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Abstract. A two-wheeled self-balancing wheelchair is a highly nonlinear and underactuated wheeled inverted-
pendulum system, which faces severe balance control challenges under large tilt angles, load variations, and
external disturbances. A hybrid nonlinear model predictive control–linear quadratic regulator (NMPC–LQR) bal-
ance control scheme is presented that combines nonlinear optimal recovery and efficient local stabilization while
reducing the computational burden. A reduced-order nonlinear dynamic model of the wheelchair–occupant sys-
tem is derived via the Lagrange method. The proposed controller confines LQR to a locally valid region verified
by linearization-error analysis, whereas NMPC is employed for large-deviation recovery. A linearization-error
analysis is first used to determine the switching-threshold search range, and a normalized five-index criterion
identifies 0.100 rad as the optimal nominal threshold. Mass-sensitivity tests further provide an empirical rela-
tion for estimating the optimal threshold within the tested mass range. Comparative simulations under initial
tilt angles of 35, 40, and 45° show faster convergence than standalone LQR and standalone NMPC controllers.
Benchmark comparisons with SMC demonstrate a larger recoverable initial-angle range. Robustness tests un-
der parameter variations, pulse and step disturbances, and flat-ground friction changes, together with prototype
experiments, validate the stability, disturbance rejection, and engineering applicability of the proposed control
strategy.

1 Introduction

Two-wheeled self-balancing wheelchairs are becoming in-
creasingly popular due to their compact structure, greater
maneuverability in narrow spaces, and better adaptability
to complex indoor and outdoor environments (Zhang et al.,
2024). They represent a promising solution for improving the
mobility of individuals with lower-limb impairment during
daily living. However, such wheelchairs must not only pro-
vide mobility but also ensure stability and safety under var-
ious operating conditions to be truly useful and acceptable
(Onozuka et al., 2020). Consequently, stability and safety

have become the two key concerns for both researchers
and users. The inherent static instability of self-balancing
wheelchairs necessitates high gain feedback of fast state es-
timation, which inevitably amplifies sensor noise and model
errors. Kalman filtering has been widely adopted to mitigate
this sensitivity, as demonstrated by Huynh et al. (2017) in an
optimal control framework, by Zhang et al. (2019) within a
PID structure, and by Ma et al. (2024) using a fuzzy Kalman
approach. However, these methods share three critical weak-
nesses: (i) reliance on known model and noise statistics,
which do not hold under load variations; (ii) heuristic param-
eter tuning without online adaptation; and (iii) a decoupled
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design of estimation and control, leading to degraded perfor-
mance under large-angle deviations or external disturbances.
Thus, developing an adaptive or robust co-design of state es-
timation and feedback control remains an open challenge.

Model-based controllers have been explored to over-
come the poor adaptability existing in conventional methods.
Among them, the LQR controller has been widely used in
self-balancing systems due to its simple structure and satis-
factory local stabilization performance. For instance, Feng
et al. (2023) applied LQR to a two-wheel-legged robot and
verified its efficient and stable regulation capability near the
equilibrium point. Owing to its linear nature, LQR performs
well near the equilibrium point but deteriorates rapidly un-
der large-angle deviations. Recent studies have attempted
to improve the robustness of LQR by introducing online
self-tuning or hierarchical reconfiguration mechanisms. For
example, Saleem et al. (2021) proposed several hierarchi-
cal self-tuning LQR procedures in which the weighting fac-
tors of the quadratic performance index are adjusted online
to improve disturbance rejection in under-actuated mecha-
tronic systems. Even with friction feedforward compensa-
tion (Zhang et al., 2025), its effective operating region re-
mains fundamentally constrained. Compared with regular
self-balancing vehicles, self-balancing wheelchairs are char-
acterized by larger-scale and higher inertia, making safety an
overriding concern in control design. Under sudden external
disturbances, the system must be stabilized rapidly to avoid
overturning while maintaining acceptable recovery perfor-
mance even at relatively large inclination angles. This in-
evitably leads to strongly nonlinear dynamic behavior. Anal-
ogous control difficulties have been observed in two-wheeled
inverted-pendulum systems subject to uncertain rolling resis-
tance and angle limits (Liang et al., 2021). Consequently, the
sole use of LQR control is insufficient to achieve satisfactory
performance for self-balancing wheelchairs. Hence, the de-
sign of advanced control schemes capable of dealing with se-
vere system nonlinearity still poses a considerable challenge.

Predictive, adaptive, and intelligent control approaches
have attracted increasing attention to cope with nonlinear
behavior during large-angle recovery (Zhang and Mohamad
Nor, 2025). For instance, Cui et al. (2015) and Li and
Zhang (2010) employed adaptive backstepping and motion/-
force control strategies, respectively, for wheeled inverted-
pendulum systems. Shen and Hong (2022) proposed an
MPC strategy for a two-wheeled inverted-pendulum sys-
tem and demonstrated its capability to handle nonlinear ef-
fects through online control. However, its effectiveness under
strongly nonlinear large-angle recovery conditions remains
insufficiently validated. Liu et al. (2024) introduced NMPC
into the control of a self-balancing wheelchair to further
improve control performance under highly nonlinear condi-
tions, while Li et al. (2021) demonstrated the applicability
of predictive control to nonholonomic wheel-legged robots.
These results indicate that predictive control methods are
effective in handling nonlinear system dynamics. Neverthe-

less, it is important to emphasize that model predictive con-
trollers still rely on online optimization at each sampling in-
stant, thereby imposing a substantial computational burden.
In addition, the control effectiveness in the near-equilibrium
region is not always superior to that of traditional control
approaches. An NMPC–LQR hybrid controller is proposed
to improve large-angle recovery while reducing the com-
putational burden. When the self-balancing system experi-
ences a relatively large tilt angle, the NMPC controller is
activated to provide the control input. As the tilt angle de-
creases and enters a predefined threshold region, the control
law is switched to the LQR controller. The proposed strat-
egy therefore combines the nonlinear recovery capability of
NMPC under large-tilt-angle conditions with the computa-
tional efficiency and regulation performance of LQR in the
near-equilibrium region. Furthermore, a switching-threshold
evaluation method is also designed to resolve the problem
of switching-angle selection. Subsequent simulations and ex-
periments verify the effectiveness and practical applicability
of the proposed hybrid controller for engineering implemen-
tation.

