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Speed skating training imposes rigorous requirements on movement accuracy and dynamic stability.
Traditional training relies heavily on coaches’ subjective experience; exoskeleton robots suffer from limitations
of large additional inertia and insufficient flexibility. Although cable-driven robots possess the advantage of
flexible transmission, existing control methods fail to meet the demand for high-precision trajectory tracking.
To address this issue, this study conducted systematic research: a cable-driven robotic mechanism adapted for
skating training was designed, and a geometric model of fixed-mobile coordinate systems was established, with
the Newton—Raphson iterative method employed to solve forward and inverse kinematic equations. An improved
fractional-order active disturbance rejection control (FOADRC) strategy was proposed, which removes the track-
ing differentiator of traditional ADRC and integrates a fractional-order extended state observer (FOESO) with
a fractional-order PD control law, thereby enhancing dynamic response and anti-disturbance capability. Human
skating movement data were collected using the NOKOV infrared motion capture system, and reference trajec-
tories were generated via fitting with eighth-order Fourier series. Comparative simulations with traditional PID
control were performed. The results demonstrate that the motor angle tracking error under the FOADRC strat-
egy is significantly reduced, with improved control precision. This study provides a practical solution for precise
skating training and offers reference value for the development of intelligent auxiliary equipment in competitive

sports.

In the field of ice and snow competitive sports, speed skating
and short track speed skating impose stringent requirements
on athletes’ explosive power, endurance, coordination, and
movement precision. Traditional training models rely heav-
ily on coaches’ subjective experience for evaluation, suf-
fering from inherent limitations including insufficient per-
sonalization of training plans, delayed feedback on train-
ing effects, and limited precision in load regulation. These
drawbacks render them incompetent in meeting the demands
of scientific training in modern competitive sports (Buiter,
2020). With the advancement of artificial intelligence and

robotics technology, intelligent auxiliary training robots have
emerged as a pivotal solution to break through the bottle-
necks of traditional training. By accurately perceiving real-
time motion states and dynamically regulating training loads,
these robots can achieve closed-loop optimization of person-
alized training programs and significantly enhance training
efficacy.

Current mainstream exoskeleton training robots, con-
strained by their rigid link structures, require drive units to be
mounted in close proximity to joints. This results in substan-
tial additional inertia and bulkiness of the system (Barnett
et al., 2023), which not only increases the athletes’ move-
ment burden but also may constrain movement flexibility



(Iverach-Brereton et al., 2014), making them incompatible
with the high-speed dynamic characteristics of skating (Lu et
al., 2026, 2025). In contrast, cable-driven robots, leveraging
the structural advantage of decoupling drive units from the
human body, transmit force and motion through lightweight,
high-strength cables. They not only eliminate the adverse im-
pact of additional inertia on movement flexibility but also
utilize the compliance of cables to mitigate the risk of rigid
collisions (Song et al., 2025). Meanwhile, they possess mer-
its such as a large workspace, efficient force transmission,
and minimal error accumulation, thus serving as an ideal me-
chanical carrier for high-precision control in skating train-
ing (Alwan et al., 2025; Li and Yao, 2025). Although schol-
ars have conducted relevant research on cable-driven robots
(e.g., the trunk balance trainer TruST), the ankle rehabilita-
tion mechanism (Khan et al., 2017), and the gait simulation
robot MotionMaker (Zhang et al., 2024), most of these stud-
ies focus on stability maintenance in rehabilitation training
or simulation of basic movements with relatively simplistic
control strategies. If applied to skating training, they fail to
adequately account for the nonlinear coupling, instantaneous
disturbances, and high-precision trajectory tracking require-
ments arising from complex scenarios in skating — such as
high-speed ice pushing, dynamic balance adjustment, and
fluctuations in ice friction — making direct migration to com-
petitive skating training scenarios infeasible.

Control strategy is the core determinant of the perfor-
mance of cable-driven skating training robots. Although
integer-order PID controllers are widely adopted in mechan-
ical systems due to their simple structure and strong robust-
ness, their tracking accuracy and anti-disturbance capabil-
ity are no longer sufficient to meet high-precision training
requirements when confronting dynamic disturbances (e.g.,
sudden changes in ice friction, movement disturbances from
trainers) and the nonlinear coupling characteristics of the sys-
tem during skating training (Koukolovd, 2015). Active dis-
turbance rejection control (ADRC) offers an effective solu-
tion for nonlinear system control via real-time estimation and
compensation for internal and external disturbances via an
extended state observer (ESO) (Koukolova, 2015). However,
traditional nonlinear ADRC suffers from complex parameter
tuning and heavy computational load. Linear active distur-
bance rejection control (LADRC) simplifies parameter ad-
justment by linearizing the ESO (Chen et al., 2018), and sub-
sequent scholars have further proposed improved schemes
such as adaptive LADRC and full-state feedback ADRC,
which have validated their anti-disturbance advantages in
scenarios like hydraulic servo systems and electromechanical
actuators (Tan and Fu, 2016; Yao and Deng, 2017). Neverthe-
less, the tracking differentiator (TD) in traditional ADRC and
LADRC induces delays in dynamic response, making it dif-
ficult to adapt to the control requirements of high-frequency
movements in skating, such as rapid ice pushing and sudden
stops with direction changes.

