selected population
are calculated separately. The individual fitness value
f (Xi) for Xi is calculated by Eq. (5), where M is the
number of validation set samples, yj is the true value of
the j th sample, and (Xi) is the predicted value of thej th
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Figure 3. SSA framework process.

sample by the model using hyperparameters Xi .

f (Xi)=
1
M

∑M

j=1

(
yj − ŷj (Xi)

)2 (5)

2. Producer selection.

To guide the population to search in better regions, lead-
ers with exploration capability, named “producers”, are
selected from the current population. The calculated fit-
ness values are sorted in ascending order (since the fit-
ness value is MSE, a smaller value indicates a better
solution). As shown in Eq. (6), the top pn individuals
are selected as producers P to guide the optimal hyper-
parameter search direction, where rank() sorts f (Xi) in
ascending order.

P = {Xi |rank(f (Xi))≤ pn (6)

3. Producer position update.

When producers perform global search, both extensive
exploration and refined local search are expected. In
Eq. (7), Xt+1

i reflects the real-time update of the pro-
ducer’s position. t is the current iteration count. T is

the maximum number of iterations. α represents a ran-
dom decay factor. R2 is the alert value. If R2 is less
than the safety threshold ST, refined local search is
performed. Otherwise, extensive global search is con-
ducted. Q∼N (0,1) is a random vector following the
standard normal distribution, and L is an all-one vector.

Xt+1
i =

{
Xt
i � exp

(
−

i
α·T

)
R2 < ST

Xt
i +Q ·L R2 ≥ ST

(7)

3.2.3 Step 3: scrounger assignment

During the producers’ optimization process, scroungers will
follow the producers for local optimization. As shown in
Eq. (8), utilizing known high-quality regions and informa-
tion, the first half of scroungers (i > pN/2) move toward the
optimal producer direction, while the latter half move away
from the worst region to avoid inferior solutions. In Eq. (9),
XtP represents the current optimal producer position. Xtworst
represents the current worst position. A is a random matrix
of ±1, and i is the individual ranking index.

Xt+1
i =

{
XtP+ |X

t
i −X

t
P| ·A

+
·L i >

pN
2

Q · exp
(
Xtworst−Xt

i

i2

)
i ≤

pN
2

(8)

3.2.4 Step 4: scout assignment

To enhance the algorithm’s global search capability and pre-
vent the population from falling into local optima during the
optimization process, the SSA algorithm sets a portion of in-
dividuals as “scouts”. Scouts execute two different position
update strategies based on their current status, with the math-
ematical expression shown in Eq. (9).

Firstly, when the fitness is not optimal (i.e., fi 6= fg), it
indicates that the individual is still in a potentially valu-
able non-optimal region. In this case, its position update
strategy is to move toward the current global best position
Xtbest. This is achieved by adding a random step size factor
β · |Xt

i−X
t
best|, enabling local refined search and thereby en-

hancing the algorithm’s convergence capability.
Secondly, when an individual’s fitness reaches the global

optimum (i.e., fi = fg), it means the individual may be
trapped in a local optimum. To break this stagnation and in-
crease the diversity of hyperparameter solutions, its update
strategy shifts to an adjustment based on the global worst po-
sitionXtworst. Specifically, this is implemented by introducing

a proportional term K ·
|Xt
i−X

t
worst|

fi−fw+ε
, which incorporates a ran-

dom step size factorK and the fitness difference between the
current individual and the worst individual (a minimal con-
stant ε is added to prevent the denominator from being zero
and ensure numerical stability). This prompts the individual
to escape the current optimal region and explore a wider so-
lution space.
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Finally, the fitness is recalculated based on the updated po-
sitions, and it is checked whether the termination conditions
are met.

Xt+1
i =

{
Xtbest+β · |X

t
i −X

t
best| fi 6= fg

Xtbest+K ·
|Xt
i−X

t
worst|

fi−fw+ε
fi = fg

(9)

3.3 Algorithm implementation

After sample construction, preprocessing is performed using
Z-score normalization and PCA dimensionality reduction.
Temporal features are extracted via LSTM, followed by an
attention mechanism to enhance key features. Hyperparame-
ters are optimized using SSA, and the model is trained with
the Adam optimizer, early stopping, and dropout to output
the predicted step error. The detailed algorithm steps are as
follows.