The main contributions are summarized as follows:

1. A reduced-order wheelchair–occupant dynamic model
is established for longitudinal balance recovery, and the
validity range of the modeling assumptions is explicitly
discussed.

2. A hybrid NMPC–LQR balance controller is con-
structed, where NMPC is used for large-deviation non-
linear recovery and LQR is restricted to the local region
supported by linearization-validity analysis.

3. A switching-threshold selection procedure is developed
by combining linearization-error analysis and a nor-
malized five-index evaluation criterion. In addition, a
mass-sensitivity study is conducted to obtain an em-
pirical threshold-estimation relation within the tested
equivalent-mass range.

4. Comparative simulations, SMC benchmark tests, dis-
turbance tests, friction-coefficient tests, computational-
efficiency tests, and prototype experiments are con-
ducted to evaluate the proposed method.

However, three gaps remain:

1. switching thresholds in existing hybrid schemes are of-
ten selected empirically, and their searchable range or
parameter-dependent estimation is rarely quantified;

2. the validity range of LQR linearization is rarely quanti-
fied when large initial tilt angles are considered;

3. limited studies validate wheelchair-oriented hybrid con-
trol under load variations, friction mismatch, external
disturbances, and prototype experiments.
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The remainder of this paper is organized as follows. Sec-
tion 2 presents the reduced-order dynamic model of the
wheelchair–occupant system and discusses the validity range
of the modeling assumptions. Section 3 introduces the hybrid
NMPC–LQR controller, the linearization-error-based thresh-
old search range, the five-index threshold evaluation method,
the mass-dependent threshold estimation, and the stability
considerations. Section 4 reports comparative simulations,
SMC benchmark tests, pulse- and step-disturbance tests,
friction-coefficient tests, computational-efficiency evalua-
tions, and prototype experiments. Section 5 concludes the
paper and discusses the limitations and future research di-
rections.

2 Modeling

Since both LQR and NMPC are model-based control meth-
ods, the accuracy of the dynamic model is of great impor-
tance. The wheelchair system is simplified as an inverted-
pendulum system, following the classical modeling frame-
work commonly adopted for nonholonomic two-wheeled
inverted-pendulum robots (Kim et al., 2005). The main sym-
bols and physical parameters used in the dynamic model are
summarized in Table 1. The three-dimensional wheelchair–
occupant configuration and the planar reduced model used in
the subsequent derivation are shown in Fig. 1.

The following assumptions are adopted:

– Item 1. Only the motion of the wheelchair system in
the longitudinal plane is considered, while yaw, roll, and
left–right asymmetry are neglected.

– Item 2. The two driving wheels are assumed to have
identical structural and inertial parameters.

– Item 3. Pure rolling without slipping is assumed be-
tween the driving wheels and the ground.

– Item 4. The relative posture between the wheelchair
body and the occupant is assumed unchanged and is
treated as a rigidly connected whole.

– Item 5. The effects of tire elastic deformation and local
ground unevenness are neglected.

The above assumptions are adopted to obtain a tractable
reduced-order model for real-time controller design. There-
fore, the proposed model mainly describes longitudinal bal-
ance recovery and pitch stabilization during straight-line mo-
tion. Yaw, roll, lateral motion, tire deformation, wheel slip,
and active occupant motion are not explicitly considered.
The rigid-body assumption between the wheelchair and the
occupant is reasonable when the occupant maintains a rela-
tively fixed seated posture, but it may introduce modeling er-
rors when the occupant posture or mass distribution changes.
In addition, friction and external forces are not included in
the nominal prediction model but are treated as unmodeled

dynamics and external disturbances. Their influence is fur-
ther evaluated through parameter-variation and disturbance-
rejection simulations.

The two driving wheels are connected by a light linkage,
and the total mass of the system is represented by an equiv-
alent concentrated mass. This equivalent mass is connected
to the midpoint of the two wheels. These uncertainties are
further investigated in the robustness tests (Dai et al., 2015).

2.1 Determination of the overall center of mass

The equivalent pendulum-body mass of the upper structure
is defined as

mp =mb+mh. (1)

The total mass of the system consists of the wheelchair body,
excluding the two driving wheels, and the occupant mass.
The overall center of mass of the wheelchair–occupant sys-
tem is determined by mass-weighted averaging:
xc =

mbxb+mhxh

mb+mh
,

zc =
mbzb+mhzh

mb+mh
,

(2)

where (xb,zb) and (xh,zh) denote the center-of-mass coordi-
nates of the wheelchair body and the occupant, respectively,
and (xc,zc) denotes the overall center-of-mass coordinates of
the wheelchair–occupant system.