The development of fractional-order control theory pro-
vides a novel pathway to overcome the limitations of integer-
order control. By introducing non-integer-order calculus op-
erators, it enables adjustable slopes of integral amplitude-
frequency characteristics and enhances the high-frequency
noise suppression capability of differential links. Compared
with integer-order PID controllers, it exhibits superior per-
formance in response speed, robustness, and adaptability to
complex disturbances (Liu et al., 2020; Luo et al., 2014). Ex-
isting studies have applied fractional-order PID to scenarios
such as hard disk drive servo systems and light rail vehi-
cle torque control, verifying its effectiveness in improving
tracking accuracy and anti-disturbance performance (Liu et
al., 2020; Luo et al., 2014). Yet, most existing research on
the integration of fractional-order control and ADRC focuses
on general mechanical systems, failing to fully consider the
unique characteristics of cable-driven skating training robots
— including multi-cable coordination, strong dynamic distur-
bances, and stringent requirements for trajectory tracking ac-
curacy. There is a lack of dedicated design and validation of
control strategies specifically tailored to this scenario, result-
ing in a significant mismatch gap between existing control
methods and the high-precision demands of skating training.

To bridge this critical gap, this study proposes a novel
cable-driven skating training robot and FOADRC strategy
targeting its high-precision trajectory tracking requirements,
conducting a full-process investigation from mechanism
modeling to control verification. First, a cable-driven robotic
mechanism adapted to skating training scenarios is designed,
and a geometric model under fixed-mobile coordinate sys-
tems is established. The forward and inverse kinematic equa-
tions of the robot are derived and solved using the Newton—
Raphson iterative method to ensure that the accuracy of the
kinematic model meets the requirements for control strategy
design. Furthermore, a hybrid control strategy integrating
ADRC and fractional-order control is proposed to enhance
control tracking accuracy. To validate the effectiveness of the
proposed method, motion data of key lower limb joints dur-
ing skating will be collected via the NOKOV infrared mo-
tion capture system as control inputs, and experiments will
be conducted on the permanent magnet synchronous motor
(PMSM) drive unit to systematically verify its superiority
in trajectory tracking accuracy. This study aims to provide
a novel method and practical reference for the control strate-
gies of similar intelligent auxiliary equipment in the field of
competitive sports.

The skating training robot is an intelligent auxiliary device
specifically designed to improve the lower limb strength and



Structure diagram of skating training robot. 1 — column;
2 — column crossbeam; 3 — pulley; 4 — handrails; 5 — calf strap; 6
— servo driver; 7 — chassis cover version; 8 — chassis; 9 — mirror
surface.

movement coordination of speed skaters. Its core objective
is to achieve precise training of high-difficulty competitive
movements through human-robot collaboration. The design
followed three core principles: first, the mechanism must ac-
curately match the technical indicators of professional train-
ing; second, all parts in contact with the athlete’s body must
balance safety and comfort for long-term wear; third, the en-
tire machine must possess practical attributes of easy main-
tenance, easy deployment, and easy operation. Based on the
above principles, the overall layout of the final cable-driven
skating training robot is shown in Fig. 1.

Structurally, the robot consists of eight functional mod-
ules: (1) columns — as the vertical supporting framework of
the entire system, they bear the main load; (2) column cross-
beams — horizontally connecting the left and right columns
to form a stable gantry frame; (3) pulleys — distributed on
the inner sides of the columns and crossbeams, used to guide
and change the direction of the cables, ensuring a smooth and
efficient force transmission path; (4) handrails — symmetri-
cally arranged on both sides of the athlete’s arms, adopting
an ergonomic curved surface design that is not only easy to
grasp but also provides real-time balance compensation dur-
ing high-speed skating; (5) servo drivers — installed inside the
chassis, real-time feedback of cable tension and displacement
through high-precision encoders to achieve millisecond-level
response; (6) chassis cover plates — made of lightweight and
high-strength composite materials, which not only protect in-

Drive unit.

ternal components but also facilitate quick disassembly and
maintenance; (7) chassis — integrating a counterweight and
shock absorption system to ensure the entire machine re-
mains stable under the athlete’s explosive ice-pushing move-
ments; (8) mirror surface — its surface undergoes special pol-
ishing treatment, with a friction coefficient similar to that of
real ice, enabling the athlete to obtain an immersive training
experience both visually and tactilely. In addition, the entire
system is connected to key parts of the athlete’s waist, legs,
and ankles through multiple high-strength and low-extension
cables, forming a closed-loop force control network.

In terms of the drive configuration, the robot abandoned
conventional rigid linkages in favor of a servo motor-cable
hybrid drive scheme. The drive unit was composed of an
S7-1200 PLC, a 60ASM400 permanent magnet synchronous
motor (PMSM) with a rated power of 400 W and a rated
speed of 3000 rpm, and a type 1204 ball screw, as illustrated
in Fig. 2. Based on the real-time collected posture data of
the athlete, the servo motors dynamically adjusted the mag-
nitude and direction of the output force of each cable. This
design not only provided upward lifting assistance during the
athlete’s take-off phase but also applied controllable damp-
ing at the moment of ice landing, thereby effectively miti-
gating joint impact. This flexible drive strategy not only sig-
nificantly reduced the mechanism inertia but also greatly en-
hanced the safety redundancy of training.

In terms of the driving method, the robot abandons the tra-
ditional rigid links and adopts a servo motor-cable compos-
ite driving scheme. Based on the real-time collected athlete’s
posture data, the servo motor dynamically adjusts the output
force magnitude and direction of each cable. It can not only
provide upward lifting assistance during the athlete’s take-
off phase but also apply controllable damping at the moment
of ice landing, effectively reducing joint impact. This flexi-
ble driving strategy not only significantly reduces the mecha-
nism inertia but also greatly improves the safety redundancy



Pose points.