3.3.1 Step 1: data import and standardized
preprocessing

Sample data are imported, including tool parameters (radius
R, length L, inclination angle α), as well as discrete CC and
CL points. The dataset is then batch-normalized by the Z-
score standardization method described in Sect. 2.2.1.

3.3.2 Step 2: PCA dimensionality reduction and
reconstruction

To eliminate redundant noise in high-dimensional data, PCA
as described in Sect. 2.2.2 is applied to the standardized data
for dimensionality reduction, and the reduced-dimensional
output is generated.

3.3.3 Step 3: configure LSTM layer for temporal feature
extraction

An LSTM network is used to extract continuous features
from CC and CL point coordinates, learning the dependency
relationships between adjacent CL points.

3.3.4 Step 4: configure attention mechanism layer

Following the method described in Sect. 3.1, an attention
module is designed to weight the hidden states output by the
LSTM, achieving adaptive weight allocation to reinforce key
CC and CL point features.

3.3.5 Step 5: implement SSA for hyperparameter
optimization

As outlined in Sect. 3.2, the hyperparameters (e.g., hid-
den layer dimensions, learning rate) for the attention-LSTM
model are initialized. The global exploration and local ex-
ploitation mechanisms of SSA are utilized to iteratively op-
timize the hyperparameter combinations, avoiding local op-
tima and enhancing the model’s generalization capability.

Figure 4. Two surfaces.

3.3.6 Step 6: configure Adam optimization and dropout
regularization layer

To mitigate issues such as local optima and slow conver-
gence in gradient descent, the Adam optimizer is employed.
A dropout algorithm is incorporated before the fully con-
nected output layer to randomly discard outputs from some
neurons, suppressing interference from non-critical parame-
ters and reducing the risk of noise-induced overfitting during
training.

3.3.7 Step 7: error evaluation and model output

The predicted step error values output by the model are com-
pared with the true values generated by the geometric iter-
ative method (Liu et al., 2012) and the mean squared error
(MSE) is calculated to verify the model’s prediction accu-
racy. If the MSE meets the predefined threshold, the model
is considered to be optimized, and the predicted step error
values are accepted as final outputs. Otherwise, the model
parameters are further refined through backpropagation and
iterative training until the convergence criterion is satisfied.
The optimized model is then deployed for high-precision step
error prediction.

4 Case study

4.1 Sample generation

The two surface models S1 and S2 shown in Fig. 4 are im-
ported into the CAM software developed for this study. Iso-
parameter tool paths are generated with 99 and 100 lines re-
spectively, each containing 150 and 200 CL points, respec-
tively. The machining tool is a flat-end cutter with fillet ra-
dius of 0 mm, a radius R of 5 mm, and a length L of 50 mm.
The inclination angle α is 15°.

While generating tool paths, six-dimensional features are
collected between two adjacent CC points following the sam-
ple structure defined in Sect. 2.1, including 4 basic tool pa-
rameters, 30 features from 10 discrete CC points (3D coordi-
nates for each point), 3 features from the 3D coordinates of
the first CL point, 3 features from the corresponding tool axis
vector of the first CL point (represented by x, y, and z val-
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Table 2. Parameter and sample statistics table.

Surface Lines of Numbers of discrete Numbers of discrete Numbers of Samples
tool paths CL points per line CC points

1 99 150 10 11 801 (training set), 2950 (test set)
2 100 200 10 15 920 (training set), 3980 (test set)

ues), 3 features from the tool axis vector of the second adja-
cent CL point, and 3 features from the 3D coordinates of the
second CL point. These 46-D features constitute the input of
each sample, while the corresponding step error value is the
output. The true values of step error are calculated by the ge-
ometric method (Liu et al., 2020) during tool path generation.
Their ranges for Surface S1 and S2 samples are [−24 µm,
−6 µm] and [−4 µ m, −1 µm], respectively. All sample data
are constructed according to the sample structure in Table 1
and exported to txt files. The detailed parameter settings and
sample statistics for both surfaces are summarized in Table 2.
A total of 80 % of the samples are randomly selected to form
the training set, and the remaining samples form the test set.