2.2 Unconstrained dynamic modeling

The total kinetic energy of the system consists of the trans-
lational and rotational kinetic energy of the equivalent upper
body Tp and the two driving wheels Tω:

Tp =
1
2
mpv

2
p +

1
2
Jpθ̇

2, (3)

Tω = 2
(

1
2
mωẏ

2
+

1
2
Jωα̇

2
)
., (4)

where vp is the translational velocity of the equivalent upper-
pendulum body, and α̇ denotes the common angular velocity
of the two driving wheels under straight-line motion, namely
α̇r = α̇l = α̇. The potential energy is determined mainly by
the gravitational position of the equivalent upper body:

V =mpgLcosθ, (5)

and the Lagrangian is

L= T −V. (6)

Substituting the above expressions into the Lagrange equa-
tions yields

d
dt

(
∂L
∂q̇

)
−
∂L
∂q
=Q, (7)
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Table 1. Main symbols and physical parameters of the wheelchair–occupant system.

Symbol Description Value Unit

mb Wheelchair body mass, excluding driving wheels 7 kg
mh Occupant mass 46 kg
mω Mass of a single driving wheel 2 kg
mp Equivalent upper-pendulum body mass 53 kg
Jp Rotational inertia of the equivalent upper-pendulum body about its centroid 6.64 kg m2

Jω Rotational inertia of a single driving wheel about the wheel axis 0.0262 kg m2

r Driving wheel radius 0.162 m
L Equivalent pendulum length, namely the distance from the wheel-axis center to the overall center of mass 0.38 m
g Gravitational acceleration 9.81 m s−2

y Longitudinal displacement of the wheel-axis center – m
θ Pitch angle of the wheelchair–occupant upper structure relative to the vertical direction – rad
αr Angular position of the right driving wheel – rad
αl Angular position of the left driving wheel – rad
xb, zb Coordinates of the wheelchair-body center of mass – m
xh, zh Coordinates of the occupant center of mass – m
xc, zc Coordinates of the overall center of mass of the wheelchair–occupant system – m
vp Translational velocity of the equivalent upper-pendulum body – m s−1

τr, τl Driving torques of the right and left wheels – N m

Figure 1. Dynamic modeling configuration (left) and equivalent mass distribution (right).

where q = [y,θ,αr,αl]
T is the generalized coordinate vector,

and Q denotes the generalized force vector. For convenience
in subsequent analysis, the unconstrained nonlinear dynam-
ics can be written in the compact form

M(q)q̈ +Cd(q, q̇)q̇ +G(q)= Bd(q)u+AT
c (q)λ, (8)

where u denotes the single-wheel driving torque under sym-
metric actuation, with τr = τl = u. Therefore, the total lon-
gitudinal driving force generated by the two wheels is (τr+

τl)/r = 2u/r . Ac(q) is the nonholonomic constraint matrix,
Bd(q) is the dynamic input matrix, and λ denotes the La-
grange multipliers associated with the wheel–ground motion
constraints.

2.3 Nonholonomic constraint equations and model
reduction

Due to the pure rolling assumption of the two driving wheels,
the wheel–ground motion constraints can be written as

{
y−

r

2
(αr+αl)= 0,

αr−αl = 0,
(9)

where y denotes the longitudinal displacement of the
wheelchair body; r is the wheel radius; and αr and αl are the
angular displacements of the right and left wheels, respec-
tively.
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Taking the time derivative of Eq. (9), the velocity-level
nonholonomic constraints are obtained as{
ẏ−

r

2
(α̇r + α̇l)= 0,

α̇r − α̇l = 0.
(10)

Let the full generalized coordinate vector be defined as

q =
[
y θ αr αl

]T
. (11)

Then Eq. (10) can be expressed in matrix form as

Ac(q)q̇ = 0, (12)

where the constraint Jacobian is

Ac(q)=

[
1 0 −

r
2 −

r
2

0 0 1 −1

]
. (13)

Before eliminating the constraint forces, the constrained
Lagrange equations can generally be written as

Mf(q)q̈ +Cf(q, q̇)q̇ +Gf(q)= Bf(q)u+AT
c (q)λ, (14)

where Mf(q) is the full mass matrix, Cf(q, q̇)q̇ denotes the
Coriolis and centrifugal terms, Gf(q) is the gravitational
term, and Bf(q) is the full input distribution matrix. The in-
put u denotes the single-wheel driving torque under symmet-
ric actuation, namely τr = τl = u, and λ is the vector of La-
grange multipliers associated with the rolling constraints.

To avoid explicitly solving the constraint reaction forces
in the control model, a null-space projection method is em-
ployed. The following derivation gives the projection proce-
dure used to eliminate the Lagrange multipliers and obtain
the reduced-order dynamics. Let S(q) be a basis matrix of
the null space of Ac(q), satisfying

Ac(q)S(q)= 0. (15)

For straight-line symmetric motion, the independent velocity
vector is selected as

v =
[
ẏ θ̇

]T
. (16)

The full generalized velocity can then be parameterized as

q̇ = S(q)v, (17)

where

S(q)=


1 0
0 1
1
r

0
1
r

0

 . (18)

It can be verified from Eqs. (13) and (18) that

Ac(q)S(q)= 0, (19)

which indicates that all generalized velocities generated by
S(q)v automatically satisfy the nonholonomic rolling con-
straints.