Item parameter

Numerical value

Frame size
Activity space
Maximum pulling force of the drive unit

Suspension measures maximum load bearing

Applicable height range

1600 mm x 1000 mm x 2360 mm
1200 mm x 800 mm x 1900 mm
380N

500kg

1.65-1.98 m

of training. The selection of the key technical parameters
for the system is rigorously grounded in a combination of
biomechanical design principles and practical engineering
requirements. Specifically, the applicable height range (1.65—
1.98 m) and the designated activity space are scaled to ac-
commodate the anthropometric data of professional speed
skaters and their extensive dynamic range of motion dur-
ing the low-posture ice-pushing phase. To guarantee struc-
tural reliability, the maximum pulling force of the drive unit
(380N) and the suspension’s maximum load-bearing capac-
ity (500kg) are engineered to incorporate a robust safety
margin, safely withstanding the peak dynamic impact loads
generated by athletes’ explosive instantaneous forces. Fur-
thermore, the overall frame size is optimized to balance the
necessity of an immersive, broad training workspace with the
spatial deployment constraints of standard indoor sports fa-
cilities. The main structural parameters of the cable-driven
ice-skating training robot are presented in Table 1.

To conduct systematic kinematic modeling of the skating
training robot, the primary task is to establish an accurate
mapping relationship between the pose (position and atti-
tude) of the moving platform in space and the real-time
lengths of the eight cables. Figure 3 shows a simplified model
of the robot mechanism. For this purpose, a fixed coordi-
nate system O-XYZ and a follower coordinate system p-
xyz were introduced as the description benchmarks respec-
tively. The fixed coordinate system O-XY Z was set at the
geometric center of the rectangular plane formed by the sur-
face of the robot’s bottom frame, where the origin O is the
centroid of the rectangle. The orientation rules of the coor-
dinate axes are as follows: the Z axis is perpendicular to the
plane AsAgA7Ag and points upward; the X axis is parallel
to As5Ag, with its positive direction pointing from As to Ag;
the Y axis is determined according to the right-hand rule.
The moving coordinate system p-xyz is fixed on the mov-
ing platform at the center of the athlete’s thigh, and its origin
p is located at the geometric center of the rectangular plane
asagayag formed by the lower surface of the moving plat-
form. The axis directions of this coordinate system follow
the same definition logic as the fixed coordinate system: the
z axis is perpendicular to the plane asagayag and points up-
ward; the x axis is parallel to the side asag, with the positive

Simplified model of skating training robot.

direction pointing from as to ag; the y axis is also determined
according to the right-hand rule to ensure that the two coor-
dinate systems have consistent directions in the initial state,
facilitating subsequent coordinate transformations.

Regarding the cable connection points, let A; (i =1, 2,
..., 8) denote the fixed connection points of the ith cable
with the fixed platform and a; (i =1, 2, ..., 8) denote the
connection points of the same cable with the moving plat-
form. Meanwhile, to describe the geometric dimensions of
the moving platform, parameters a, b, and ¢ are introduced
to represent the length, width, and height of the moving plat-
form in the x, y, and z directions respectively.

In all subsequent kinematic derivations, it is assumed that
the cables are always in a fully tensioned state, i.e., there is
no slack or elastic elongation. Therefore, the elastic defor-
mation, self-weight of the cables, and the sag effect caused
thereby can be ignored, simplifying each cable into an ideal
massless straight segment, which significantly reduces the
modeling complexity. Meanwhile, in previous research (Qi
et al., 2020), it was concluded that the degree of freedom of
the skating training robot is 6. It can be seen that under the
drive of eight cables, the moving platform can achieve ro-
tation and translation in three-dimensional space, which can
fulfill the training tasks of speed skaters.



Inverse kinematics for the cable-driven skating training robot
is defined as calculating the lengths of all driving cables
given the predefined pose parameters of the end-effector (leg
brace). The inverse kinematic model for this robotic system
is depicted in Fig. 4a. For the cable-driven skating training
robot, its end-effector (leg brace) acts as the movable plat-
form of the overall robotic system, which is coupled with
each pulley block module through driving cables with dis-
tinct lengths. In this configuration, L; (i =1, 2, ..., 8) rep-
resents the length of the ith driving cable, and U; stands for
the unit vector corresponding to the length of the ith driving
cable.

For the skating training robot, inverse kinematics entails
determining the length of each driving cable when the pose of
the end-effector (leg brace) is known. The inverse kinematic
model corresponding to this robotic system is presented in
Fig. 4a. In this system, the end-effector (i.e., the leg brace) of
the cable-driven ice-skating training robot acts as the moving
platform. This moving platform is linked to each pulley block
module via cables of differing lengths, where L; (fori =1, 2,
..., 8) represents the length of the ith cable, and U; denotes
the unit vector corresponding to the ith cable.

Initially, the length characteristics of a single driving ca-
ble are analyzed for a predefined pose of the end-effector
(leg brace). The inverse kinematic model corresponding to
a single driving cable is depicted in Fig. 4b. O p designates
the position vector of the local coordinate system’s origin p
with respect to the global coordinate system, while O p; de-
notes the position vector of the connection point a¢; within
the local coordinate system. O A; signifies the position vec-
tor of the cable exit point A; in the global coordinate system.
Drawing on the coordinate system transformation relation-
ship elaborated earlier, in conjunction with the closed vector
quadrilateral approach, the length vector corresponding to a
single driving cable can be deduced. The specific steps of this
derivation process are presented as follows:

Li=PiAi=0A; —0a;=0A; —Op—RX pa;. (1)

Here, R — rotation matrix from the fixed coordinate system
to the moving coordinate system;

R=Rz(y)Ry (B)Rx (®);
R=Rz () Ry (B) Ry (@)

cosy —siny 0 cos B 0 sing 1 0 0
=| siny cosy 0 0 1 0 0 cosa —sina

0 0 1 —sinf 0 cosB 0 sina cosa

cosfcosy  cosasinfcosy —cosasiny  cosasinfcosy +sinasiny

=| cosBsinf  sinasinBsiny +cosacosy  cosasinfsiny —sinacosy
—sinf sina cos 8 cosacos

The length of the ith cable is expressed as follows:

Li = |ILill, (@)

where ||-|| denotes the norm. Subsequently, by substituting
the position coordinates of specific points into Eq. (1), the
length vectors of each individual cable can be derived.