4.2 Algorithm verification and comparison

This section uses the mean squared error (MSE) and coeffi-
cient of determination (R2) in Eq. (10) to evaluate the pre-
diction performance of the model by quantifying the error
between the predicted step error values and the true values,
where N denotes the total number of test samples, ŷt rep-
resents the predicted step error value (in µm), yt is the cor-
responding true step error value (in µm), and y denotes the
mean value of all true step error values (in µm). A smaller
MSE (in µm2) and an R2 (dimensionless) closer to 1 indicate
higher prediction accuracy.

MSE= 1
N

∑N
t=1
(
ŷt − yt

)2
R2
= 1−

∑N
t=1(yt−ŷt )2∑N
t=1(yt−y)2

(10)

This section introduces three widely used regression models:
the BP neural network, BiGRU, neural network and BiLSTM
neural network (Liu et al., 2017, 2016), along with an unopti-
mized LSTM model and the proposed SSA-attention-LSTM
model for step error prediction. The prediction results of each
model are compared. The SSA algorithm is employed to op-
timize the neural network hyperparameters: learning rate (lr),
number of neurons in hidden layer 1 (lstm1), number of neu-
rons in hidden layer 2 (lstm2), and training epochs. The op-
timized values are shown in Table 3.

4.2.1 Comparison of SSA-attention-LSTM with
mainstream network models

Samples from surfaces S1 and S2 were used to train the BP,
LSTM, BiGRU, BiLSTM, and the proposed SSA-attention-

Table 3. Hyperparameters of SSA-attention-LSTM.

Surface lr lstm1 lstm2 epoch

S1 3× 10−5 56 73 1351
S2 1× 10−5 52 55 776

Table 4. Comparison of five neural network models for Surface S1.

Evaluation BP LSTM BiGRU BiLSTM SSA-
index attention-

LSTM

MSE 6.909 3.465 1.552 2.013 0.197
R2 0.773 0.886 0.948 0.933 0.993

LSTM neural network models, respectively. During training,
the loss value of the proposed model decreased rapidly within
the first 100 epochs and then stabilized, leading to early ter-
mination upon meeting the stopping criterion. In terms of
computational efficiency, the proposed method demonstrates
superior performance, with the geometric iterative method
requiring 12.261 s to calculate step errors for 14 850 CL
points, while the neural network prediction completes in just
3.6 s. The MSE and R2 values of the five neural network
models are presented in Tables 4 and 5, and the prediction
results are illustrated in Figs. 5 and 6.

The experimental results indicate that SSA-attention-
LSTM achieves the highest prediction accuracy. The BP neu-
ral network performs the worst in predicting the step error for
both surfaces S1 and S2 due to its simple structure and lack of
sequence modeling capability, demonstrating its inadequacy
for five-axis step error prediction. The LSTM model shows
better prediction accuracy than the BP network. However,
its performance is inferior to the other three models because
its gating mechanism is sensitive to long-sequence features
and because its hyperparameters are not optimized. While
BiGRU and BiLSTM enhance temporal prediction capabil-
ity through their bidirectional structures, the absence of an
attention mechanism leads to insufficient focus on key fea-
tures.
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Table 5. Comparison of five neural network models for Surface S2.

Evaluation BP LSTM BiGRU BiLSTM SSA-
index attention-

LSTM

MSE 0.206 0.056 0.035 0.038 0.003
R2 0.741 0.928 0.944 0.941 0.995

Figure 5. Step error prediction results of Surface S1.

4.2.2 Analysis of relative and absolute errors in
SSA-attention-LSTM predictions

To understand the prediction accuracy of SSA-attention-
LSTM in greater detail, the absolute and relative errors be-
tween its predicted values and the true values are analyzed.
As shown in Tables 6 and 7, for Surface S1, 51.8 % of the
absolute errors are less than 0.1 µm, and 98.1 % are less than
0.4 µm, with a mean error of 0.12 µm. For Surface S2, as il-
lustrated in Fig. 8, the absolute values of the true step error
for many samples are less than 1 µm. Here, 97.49 % of the
absolute errors are less than 0.1 µm, and the remaining abso-
lute errors are all less than 0.3 µm, resulting in a mean error
of 0.02 µm.