Taking the time derivative of Eq. (17) gives

q̈ = S(q)v̇+ Ṡ(q)v. (20)

Substituting Eqs. (17) and (20) into Eq. (14) yields

Mf(q)
[
S(q)v̇+ Ṡ(q)v

]
+Cf(q, q̇)S(q)v+Gf(q)

= Bf(q)u+AT
c (q)λ. (21)

Premultiplying both sides of Eq. (21) by ST(q) gives

STMfSv̇+ S
T (MfṠ+CfS

)
v+ STGf

= STBfu+ S
TAT

c λ. (22)

According to Eq. (15),

STAT
c = (AcS)T

= 0. (23)

Therefore, the term containing the Lagrange multipliers is
eliminated by the null-space projection, and the reduced-
order dynamic model can be written as

Mr(q)v̇+Cr(q,v)v+Gr(q)= Br(q)u, (24)

where
Mr(q)= ST(q)Mf(q)S(q),

Cr(q,v)= ST(q)
[
Mf(q)Ṡ(q)+Cf (q, q̇)S(q)

]
,

Gr(q)= ST(q)Gf(q),

Br(q)= ST(q)Bf(q).

(25)

Since S(q) in Eq. (18) is constant for the present longitudinal
rolling model, Ṡ(q)= 0.

For the reduced longitudinal balance model, Eq. (24) can
be further expressed as

M(q)v̇+Cd(q,v)v+G(q)= Bd(q)u, (26)

where

v =

[
ẏ

θ̇

]
. (27)

The reduced matrices are given by

M(q)=

[
mp+ 2mω+ 2Jω

r2 mpLcosθ

mpLcosθ Jp+mpL
2

]
,

Cd(q,v)=
[

0 −mpLsinθ θ̇
0 0

]
,

G(q)=
[

0
−mpgLsinθ

]
,

Bd(q)=
[ 2
r

]
.

(28)
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Here, mp denotes the equivalent mass of the wheelchair–
occupant body, mω denotes the mass of a single wheel, Jω
is the wheel moment of inertia, Jp is the pitch moment of in-
ertia of the wheelchair–occupant body, L is the distance from
the wheel axle to the equivalent center of mass, and g is the
gravitational acceleration.

For numerical implementation in the NMPC prediction
model and Simulink simulation, Eq. (26) is solved explicitly
as

v̇ =M−1(q)
[
Bd(q)u−Cd(q,v)v−G(q)

]
. (29)

Let

M11 =mp+ 2mω+
2Jω
r2 ,

M12 =mpLcosθ,

M22 = Jp+mpL
2,

1M =M11M22−M
2
12.

(30)

Then the longitudinal acceleration and pitch angular acceler-
ation are obtained as
ÿ =

M22

(
2u
r
+mpLsinθ θ̇2

)
−M12

(
mpgLsinθ

)
1M

,

θ̈ =
−M12

(
2u
r
+mpLsinθ θ̇2

)
+M11

(
mpgLsinθ

)
1M

.

(31)

For the balance control problem, the state vector is se-
lected as

x =
[
y θ ẏ θ̇

]T
. (32)

The nonlinear state-space model used in the controller design
is then written as

ẋ = f (x,u)=


ẏ

θ̇

ÿ

θ̈

 . (33)

3 Hybrid NMPC–LQR control method

3.1 Overall construction of the control method

The hybrid controller is designed to address the online op-
timization problem in self-balancing control. The controller
provides the driving torque command to the PD-actuated sys-
tem. It consists of two components, namely an NMPC con-
troller and an LQR controller. When the tilt angle exceeds
the predefined switching threshold θsw, the NMPC controller
is activated to cope with the nonlinear operating condition.
In the controller design, u denotes the single-wheel torque
command, and the same command is applied to the left and
right wheels under straight-line symmetric motion. Once the

tilt angle falls below the switching threshold, the control law
is switched to the LQR controller:

u=

{
uNMPC, |θ | ≥ θsw,

uLQR, |θ |< θsw.
(34)

The overall hybrid control architecture is illustrated in Fig. 2.

3.2 LQR controller design

The LQR controller is used for local stabilization when the
system approaches the equilibrium point. Based on the lin-
earized state-space model and with reference to Chacko and
Abraham (2023), the cost function of the LQR controller is
constructed as

JLQR =

∞∫
0

[
(x− xref)TQL(x− xref)+ uTRLu

]
dt, (35)

where QL and RL are the weighting matrices for the state
error and the control input, respectively. They are selected as{

QL = diag(20,200,20,50),

RL = 1.
(36)

By solving the algebraic Riccati equation, the optimal feed-
back gain matrix is obtained, and the LQR control law be-
comes

uLQR =−K(x− xref), (37)

where K is the LQR feedback gain matrix and xref denotes
the reference state vector.

3.3 NMPC controller design

The NMPC controller is employed to address the highly non-
linear behavior of the system. When the tilt angle of the
wheelchair exceeds the switching threshold, the NMPC con-
troller is activated. At each control update, an optimal control
sequence over a finite prediction horizon is solved online on
the basis of the current system state and the nonlinear dy-
namic model. Only the first control input is then applied to
the system, thereby forming a receding-horizon optimization
framework.

With the state at the kth sampling instant, prediction hori-
zon Np, and sampling time defined, the finite-horizon objec-
tive function is written as

JNMPC =

Np−1∑
i=0

[
(xk+i − xref)TQn(xk+i − xref)

+uT
k+iRnuk+i

]
, (38)

where k is the current sampling instant, i is the prediction-
step index, Np is the prediction horizon, and uk+i is
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Figure 2. Overall hybrid NMPC–LQR control framework for the self-balancing wheelchair.

the predicted equivalent torque input at the (k+ i)th step.
The weighting matrices are selected by prioritizing attitude
safety. Larger weights are assigned to the pitch angle and
pitch angular velocity, while the input term penalizes exces-
sive wheel torque:{
Qn = diag(500,1000,50,300),

Rn = 0.1.
(39)

The nonlinear state equations are directly used as prediction-
model constraints, and actuator limits are imposed as input
constraints:{
xk+i+1 = f (xk+i,uk+i),

umin ≤ uk+i ≤ umax.
(40)

Here, umin and umax are the lower and upper bounds of the
single-wheel torque command.