The importance of forward kinematic analysis for robotic
systems resides in computing the positional and orientational
parameters of the robot’s end-effector based on prespecified
joint parameters, a process vital for achieving accurate spa-
tial localization and path formulation (Wang et al., 2025).
The forward kinematic model characterizes the mapping cor-
respondence between joint angular parameters and the posi-
tional and orientational states of the end-effector. By means
of forward kinematic analysis, engineers are able to ascer-
tain the precise positional coordinates and directional posture
of the robot’s end-effector under prespecified joint angular
conditions (Huang et al., 2022; Luputi et al., 2022). For the
cable-driven skating training robot, forward kinematic anal-
ysis is defined as calculating the solution for the positional
posture of the moving platform within the fixed coordinate
frame, given the known length parameters of each individual
driving cable [; (i =1, 2, ..., 8). In this context, the resulting
solutions include the positional coordinate ” O = (x, y, z)s
and attitude angles («, 8, y) of the moving platform within
this fixed coordinate frame.
It can be known from Eq. (2) that

L =Aall
I =|Aza| )
Ig = || Agasl|

The cable-driven skating training robot belongs to the cate-
gory of parallel kinematic mechanisms. In the process of for-
ward kinematic computation for cable-driven parallel kine-
matic mechanisms, the Newton—Raphson iterative method
or analytical method are commonly employed as solution
approaches. The analytical method entails a comparatively
intricate procedure with large-scale computational work-
loads, placing stringent demands on computational capabil-
ities. Serving as an approximate root-solving technique ap-
plicable to equations in both real and complex domains, the
Newton—Raphson iterative method possesses prominent mer-
its including rapid convergence speed and precise solution
results. Consequently, the Newton—Raphson iterative method
is adopted as the primary solution approach in the present re-
search.

A construction function is established according to Eq. (3):

Fi(X0) = |li]| 17 “)
According to the Newton—Raphson iterative method,

Xip1 = X + 68X, )



(@)

(b)

Inverse kinematic model: (a) inverse kinematic model of the robot; (b) inverse kinematic model of a single cable.

where 6 Xy denotes the pose increment of the moving plat-

form:

Fi(X)
Ji

where F;(X) denotes the deviation function of the ith cable.

Equation (6) is rearranged, and its specific form after rear-
rangement is given as follows:

85Xy =— (6)

Jid Xy = —Fi(X), (N

where J; represents the matrix obtained by taking the par-
tial derivative of F;(X) with respect to the pose. Its specific
expression is given as follows:

IRX)  AFX) AF(X)
_ ax dy 9z
Ji= Sno  amx) BE(X)] : ®)
do ap ay 1x6

Equation (8) is rewritten into its matrix form as follows:
JéXk = —F(X), )
where

J=11120304J5 61751

[FI(X) FaX) F3(X) FaX)

F(X) = .
20 F5(X)  Fe(X) F7(X) FS(X)]T

The general formula for iterative solution is expressed as fol-
lows:
§Xx = —J F(X), 10)

where J~ denotes the pseudoinverse matrix of J. Its specific
form is given as follows:

=" (1)

At the start of the iteration, the initial guess value Xo =

( X0 Yo 20 «® Bo Y )T is substituted in; its incre-
ment value §X( is then calculated. The cyclic solution of

Eq. (11) is performed until the constraint condition ||§ X || <
¢ is satisfied, which represents the user-defined error limit.
Regarding the convergence characteristics, the Newton—
Raphson method exhibits quadratic convergence in the vicin-
ity of the exact root, allowing it to reach high-precision tar-
gets within a minimal number of iterations. However, its con-
vergence is inherently sensitive to the selection of the ini-
tial guess X¢. To address this in practical engineering imple-
mentation, the kinematic pose of the moving platform from
the previous control cycle is invariably selected as the initial
guess for the current cycle. Given that the sampling period of
the servo control system is at the millisecond level, the spa-
tial displacement between adjacent cycles is infinitesimally
small. This strategic selection perfectly satisfies the prereq-
uisite that the initial value must be close to the exact so-
lution, thereby strictly guaranteeing the robust convergence
and real-time computational efficiency of the forward kine-
matic algorithm. Thus, the forward kinematic analysis of the
ice-skating training robot is completed.

To confirm the validity of the constructed forward and in-
verse kinematic analyses for the skating training robot, simu-
lation verification of the forward and inverse kinematics was
performed within the MATLAB platform.

Five sets of pose points were chosen to validate the for-
ward and inverse kinematic algorithms. Initially, the five se-
lected sets of pose points were fed into the system, and the
lengths of the eight driving cables associated with each set of
pose points were derived through inverse kinematic compu-
tation. Subsequently, the outcomes obtained from the inverse
kinematic computation were entered, and the forward kine-
matic algorithm was employed to verify whether the output
end-effector pose matched the five pre-chosen sets of pose
points. The forward and inverse kinematic algorithms were



Pose points.