The relative error is the ratio of the absolute error to the
true value. When the step error values are small, even minor
absolute errors can result in large relative errors. The relative
errors between the predicted values of SSA-attention-LSTM
and the true values are shown in Tables 8 and 9.

For Surface S1, 82.03 % of the relative errors are less than
15 %. Although 17.97 % of the samples have relative errors
greater than 15 %, 97.3 % of these samples have absolute er-
rors less than 0.4 µm. For Surface S2, although 36.61 % of
the samples have relative errors greater than 15 %, the abso-
lute errors of all of these samples are less than 0.1 µm. The
detailed distributions of relative and absolute errors are illus-
trated in Fig. 9, demonstrating the high prediction accuracy
of SSA-attention-LSTM.

To verify the effectiveness and accuracy of the SSA-
attention-LSTM model in predicting step errors for blades,

Figure 6. Step error prediction results of Surface S2.

which differ from free-form surfaces, the blade shown in
Fig. 8 was selected as the test object. A filleted-end cutter
with a radius of 3 mm, a length of 50 mm, and a fillet radius
of 1.5 mm was adopted, with a lead angle of 15°. The finish-
ing spiral tool path generation method (Liu et al., 2026) was
used to plan 31 rows of blade tool paths. The blade surface
was divided into four regions: leading edge, suction surface,
posterior margin, and compressed air surface. The leading
and posterior margins of the blade not only exhibited signif-
icantly higher absolute curvature values than the suction and
compressed air surfaces but also showed more drastic cur-
vature variations. Although the machining strokes along the
tool path direction in these two regions were shorter, denser
CC point arrangements had to be adopted to accurately char-
acterize their complex surface profiles and ensure subsequent
machining accuracy. The numbers of CC points for each tool
path in the four regions were 79, 79, 79, and 79 for the train-
ing set and 159, 119, 159, and 119 for the test set, respec-
tively. Based on the geometric parameters of all tool paths
and their corresponding step error data, 9480 training sam-
ples and 16680 test samples were finally constructed.

In the blade test, the model structure and hyperparameters
completely adopted the optimal configuration from Table 3,
which was consistent with the sample experiments on free-
form surfaces S1 and S2. PCA dimensionality reduction was
applied to eliminate the redundant information of tool pa-
rameters and CC point coordinates in the original tool path
data, which improved the model training efficiency by ap-
proximately 37 % and simultaneously suppressed the over-
fitting risk to further enhance the prediction accuracy. The
results are shown in Table 10 and Fig. 7.

The model was trained based on the training set, and its
prediction performance was evaluated using an independent
test set. In the blade step error prediction task, this study
also verified whether PCA dimensionality reduction would
lose the key high-frequency geometric information affect-
ing the curvature variation of the blade surface. Taking this
blade model as the research object, the prediction perfor-
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Table 6. Absolute errors of step error values predicted by SSA-attention-LSTM for Surface S1.

Interval < 0.1 µm 0.1–0.2 µm 0.2–0.3 µm 0.3–0.4 µm > 0.4 µm

Number 1528 898 352 116 56
Proportion 51.80 % 30.44 % 11.93 % 3.93 % 1.90 %

Table 7. Absolute errors of step error values predicted by SSA-attention-LSTM for Surface S2.

Interval < 0.1 µm 0.1–0.2 µm 0.2–0.3 µm 0.3–0.4 µm > 0.4 µm

Number 3880 83 17 0 0
Proportion 97.49 % 2.09 % 0.43 % 0 0

Figure 7. Scatterplot of relative absolute errors of Surface S1 and S2. (a) Surface S1. (b) Surface S2.