3.4 Switching-threshold evaluation and parameter
sensitivity

The switching threshold determines the boundary between
the nonlinear recovery stage and the local stabilization stage.

According to the switching law in Eq. (34), NMPC is acti-
vated when |θ | ≥ θsw, whereas LQR is used when |θ |< θsw.
Therefore, if the threshold is too small, the NMPC controller
remains active until the system is very close to the equilib-
rium, which increases the computational burden and may de-
lay the use of efficient local regulation. Conversely, if the
threshold is too large, the controller may switch to LQR
while the system is still in a region with strong nonlinear ef-
fects, which may weaken the recovery capability and reduce
the validity of the local linear controller. Hence, the switch-
ing threshold must be selected by considering both nonlinear
recovery and local stabilization performance.

3.4.1 Determination of the threshold search range

Before evaluating the switching threshold, a linearization-
error analysis was conducted to determine a reasonable
search interval. The nonlinear model and the linearized
model were compared under different local angular ranges.
The tested ranges were selected as 0.015, 0.030, 0.050,
0.080, 0.100, and 0.150 rad, which correspond to the can-
didate switching thresholds used in the following evaluation.
An additional range of 0.200 rad was included as an outside
reference.

https://doi.org/10.5194/ms-17-713-2026 Mech. Sci., 17, 713–729, 2026
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Figure 3. Linearization mismatch under different angular ranges.
The shaded region denotes the selected switching-threshold search
interval of 0.015–0.150 rad, while 0.200 rad is used as an outside
reference.

The results in Fig. 3 show that the pitch angular–
acceleration mismatch increases as the angular range ex-
pands. Within the interval of 0.015–0.150 rad, the mis-
match increases gradually, whereas a more pronounced in-
crease is observed when the range is enlarged to 0.200 rad.
Therefore, the interval of 0.015–0.150 rad is adopted as the
switching-threshold search range. It should be noted that the
linearization-error analysis is used to determine the candi-
date range, while the final threshold is selected according to
the five-index performance evaluation.

3.4.2 Five-index evaluation under nominal parameters

Based on the above search interval, six switching thresholds
are selected for simulation tests:

θsw = 0.015, 0.030, 0.050, 0.080, 0.100, 0.150 rad.

Under identical initial conditions, controller parameters, and
input constraints, the five performance indices corresponding
to each threshold are extracted, as shown in Table 2.

The min–max normalization method is employed to re-
move the influence of different physical dimensions and nu-
merical ranges among the evaluation indices:

η∗i =
ηi −min(η)

max(η)−min(η)
, (41)

where ηi denotes the original value of a performance index
and η∗i denotes its normalized value.

A five-index composite cost function is then established
to comprehensively evaluate the threshold-dependent perfor-
mance:

J5 = ν1t
∗
s + ν2e

∗
ss+ ν3σ

∗
s + ν4d

∗
r + ν5e

∗
max, (42)

where t∗s , e∗ss, σ
∗
s , d∗r , and e∗max denote the normalized settling

time, steady-state error, steady-state standard deviation, drift

rate, and maximum steady-state deviation, respectively. The
weights are selected as

[ν1,ν2,ν3,ν4,ν5] = [0.18,0.30,0.20,0.15,0.17]. (43)

A larger weight is assigned to the steady-state error because
accurate balance near the equilibrium is a primary require-
ment for wheelchair stabilization. A lower value of J5 indi-
cates better overall control performance.

The calculated five-index costs are summarized in Ta-
ble 3. The results show that smaller thresholds lead to shorter
settling time in some cases, but they may also produce
larger steady-state error and fluctuation. As the threshold in-
creases, the steady-state behavior improves within a certain
range, while the settling time gradually increases. Among the
tested candidates, θsw = 0.100 rad yields the minimum five-
index cost, indicating the best overall trade-off between tran-
sient recovery and steady-state regulation under the nominal
model parameters.

3.4.3 Parameter sensitivity of the selected threshold

To examine whether the selected switching threshold
strongly depends on nominal model parameters, a one-factor-
at-a-time sensitivity analysis was further conducted. The
equivalent upper-body massmp and the equivalent pendulum
length L were varied independently. For each parameter fac-
tor, the threshold was scanned within the local range of 0.08–
0.12 rad, and the optimal threshold was selected according to
the minimum five-index cost.

For the equivalent mass variation, the mass factor is de-
fined as

ρm =
mp

mp0
. (44)

The optimal threshold decreases as the equivalent mass in-
creases. A linear fitting gives

θsw,opt = 0.212− 0.110ρm, (45)

with R2
= 0.945. This negative correlation indicates that a

larger equivalent upper-body mass tends to require a smaller
switching threshold, allowing NMPC to remain active over a
wider angular region before switching to LQR. It should also
be noted that the optimal thresholds for the 0.8 and 0.9 mass
factors are located at the upper boundary of the tested inter-
val, suggesting that the optimal threshold may shift slightly
upward when the equivalent mass decreases.