Number X y z o B y
(mm) (mm) (mm) (rad) (rad) (rad)

131 243 1186 1.121 1.151 1.310
270 =370 1251 1.173 1.230 1.271
—290 194 1450 1.114 1.136 1.353
140 211 1511 1.216 1.221 1.287
133 —190 1663 1.141 1.205 1.267

wn AW -

considered valid provided that the deviation between these
two sets of outcomes lied within a permissible range.

The five sets of pose points chosen within the workspace
of the skating training robot are tabulated in Table 2.

The coordinate values of the five sets of pose points listed
in Table 2 were input into Eq. (2) in turn, and the lengths of
the eight driving cables for the skating training robot asso-
ciated with each individual set of pose points were derived
through inverse kinematic calculation, with the resultant data
tabulated in Table 3.

After the inverse kinematics solutions were obtained, these
values were substituted into Eq. (11) for iteration, and the
forward kinematics solutions were thus derived. The forward
kinematics results are presented in Table 4.

Having acquired the solutions to the forward kinematics
problem, we present the error formula below, which is used
to compute the deviations between the five sets of data in
Tables 2 and 4.

Y-y

A x 100 %, (12)
where Y — xyzaBy in Table 2; Y’ — x'y’z'a’ 'y’ in Table 4.

Following calculation and analysis, the maximum devia-
tion of the five groups of experimental data is 0.95 %, a value
lower than 1 %. This demonstrates that the average deviations
of position and attitude for the five groups of pose points
all lie within the permissible error margin, which can meet
the demands of forward and inverse kinematic calculations.
Therefore, the validity of the constructed kinematic model
for the skating training robot is confirmed.

By means of the kinematic model and calculation for the
skating training robot, the motion characteristics of the
robotic system were elucidated, and precise control was
achieved to guarantee the effectiveness and security of the
training results. This, in turn, places strict demands on the
anti-disturbance robustness and trajectory tracking precision
of the control approach during the training process. To realize
high-accuracy trajectory following and stable operation con-
trol of the skating training robot, as well as the accurate con-
trol and replication of athletes’ skating motions, this research

put forward a modified FOADRC method. Through the in-
corporation of fractional-order calculus operators to improve
the structural design of the active disturbance rejection con-
troller, the proposed method is intended to boost the trajec-
tory tracking accuracy and dynamic response capability of
the control system.

To ensure the stable operation of the permanent magnet
synchronous motor (PMSM), a vector control method was
adopted in this study. Based on the coordinate transformation
theory of AC motors, the equivalent model of the PMSM was
established using Park transformation and Clark transforma-
tion, resulting in control characteristics similar to those of
DC motors. The stator voltage equations of the PMSM in the
synchronous rotating coordinate system (d-qg frame) are as
follows:

g = Rig+ Lg% — weLyiy
, (13)
g = Rig+ Ly S + weLyig + 0ot

where uy and u, are the d-q axis stator voltages, and iy and
iy are the d-g axis stator currents. R is the stator resistance,
and Ly and L, are the stator magnetic flux densities. we is
the rotor electrical angular velocity, and v is the magnetic
flux.

The electromagnetic torque of the PMSM in the d-q co-
ordinate system can be expressed as follows (Roman et al.,
2019):

Tn= %Pni [ia(La — Lg) +vr)ig. (14)
To ensure the high reliability of the PMSM under harsh en-
vironments, a surface-mounted PMSM was selected in this
study. A rotor flux-oriented control strategy (i; = 0) com-
bined with a PI controller was adopted for the PMSM. When
ig = 0 was substituted into Eq. (13), the stator voltage equa-
tion becomes

{ ug = —weLyiy (15)

. di .
ug = Ri, + Lqﬁ + we Ys

The electromagnetic torque equation is expressed as follows:

3.
Th= Epnlqwﬂ (16)

The expression of the g axis reference current given by the
speed loop is

i;‘ = (Kpm + / K,-w> (a);’;1 —a)m) — B,wm, a7

where K, and K;, are the PI parameters of the speed loop,
wy is the set speed of the PMSM, wy, is the mechanical an-
gular velocity, and B, is the active damping coefficient.



Inverse kinematics solution results.

Number 11 12 13 14 15 l6 l7 18
(mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)
1 1387.43 1498.21 157420 1476.57 1808.27 1545.81 1666.11 1901.02
2 1463.72  1502.78 1559.32 1511.23 2184.62 1676.35 139548 1942.79
3 1067.29 1346.76  1392.16 1132.10 1823.25 2039.61 2076.33 1850.99
4 1055.18 1192.09 1324.02 1186.57 2140.24 179445 1843.08 2145.51
5 1003.11  1055.13 1101.72 1046.45 2330.23 2003.11 1860.49 2191.89
Forward kinematics solution results.
Number x/ y 4 o B’ y'
(mm) (mm) (mm) (rad) (rad) (rad)

1 131.358 242.142  1183.574 1.1200 1.1512 1.3121

2 270.892 —371.234 1251367 1.1726 1.2295 1.2713

3 —289.646 191.256 1448483 1.1162 1.1331 1.3549

4 143.523 213.727 1514.812 1.2151 1.2268 1.2872

5 132.115 —186.388 1663.274 1.1391 1.2038 1.2677

Based on the feedforward decoupling control strategy, the
q axis voltage was obtained through the current loop:

1y = <qu +fK,-q> (iz-

The current and mechanical motion equations of the PMSM
can be expressed as follows (Tom and Daya, 2025):

iq> + wetl. (18)

di .