Figure 8. A 3D model of the blade.

mances of the model using all original high-dimensional fea-
tures and those after PCA dimensionality reduction were
compared. The results showed that PCA dimensionality re-
duction did not lose key geometric information; instead, it
further improved the model’s prediction accuracy and effi-
ciency by filtering out redundant coordinate noise in the orig-
inal tool path data. The SSA-attention-LSTM model with
PCA preprocessing finally obtained the following predic-

tion results: MSE= 0.084× 10−3 µm2, root mean squared
error (RMSE)= 9.145× 10−3 µm, R2

= 0.995, mean abso-
lute error (MAE)= 7.39× 10−3 µm, and mean relative error
(MRE)= 0.69 %. All five indicators indicated high predic-
tion accuracy. These indicators can effectively ensure the ob-
jectivity of evaluation results under the micro-error magni-
tude.
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Table 8. Relative errors of step error values predicted by SSA-attention-LSTM for Surface S1.

Interval < 1 % 1 %–5 % 5 %–10 % 10 %–15 % > 15 %

Number 655 1037 475 1765 530
Proportion 22.20 % 35.15 % 16.10 % 59.83 % 17.97 %

Table 9. Relative errors of step error values predicted by SSA-attention-LSTM for Surface S2.

Interval < 1 % 1 %–5 % 5 %–10 % 10 %–15 % > 15 %

Number 507 859 507 2016 1457
Proportion 12.74 % 21.58 % 12.74 % 50.65 % 36.61 %

Figure 9. Prediction results of blade. (a) SSA-attention-LSTM. (b) SSA-attention-LSTM-PCA.

Table 10. Ablation study of blade prediction.

SSA-attention- PCA MSE RMSE R2 Total time
LSTM (s)

X – 0.261× 10−3 16.147× 10−3 0.985 56.37
X X 0.084× 10−3 9.145× 10−3 0.995 35.49

In terms of computational efficiency, during the generation
of the blade sample set, the geometric iterative method took a
total of 67.56 s to calculate the step errors of all 9480 training
samples; the neural network model in this paper took 33.16 s
to train using 9480 training samples and then took 2.33 s to
predict 16 680 test samples, with the entire process requiring
only 35.49 s, fully verifying the efficiency advantage of the
model in practical machining scenarios.

5 Conclusion

In the field of five-axis machining step error calculation, tra-
ditional geometry-based iterative algorithms require repeated
iterations to solve the maximum distance between the tool
envelope surface and the cutter contact (CC) curve. Their
computational load increases exponentially with higher-

precision requirements, and historical computation experi-
ences cannot be reused. The research team previously imple-
mented BP neural networks to predict step error in three-axis
machining. However, BP models are constrained by single-
task learning frameworks and shallow network architectures,
making it difficult to effectively capture the high-dimensional
nonlinear characteristics of five-axis machining step error, re-
sulting in insufficient prediction accuracy and limited gener-
alization capability. This paper proposes a collaborative op-
timization framework based on SSA-attention-LSTM. The
SSA dynamically optimizes LSTM hyperparameters to avoid
local optima and accelerate model convergence. An attention
mechanism is introduced to achieve weighted focusing on
key CC and CL point features, enhancing the core geomet-
ric information in tool paths. Combined with PCA dimen-
sionality reduction preprocessing to eliminate redundant co-
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ordinate interference, the model’s robustness is significantly
improved. This method breaks through the inherent pattern
of iterative solution based on geometric relationships, en-
abling efficient calculation of five-axis step error using neu-
ral networks. Compared to single-task models such as LSTM
and BP, its hyperparameter optimization mechanism and fea-
ture focusing capability are better aligned with the high-
dimensional nonlinear characteristics of complex surfaces.
In predictions for surfaces S1 and S2, R2 values increased
to 0.993 and 0.995, respectively, with absolute errors con-
trolled within the micrometer range. In the blade test case,
high-precision prediction was achieved with only 9480 train-
ing samples, and PCA dimensionality reduction preprocess-
ing improved the training efficiency by approximately 37 %,
with an R2 of 0.995, which verified the feasibility and effec-
tiveness of the model and provided a theoretical and algorith-
mic foundation for the development of CAM software.

Future research will focus on constructing a transfer learn-
ing framework to adapt the trained model to new surfaces,
achieving high-precision prediction results with minimal
training samples for the neural network. On this basis, fu-
ture research will further investigate the introduction of phys-
ical factors in the machining process, such as insufficient tool
stiffness, tool wear, machine tool vibration, and thermal de-
formation, to enable the network to accurately predict the ac-
tual errors of parts after machining.
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