For the equivalent pendulum-length variation, the optimal
threshold does not show a strictly monotonic trend. Under
several length-variation cases, the minimum J5 occurs at the
lower boundary of the tested interval, namely θsw = 0.08 rad.
This indicates that when the center-of-mass-related param-
eter deviates from the nominal value, a smaller switching
threshold is generally beneficial because NMPC remains ac-
tive over a wider angular region and provides stronger non-
linear recovery capability.
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Table 2. Performance indices under different switching thresholds under nominal model parameters.

Threshold/ Settling Steady-state Steady-state Drift rate/ Max steady-state
rad time/s error/deg SD/deg deg s−1 deviation/deg

0.015 – 2.8493 0.0723 0.1873 2.9324
0.030 – 3.1919 0.1028 0.3176 3.2875
0.050 0.9608 0.0997 0.0653 0.2261 0.2137
0.080 1.0010 0.0082 0.0572 0.1960 0.1026
0.100 1.0218 0.0030 0.0303 −0.0012 0.0614
0.150 1.0505 0.0248 0.0352 0.1116 0.0685

Table 3. Five-index costs under different switching thresholds un-
der nominal model parameters.

Threshold/ Five-index
rad cost J5

0.015 0.8031
0.030 1.0000
0.050 0.2203
0.080 0.1932
0.100 0.0366
0.150 0.1221

Overall, the nominal threshold evaluation identifies θsw =

0.100 rad as the best fixed switching threshold under the
nominal model parameters. The mass-sensitivity analysis
further provides an empirical estimate of the optimal thresh-
old within the tested mass range. For ρm =mp/mp0 ∈

[0.8,1.2], the fitted relation θsw,opt = 0.212− 0.110ρm in-
dicates that a larger equivalent mass generally requires a
smaller switching threshold. Therefore, θsw = 0.100 rad is
adopted as the nominal fixed threshold, while the fitted
mass–threshold relation provides a reference for parameter-
dependent threshold adjustment within the tested range.

3.5 Stability considerations

The stability consideration of the proposed controller is
based on the functional division between NMPC and LQR.
LQR is not used over the entire nonlinear operating range
but is restricted to the near-equilibrium region verified by the
linearization-error analysis in Sect. 3.4. In this region, the
nonlinear model is linearized around the equilibrium point,
and the LQR gain is designed so that the closed-loop ma-
trix Al−BlK is Hurwitz. Thus, the LQR stage provides local
asymptotic stability for the linearized system.

For states outside the local region, NMPC is activated to
handle large-deviation nonlinear recovery under input con-
straints. The switching threshold therefore serves as a bound-
ary between nonlinear recovery and local stabilization, pre-
venting premature use of LQR in regions where the linear
approximation is less reliable.

The above discussion provides a local stability guaran-
tee for the LQR stage and a practical stability argument
for the hybrid framework. Rigorous global Lyapunov proof
for the completely switched nonlinear system is beyond the
scope of this study. Therefore, the overall closed-loop behav-
ior is validated through large-initial-angle simulations, dis-
turbance tests, parameter-sensitivity tests, friction-coefficient
tests, and prototype experiments.

4 Experiments

4.1 Prototype

The desktop-scale two-wheeled self-balancing prototype
used for experimental validation was developed based on the
WHEELTEC B570 balancing vehicle architecture and em-
ployed an STM32F103C8T6 microcontroller together with
an MPU6050 sensor for attitude measurement and closed-
loop control implementation.

4.2 Simulation

Simulink in MATLAB is used to construct the simulation
platform. The model includes the wheelchair body, driv-
ing wheels, center-of-mass and inertia parameters, external-
disturbance input, and state-output modules. The body is
modeled as a rigid body pitching about the wheel axis, and
the driving torque is applied through the wheel-actuator mod-
ule. The outputs include the pitch angle, pitch angular veloc-
ity, wheel displacement, and wheel velocity, which are used
by the LQR, NMPC, and hybrid controllers. Disturbance in-
put ports are reserved for robustness tests. The corresponding
signal–flow relationship is shown in Fig. 4.

4.2.1 Numerical discretization of the NMPC model

The continuous-time nonlinear dynamic model is numeri-
cally discretized before being incorporated into the finite-
horizon optimization problem. The state evolution is approx-
imated with high accuracy by jointly utilizing the state values
and dynamic information at both ends of the interval as well
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Table 4. Optimal switching thresholds under representative parameter variations.

Varied Parameter Optimal
parameter factor threshold/rad Remark

mp 0.8 0.12 upper boundary
mp 0.9 0.12 upper boundary
mp 1.0 0.10 nominal
mp 1.1 0.09 –
mp 1.2 0.08 lower candidate
L 0.8 0.08 lower boundary
L 0.9 0.09 –
L 1.0 0.10 nominal
L 1.1 0.08 lower boundary
L 1.2 0.08 lower boundary

Figure 4. Signal–flow diagram of the hybrid NMPC–LQR balance control system.

as the midpoint state in each sampling interval:
xm,k =

1
2

(xk + xk+1)+
1t

8

[
f (xk+1,uk+1)− f (xk,uk)

]
,

xk+1 = xk +
1t

6

[
f (xk,uk)+ 4f

(
xm,k,um,k

)
+f (xk+1,uk+1)

]
,

(46)

where1t is the sampling interval; xm,k is the midpoint state;
and um,k is the midpoint control input, which can be ap-
proximated as um,k = (uk + uk+1)/2. The resulting discrete
state–transition relationship enables the construction of the
discrete prediction model required by NMPC. Based on the
above discrete state–transition relationship, the NMPC prob-
lem is formulated as a nonlinear programming problem over
a finite prediction horizon. The optimization variables in-
clude the state sequence and control input sequence over
the prediction horizon, while the constraints include con-

sistency between the current state and the measured state,
discrete state–transition constraints, and upper and lower
bounds on the control input. To guarantee real-time perfor-
mance and closed-loop robustness, a receding-horizon opti-
mization mechanism is adopted. At each sampling instant,
the optimization problem is reformulated using the current
measured state as the initial condition. The optimal future
control sequence is computed, and only the first control in-
put is implemented.