= _ﬁlq + L_lq (Kpg + [ Kig)

(Ko +f Kia) (@ —om) — Boom—ig] - (19
megﬂ = %Pnﬂpfiq - TP

By integrating the ADRC methodology with fractional-order
control theory, the core principles of fractional-order algo-
rithms were incorporated into the extended state observer
module, enabling accurate estimation of both internal and
external disturbances acting on the controlled system. Mean-
while, the nonlinear state feedback error control law was sub-
stituted with a fractional-order PID regulator. Through such a
hybrid design, the resultant controller and its corresponding
controlled plant exhibited prominent merits, including rapid
dynamic response, strong anti-disturbance robustness, high
control accuracy, and a broad parameter tuning range (San-
gar et al., 2026).

Conventional ADRC architectures comprise a tracking
differentiator component, whose primary role is to generate
an optimized transient response profile and furnish the dif-
ferential signal associated with this process. To prevent ex-
cessive overshoot during step signal responses, the control

Fractional-order
Extended State Observer

Block diagram of the fractional-order ADRC structure.

output magnitude is regulated to rise gradually at the ini-
tial phase of operation. Nevertheless, this conservative ad-
justment strategy inevitably leads to extended rise time and
sluggish overall system responsiveness.

In light of the inherent structural features of the controlled
object and the stringent requirements for high-speed con-
trol performance, the tracking differentiator was eliminated
from the fractional-order ADRC controller proposed in this
research. The core objective of this structural modification
is to utilize the large initial error-derived control signal to
drive the controlled system promptly, thereby realizing high-
efficiency trajectory tracking capability of the control frame-
work. On this basis, the FOADRC scheme developed in the
present study is composed of two core modules, namely
a fractional-order extended state observer and a fractional-
order control law. The block diagram illustrating the system
architecture is presented in Fig. 5.

The application of fractional-order calculus in the active
disturbance rejection controller is as follows:

Y2 a3y @ +ayy = w+ bu, (20)



where u represents the system input and y stands for the
system output. o (0 < @ < 1) designates the fractional-order
differential order of the system. w denotes the external dis-
turbance acting on the system, and b defined as the system
gain parameter. a and a; are the intrinsic parameter coeffi-
cients of the system.

Via a straightforward linear transformation approach, the
fractional-order system can be equivalent to a second-order
dynamic system. Thus, a third-order FOESO was adopted to
precisely estimate the system states as well as internal and
external disturbances, with the generated system errors com-
pensated for by the fractional-order control law. By integrat-
ing the prominent superiorities of fractional-order controllers
— including a broad parameter tuning range and excellent
anti-disturbance robustness — with the core functional char-
acteristic of active disturbance rejection controllers to real-
time observe internal and external disturbances of the con-
trolled system, the fractional-order active disturbance rejec-
tion controller was consequently developed and constructed.

As the core component of ADRC, the ESO is designed to
estimate the internal and external disturbances acting on the
controlled system. Drawing on the design principle of state
observers, the disturbance factors that influence the system
output are extended to form a new state variable; such an
expansion process is independent of the disturbance gener-
ation model and enables the non-contact estimation of the
system’s disturbance signals without the need for direct de-
tection. Firstly, Eq. (20) is rearranged and derived in the fol-
lowing form:

YO = —apy @ —ary+w+bu=g (y("‘), A w) +bu. (21)

Taking the second-order position loop as the controlled ob-
ject, it was expanded into a state space of the following form:

()
{ x@ = Ax +Bu +Eh(t) . 22)

y=Cx

The total system disturbance is g(-) = h(t), with the specific
expression g(-) = —ay® —a;y + w, covering internal and
external disturbances of the system. This disturbance was ex-
panded into a state variable of the system, x3 = g(-), where

X1 010 0

x=| x |; A=] 0 0 1 [; B=| b |, (23
X3 0 0 0 0
0

E=[0|; C=[1 0 0]. (24)
1

According to the state space structure of the controlled ob-
ject, a fractional-order extended state observer was designed
as follows:

ey
L.

Block diagram of the FOESO structure.

&1 =22 — Pi1e1
Z(2a) =273 — ﬂzsl +bu . (25)
5 = —pser

The outputs zj, z2, z3 of the observer observe the system
states x1, x2, x3 respectively, and 1, B2, B3 are the gain co-
efficients of the extended state observer. The FOESO frame-
work is shown in Fig. 6.

FOESO is a linear proportional fractional-order system;
through the mapping relationship w = s%, where « is the pro-
portional order of the original system, the complex plane of
the proportional fractional-order system can be mapped to
the complex plane of the integer-order system with w as the
variable. Therefore, the stability of the fractional-order sys-
tem can be analyzed by the root locus method:

byys™ 4 by 15D L s by
Aps"™ + a8tV 4 aisY +ag

G(s)= (26)

By defining the error ¢; = z; —x; (i = 1, 2, 3), the error equa-
tion of FOESO can be expressed as

ii) T B 1 0T e m 0 ]
o |= —B 0 1 e |+ 0 |re). @7
i 630‘) L —,33 0 0 ] e3 | L —1 ]

After the w = s* mapping, the error equation becomes

e] —,31 1 0 el 0 7
ey |lw=| =B 0 1 e |+ 0 |h@). (28)
e3 | —B3 0 0 || e3 | -1 |

Based on the bandwidth parameter tuning approach for
integer-order extended state observers, to ensure the conver-
gence of the error equation, the characteristic poles must be
configured within the stable domain. Given that 0 < o < 1, it
can be deduced that the root locus corresponding to its trans-
fer function falls within the left half of the s-domain, namely
that the stable domain encompasses the entire left half of the
s-domain. This bandwidth-based tuning strategy for integer-
order ESOs is thus applicable to the parameter calibration of
linear fractional-order extended state observers (FOESOs).
Hence, the design philosophy behind the bandwidth param-
eter method for integer-order ESOs is adopted for reference:



Block diagram of the FOPID structure.

all the aforementioned characteristic poles are set to be iden-
tical multiple roots, and the observer bandwidth concept put
forward by Professor Gao Zhigiang can be employed to char-
acterize this configuration.