4.3 Balance verification

4.3.1 Comparative simulation under large initial tilt
angles

The recovery motion of the self-balancing wheelchair is sim-
ulated under initial tilt angles of 35, 40, and 45°. The stan-
dalone LQR controller, the standalone NMPC controller, and
the proposed hybrid NMPC–LQR controller are compared
under the same system parameters, input constraints, and
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simulation settings. The representative response curves are
shown in Fig. 5, and the quantitative performance indices are
summarized in Table 5.

4.3.2 Benchmark comparison with sliding-mode control

The SMC controller was tested using the same simulation
model and input constraint as the proposed controller. Since
sliding-mode control is widely applied to nonlinear systems,
it provides a meaningful benchmark for evaluating the pro-
posed hybrid strategy. Recent studies have also used SMC as
a robust benchmark to evaluate intelligent LQR-based con-
trollers for inverted-pendulum-type systems (Saleem et al.,
2025).

4.3.3 Comparative analysis of control performance

Table 5 shows that the proposed hybrid controller achieves
the shortest settling time under all three large-initial-angle
conditions. At 35 and 40°, LQR gives slightly smaller steady-
state error and fluctuation, reflecting its local regulation ad-
vantage. However, the standalone LQR controller has weaker
large-deviation recovery capability, whereas the standalone
NMPC controller shows longer settling time and larger resid-
ual oscillation.

At 45°, the hybrid controller achieves the fastest recov-
ery and the smallest steady-state error, standard deviation,
and maximum steady-state deviation. This indicates that
NMPC improves large-angle nonlinear recovery, while LQR
enhances local stabilization after the state enters the near-
equilibrium region.

The SMC benchmark results in Tables 6 and 7 show that
SMC fails under 40 and 45°, whereas the proposed hy-
brid controller remains stable under all tested initial angles.
Therefore, the hybrid NMPC–LQR controller provides a bet-
ter balance between recoverability, local stabilization, and ro-
bustness under the same input constraint.

4.3.4 Computational efficiency test

A computational time test was conducted under the same
simulation conditions to evaluate the computational effi-
ciency of the proposed hybrid controller. Five repeated runs
were performed under the same simulation settings. The av-
erage computation time decreases from 48.04 min for stan-
dalone NMPC to 35.00 min for the hybrid controller, indicat-
ing that the proposed switching strategy reduces the online
computational burden. The detailed results are provided in
Appendix B.

4.3.5 External disturbance test

The disturbance-rejection capability of the hybrid controller
is evaluated using both pulse and step disturbances. The dis-
turbance magnitudes are 50, 65, 70, and 80 N, and the re-
sponse curves are provided in Appendix A.

The system exhibits a secondary pitch deflection after the
pulse is applied, but no sustained divergence is observed. Un-
der 50 and 65 N disturbances, the wheelchair quickly returns
to the stable region. Under 70 and 80 N disturbances, the re-
covery process becomes longer and the residual oscillation
increases, but the response remains bounded. These results
indicate that the proposed controller retains disturbance-
rejection capability under representative pulse impacts.

In addition to the pulse-disturbance test, a step-disturbance
test was conducted to evaluate the response of the proposed
controller under persistent external force. The step distur-
bance was applied at t = 2 s after the initial recovery process,
and the tested disturbance magnitudes were 10, 20, and 30 N.
The detailed response curves are provided in Appendix D.
The results show that the post-step peak deviation increases
with the disturbance magnitude. Specifically, the maximum
post-step pitch deviations are 3.62, 5.89, and 8.11° under
10, 20, and 30 N step disturbances, respectively. Neverthe-
less, the responses remain bounded and gradually return to
the near-equilibrium region. This indicates that the proposed
hybrid controller can maintain recovery capability under per-
sistent external disturbances.

4.3.6 Flat-ground friction-coefficient robustness test

Flat-ground simulations were further conducted to examine
the influence of wheel–ground friction uncertainty. The slope
angle was set to zero, and all controller parameters were kept
unchanged. Only the static friction coefficient in the spatial
contact model was varied. The tested coefficients were 0.03,
0.10, and 0.30, corresponding to low-, medium-, and high-
friction contact conditions, respectively.

The results in Table 8 show that the wheelchair does
not overturn under the tested friction coefficients, indicating
bounded recovery under friction-parameter variations. The
steady-state error changes slightly from 0.03 to 0.10, while
the high-friction case of 0.30 produces larger steady-state
fluctuation. This suggests that stronger wheel–ground con-
tact interaction may amplify residual pitch oscillations.

Since the responses do not enter and remain within the
prescribed error band during the 10 s simulation, these results
are interpreted as bounded recovery rather than exact conver-
gence to the upright target. The detailed response curves are
provided in Appendix C, where the final steady-state mean
angle is also marked for each friction condition.

4.3.7 Prototype balance-recovery experiments

Prototype balance-recovery experiments were conducted un-
der initial tilt angles of 25, 30, and 35°. The measured re-
sponses are shown in Fig. 6. In all cases, the prototype re-
covers to a small neighborhood around the upright equilib-
rium, indicating the physical realizability of the proposed
controller.
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Figure 5. Comparative simulation responses of the LQR, NMPC, and hybrid controllers under initial tilt angles of 35, 40, and 45°.

Table 5. Performance comparison of LQR, NMPC, and hybrid controllers under large initial tilt angles.

Initial Settling Steady-state Steady-state Max steady-state Drift rate/
angle/deg Controller time/s error/deg SD/deg deviation/deg deg s−1

35 Hybrid 0.6500 0.2619 0.2806 0.7811 0.0056
35 LQR 2.8863 0.1602 0.1356 0.3952 0.1116
35 NMPC 9.0207 0.6581 1.3004 2.6708 0.0861
40 Hybrid 0.6662 0.2703 0.2625 0.7207 −0.0610
40 LQR 1.1018 0.1314 0.1293 0.3952 0.1308
40 NMPC 9.0207 0.4449 1.2501 2.8622 0.6028
45 Hybrid 0.7966 0.0383 0.0837 0.2053 0.2672
45 LQR 0.9424 0.1267 0.1375 0.3951 0.0663
45 NMPC 3.9760 0.0610 0.3919 0.8252 0.1836

When the initial angle increases, the transient rebound and
oscillation become more evident. Nevertheless, the response
remains bounded and eventually approaches the upright re-
gion. These experimental results are consistent with the sim-
ulation trends and further support the engineering applicabil-
ity of the proposed hybrid control strategy.

5 Conclusions

This paper develops a hybrid NMPC–LQR balance con-
trol strategy for two-wheeled self-balancing wheelchairs.
NMPC is used for large-deviation nonlinear recovery, while
LQR is restricted to the local stabilization region verified by
linearization-error analysis. Comparative simulations, SMC
benchmark tests, disturbance tests, friction-coefficient tests,
and prototype experiments show that the proposed controller
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Figure 6. Prototype balance-recovery experiment results under initial tilt angles of 25, 30, and 35°.

Table 6. Performance of the SMC benchmark under different re-
coverable initial tilt angles.

Performance index 15° 25° 35°

Initial angle/deg 15.0000 25.0000 35.0000
Maximum angle/deg 15.0000 25.0000 35.0000
Settling time/s 9.3483 0.7158 1.0204
Steady-state error/deg 0.4477 0.2056 0.7205
Steady-state SD/deg 0.3425 0.0090 0.0420
Max steady-state deviation / deg 0.7812 0.2220 0.7812
Drift rate/deg s−1 0.1138 0.0311 0.1418
Tolerance band/deg 0.7500 1.2500 1.7500

improves large-angle recovery capability while reducing the
computational burden compared with the standalone NMPC.

For switching-threshold selection, the linearization-error
analysis is first used to determine the threshold search range.
A normalized five-index evaluation criterion is then adopted
to compare different threshold candidates. Under the nomi-
nal model parameters, θsw = 0.100 rad gives the lowest com-
prehensive cost and is selected as the nominal fixed thresh-
old. The mass-sensitivity analysis further provides an em-
pirical estimate of the optimal threshold within the tested
mass range. For ρm =mp/mp0 ∈ [0.8,1.2], the fitted rela-
tion θsw,opt = 0.212−0.110ρm indicates that a larger equiva-
lent upper-body mass generally requires a smaller switching
threshold.

Several limitations remain. The model is a planar reduced-
order model and does not include yaw, roll, tire deformation,
lateral instability, or active human-body motion. The stabil-
ity discussion is based on local LQR analysis and closed-
loop simulations rather than rigorous global Lyapunov proof
for the switched nonlinear system. In addition, the proto-
type experiments are conducted on a desktop-scale platform.
Future work will focus on human–wheelchair coupled mod-
eling, multi-parameter threshold fitting, adaptive switching-
threshold calculation, explicit friction compensation, robust
NMPC with terminal constraints, and full-scale experiments
on slopes and uneven terrains.
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Table 7. Recoverability comparison between the proposed hybrid NMPC–LQR controller and the SMC benchmark under different initial
tilt angles.

Controller 15° 25° 35° 40° 45°

SMC benchmark Stable Stable Stable Failed Failed
Proposed hybrid NMPC–LQR Stable Stable Stable Stable Stable

Table 8. Flat-ground robustness test under different static friction coefficients.

Static friction Settling Steady-state Steady-state Max steady-state Drift rate/
coefficient time/s error/deg SD/deg deviation/deg deg s−1

0.03 > 10 5.6585 0.0615 5.7830 0.0191
0.10 > 10 5.6703 0.0850 5.9358 0.0176
0.30 > 10 5.6891 0.5060 7.1727 0.0819

Appendix A: Pitch-angle responses under external
pulse disturbances

Figure A1. Pitch-angle responses under different external pulse disturbances.
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Appendix B: Detailed results of the computational
time tests

Table B1. Detailed results of the computational time tests.

Trial NMPC (min) Hybrid (min)

1 47.6 34.2
2 48.9 35.8
3 46.8 34.9
4 49.1 35.4
5 47.8 34.7

Appendix C: Pitch-angle responses under different
flat-ground friction coefficients

Figure C1. Pitch-angle responses under different flat-ground static friction coefficients. The horizontal dash-dotted line denotes the final
steady-state mean angle θss, calculated from the last 10 % of the simulation time.
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Appendix D: Pitch-angle responses under step
disturbances

Figure D1. Pitch-angle responses under different step disturbances. The shaded region denotes the period after the step disturbance is
applied, and the red marker indicates the maximum post-step pitch deviation.
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