S 4 B15% + Bos® + B3 = (5% +wo)". (29)

Therefore, the observer gain parameters are parameterized as
B1=3wy, B2 = 3w%, B3 = wg. It can be seen that the only
parameter to be adjusted is wo, which simplifies the parame-
ter adjustment process of the fractional-order extended state
observer.

Taking advantage of the modular independence of all com-
ponents in ADRC, this research presents a fractional-order
control unit to substitute for the state feedback error control
law in the ADRC architecture. In contrast to conventional
PID regulators, the FOPID controller introduces two addi-
tional tunable parameters, namely the integral order A and
the differential order u. Consequently, the application of the
FOPID controller in a control system enables it to deliver
superior control performance characteristics. The structural
block diagram of the FOPID controller is depicted in Fig. 7.

Since the disturbances in ADRC have been compensated
and observed, the fractional-order PID (i.e., FOPID) control
was adopted in this study (Li et al., 2022).

U(s)

=Kp+Kys ™+ Kps* 30
EG) p+Kis ™ +Kps (30)

Ge(s) =

In regard to the fractional-order control scheme proposed
in the present research, the Oustaloup method (Li et
al., 2013a, b) was adopted to achieve the approxima-
tion of fractional-order differentiation. Firstly, the to-be-
approximated frequency band [wp, wy] was defined and de-
termined, and subsequently the corresponding rational ap-
proximation function was derived by means of rational func-
tion fitting, whose mathematical form is given as follows:

s+ wy
—"s+wk’

Gu()=K[T,_ 31

where

ktN+ % (1=3)

, wh 2N+1
wy, = wp| — , (32)
Wh
KN+ 5 (143)
h 2N+1
wi =wp| — , (33)
Wh
wp N W
k

A is the fractional order, and the order n in Eq. (31) is n =
2N + 1. Generally speaking, when n =5, the fitting result
can meet the accuracy requirement (Chen et al., 2021)

The FOADRC developed in the present research is to be
implemented in the position loop within the control sys-
tem. In line with the overshoot-free performance specifica-
tion of the servo system, the developed fractional-order con-
trol law employs only fractional-order PD control. The struc-
tural block diagram of the position servo system is illustrated
in Fig. 8.

To obtain the reference trajectory required for robot con-
trol, the NOKOV infrared motion capture system (config-
ured with eight infrared cameras, capturing at a sampling fre-
quency of 100 Hz with a spatial positioning error of less than
0.1 mm) was adopted to collect the lower limb motion data
of the human body during skating. The experimental subject
was a speed skater (male, 25 years old, height 178 cm, weight
70 kg), and the dynamic data during his standard straight-line
skating cycle were continuously collected. The experimental
process is shown in Fig. 9.

The hip joint is the connecting hub between the trunk and
the lower limbs. During skating, the body weight of the hu-
man body must be transmitted to the lower limbs through
the hip joint, which is a core supporting structure for main-
taining an upright skating posture and stabilizing the body’s
center of gravity. During skating, the body’s center of gravity
shifts frequently, and the hip joint can adjust the position of
the center of gravity by fine-tuning the angle (e.g., tilting, ro-
tating) to maintain dynamic balance. Especially during high-
speed skating and the post-push phase of speed skating, the
load-bearing capacity of the hip joint directly determines the
balance and stability of the body. This study focused on the
movement of the hip joint in the coronal and sagittal planes.

Due to the limitations of the physiological structure of the
human lower limb joints, the movement range of the core
control joint (hip joint) was determined based on the phys-
iological structure characteristics of the human lower limb
joints: sagittal plane (flexion-extension) —50—40°, coronal
plane (abduction/adduction) —40° (Baranowski et al., 2015).
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Marker points and data collection: (a) marker points; (b) data collection.

Retroreflective markers were attached to the key bony land-
marks of the athlete’s hip, thigh, lower leg, and ankle. Af-
ter collecting the original motion data, noise reduction pre-
processing was performed to extract the time series data,
a fourth-order zero-phase Butterworth low-pass filter with
a cutoff frequency of 6 Hz was applied to smooth the raw
coordinates and eliminate high-frequency noise induced by
soft tissue vibrations and environmental interference. Fur-
thermore, a cubic spline interpolation algorithm was utilized
to compensate for any missing data frames caused by mo-
mentary marker occlusions during high-speed motion. Fol-
lowing this rigorous noise reduction preprocessing, the kine-
matic model of the lower limb was processed to extract the
precise time series data of hip joint angle and angular veloc-
ity.

First, by simulating human skating on the ground, the
movement trajectories of various parts of the lower limbs
during skating were obtained. The movement angles of the
hip joint in space are shown in Fig. 10.

To obtain a smooth and reproducible control reference tra-
jectory while ensuring the fitting accuracy of the Fourier
series, an eighth-order Fourier series was employed to fit

Coefficients corresponding to each order.

Number Sagittal plane Coronal plane
0 14.38 —5.081
1 —16.19/—7.089 —4.602/—13.95
2 —8.119/9.122 3.305/—1.944
3 3.721/4.434 0.5971/1.96
4 —0.842/0.02693 —1.001/-0.2532
5 0.7564/0.3988 —0.01045/-0.3967
6 —0.146/0.4781 0.04932/0.1376
7 0.08417/—0.182  —0.05228/—0.08074
8 0.06557/—0.008469 —0.02406/—-0.2824

the preprocessed hip joint angle data. The coefficients cor-
responding to each order are shown in Table 5.

Since load magnitude is a critical factor affecting con-
troller accuracy, the load torques of the eight cables govern-
ing hip joint movement were measured via sensors during
the experiment. The specific magnitudes of cable tension are
illustrated in Fig. 11. Collecting the tension values at corre-
sponding positions through experiments to serve as the data
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source in subsequent control programs can render the control
effect more consistent with practical scenarios.

To verify the effectiveness and stability of the FOADRC
method, conventional proportional-integral-derivative (PID)
control was introduced as a benchmark method in this chap-
ter. Specifically, trajectory tracking experiments on joint
motion were conducted separately using these two control
strategies, followed by a comparative analysis of their respec-
tive tracking performance. This experimental design aimed
to verify whether the FOADRC method demonstrates supe-

rior control stability and trajectory tracking accuracy under
actual skating conditions. A simulation structural model was
established via Simulink, as depicted in Fig. 12.

Typically, the drive motors of robots are mounted at the
joint positions of the mechanism. This mounting configura-
tion increases the mass at the joints, thereby restricting the
motion performance of the robot (Wang et al., 2021). There-
fore, the drive motors of the cable-driven skating training
robot are installed on the robot chassis, rendering the compo-
nents directly attached to the human body more lightweight
and further enhancing motion flexibility and skating training
efficacy. The drive motors are connected to the ball screws
via couplings, while the cables are attached to the sliders.
When the motors rotate, they drive the ball screws to rotate,
causing the sliders to move, which ultimately achieves the
control of cable length variation and tension adjustment.

Based on the kinematic model established in Sect. 3, the
fitted hip joint trajectory is converted into cable length varia-
tions, and then the ideal rotation angles and rotational speeds
corresponding to each of the eight cables are solved. Regard-
ing the accuracy and reliability of the solved ideal rotation
angles, a detailed comparison of the solution algorithms has
been conducted in Sect. 2, which will not be reiterated herein.
Meanwhile, to fully verify the feasibility of the method pro-
posed in this paper and avoid information redundancy, this
chapter will present the control effects of Motors 1 and 2
corresponding to Cables 1 and 2.
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Taking the ideal rotation angles as the control targets of
the method proposed in this paper, the required rotation an-
gles and ideal rotational speeds of Motor 1 can be obtained
through kinematic calculations, with the results illustrated in
Fig. 13.

The required rotation angle and rotational speed of Mo-
tor 2 were derived through kinematic calculations, with the
results presented in Fig. 14.

To verify the performance of the proposed improved
fractional-order active disturbance rejection control
(FOADRC), a comparative experiment with traditional
PID control was conducted using the motor rotation angle

tracking error as the evaluation index. The tracking error is
defined as follows:

e(t) = Oref(t) — Oact(1), (35)

where Or(?) is the ideal rotation angle of the motor; O, (?)
is the actual output rotation angle of the motor.

Taking the ideal rotation angles of Motor 1 and Motor 2 as
position inputs, the transmission errors under the two control
methods were derived respectively via Eq. (32). Figure 15
presents a comparison of the error results between the PID
controller and the fractional-order active disturbance rejec-
tion controller (FOADRC). It can be clearly observed that, in
contrast to the conventional PID control, FOADRC is capa-
ble of narrowing the error range and significantly improving
the motion control accuracy. Furthermore, a comprehensive
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analysis of the control effects between Motor 1 and Motor 2
demonstrates a high degree of consistency in their tracking
error profiles. Despite the distinct ideal motion trajectories
and dynamic load variations experienced by different cables
during the skating cycle, the FOADRC strategy maintains a
stable, uniform, and low-error response across multiple drive
units. This consistency is extremely critical for multi-motor
cooperative control scenarios, as it ensures that all cables
operate in precise synchronization without generating unbal-
anced internal tensions or uncoordinated mechanism move-
ments. This finding fully validates the effectiveness, robust-
ness, and superiority of the control method proposed in this
study for complex multi-cable cooperative driving systems.

Addressing the high-precision trajectory tracking require-
ment of cable-driven skating training robots, this study con-
ducted a full-process investigation encompassing mechanism
design, kinematic modeling, and control strategy verifica-
tion. Specifically, a cable-driven robotic mechanism tailored
to skating scenarios was designed, and a geometric model
of fixed-follower coordinate systems was established, lay-
ing a solid foundation for subsequent analyses. The forward

and inverse kinematic equations were derived and solved us-
ing the Newton—Raphson iterative method; simulation results
verified that the mapping error between the pose and ca-
ble length is <1 %, ensuring high model accuracy. An im-
proved fractional-order active disturbance rejection control
(FOADRC) strategy was proposed: by removing the track-
ing differentiator (TD) of traditional ADRC to accelerate dy-
namic response, and integrating a fractional-order extended
state observer (FOESO) with a fractional-order PD control
law, the strategy achieves effective compensation for inter-
nal and external disturbances and optimization of trajec-
tory precision. Skating motion data were acquired via the
NOKOV infrared motion capture system, and reference tra-
jectories were generated through Fourier series fitting. Com-
parative simulation results demonstrate that the FOADRC
strategy outperforms the traditional PID control significantly
in both trajectory tracking accuracy and anti-disturbance per-
formance. This study provides a practical and feasible tech-
nical solution for the intelligent and high-precision control of
cable-driven skating training robots, and offers novel insights
and references for the optimization of control strategies for
similar intelligent auxiliary equipment in the field of compet-
itive sports. However, this study is limited to simulation val-
idation and single-subject data. Future work will construct a



physical prototype and conduct multi-subject trials in real-
world training scenarios.
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