
Mech. Sci., 17, 575–591, 2026
https://doi.org/10.5194/ms-17-575-2026
© Author(s) 2026. This work is distributed under
the Creative Commons Attribution 4.0 License.

Comparison of error modeling between inverse
kinematics and product of exponentials methods

for a 5-DOF hybrid perfusion manipulator

Hui Yang1, Long Bai1, Zhouxiang Jiang1, Xiangyun Li2, and Zhongjie Long1

1School of Electromechanical Engineering, Beijing Information Science & Technology University,
Beijing, 100192, China

2Department of Rehabilitation Medicine, West China Biomedical Big Data Center,
West China Hospital, Sichuan University, Chengdu, Sichuan, 610041, China

Correspondence: Long Bai (bailongbistu@bistu.edu.cn)

Received: 8 December 2025 – Revised: 29 January 2026 – Accepted: 30 January 2026 – Published: 26 May 2026

Abstract. Establishing a comprehensive error model that encapsulates all kinematic error parameters consti-
tutes a critical foundation for achieving satisfactory kinematic calibration performance. In this study, a 5-DOF
5PRR+5PUS-PRPU hybrid perfusion mechanism with a variable structure is selected as the research object,
and error modeling is conducted using inverse kinematics and the product of exponentials (POE) method, re-
spectively. Comparative analysis of these two error modeling approaches is performed through kinematic cali-
bration simulations of the hybrid mechanism. Firstly, error models of the 5-DOF hybrid perfusion mechanism are
established via inverse kinematics and the POE formula method. To replicate real-world kinematic calibration
scenarios, the actual kinematic parameters of the mechanism and the actual pose of the moving platform are de-
fined. Owing to the presence of the 5PRR variable base, kinematic calibration simulations of the hybrid perfusion
mechanism are executed separately when the base is positioned at different locations. The results demonstrate
that, in comparison to the calibration results obtained via the traditional inverse kinematics modeling method,
the mean position and orientation errors of the moving platform after kinematic calibration based on the POE
error model are reduced by 89.04 % and 63.79 %, respectively. This verifies the correctness and effectiveness of
the proposed POE-based error modeling method and kinematic calibration simulation approach, which can be
extended to the error analysis of most parallel mechanisms.

1 Introduction

Hybrid manipulators, integrating the advantages of high
structural stiffness and high load capacity of parallel manip-
ulators and the large workspace of serial manipulators, have
been extensively applied in fields such as large-load forming,
high-precision positioning machining, and aerospace appli-
cations (Huang et al., 2019; Zhao et al., 2024; Zhang et al.,
2025, 2023; Xu et al., 2025). Ensuring the precise absolute
positioning accuracy of the end effector is a crucial condition
for the hybrid manipulators involved in high-precision ma-
chining. However, due to the various errors generated in the
process of manufacturing and assembly, the actual kinematic
parameters of the hybrid manipulator cannot be consistent

with the theoretical values, which influences the positioning
accuracy of the moving platform. Kinematic calibration, a
relatively economical method that can effectively solve this
problem, has attracted extensive attention from researchers
over the years (Liang et al., 2026; Jiang et al., 2021; Li et al.,
2025).

In general, the kinematic calibration process for parallel
manipulators consists of four stages: error modeling, con-
figuration measurement, parameter identification, and error
compensation (Majarena et al., 2010). Among these, error
modeling serves as the theoretical basis of kinematic cali-
bration, which can reveal the mapping relationship between
geometric error sources and the end-effector errors (Ni et al.,
2016). For traditional serial manipulators, scholars have con-
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ducted in-depth research on their kinematic calibration over
the past few decades using methods such as homogeneous
transformation matrices (Daney, 2003; Maurine and Dom-
bre, 1996), Denavit–Hartenberg (D-H) parameters (Feng et
al., 2012), screw theory (Liu et al., 2011), and the product
of exponentials (POE) formula (Chen et al., 2018; Yuan et
al., 2024). Due to the existence of passive joints in limbs, it
is difficult for a parallel manipulator with complex topolog-
ical structures to derive the error model through the forward
kinematics.

Currently, two common approaches are employed for er-
ror modeling of parallel manipulators. The first method is
based on the closed-loop vector of the mechanism, which
mainly obtains the mapping relationship between each kine-
matic parameter in the vector equation and the position of the
end effector through the inverse kinematics. Then, the error
model can be derived by performing full differentiation on
the kinematic parameters in the equation, and this modeling
approach has been widely applied in kinematic calibration of
some parallel manipulators (Zhou et al., 2025; Zhang et al.,
2014; Verner et al., 2005). The error models established by
the second method are based on the limbs of a parallel mech-
anism, which regards each limb as a serial branch chain and
formulates the error model of each limb. Then, the overall
error model can be derived by synthesizing the error models
of all limbs according to the closed-loop characteristics of
the parallel mechanism (Maurine and Dombre, 1996; Liu et
al., 2011; Wang et al., 2024). For example, considering the
error of the universal joint in the limb, Kong et al. (2018)
established the error model of the 3-PRRU parallel mecha-
nism based on a modified D–H method, which includes all
the identification error parameters. Frisoli et al. (2011) uti-
lized the screw theory method to construct the error model
of the 3-URU spatial parallel robot. According to the Lie
group and Lie algebra methods of rigid-body spatial mo-
tion, Okamura and Park (1996) developed the error model
for spatial serial mechanisms by means of the POE formula.
To obtain the error model that satisfies completeness, conti-
nuity, and minimality, Chen et al. (2018) proposed an error
modeling method of parallel mechanisms based on the POE
formula, and Kong et al. (2021) applied this method to con-
duct kinematic calibration on the 3-PRRU parallel mecha-
nism, which verified the correctness and effectiveness of the
error model through numerical simulations and experiments.
In addition, scholars have also investigated the issue of er-
ror modeling of over-constrained parallel mechanisms. Con-
sidering the deformations of components, Jiang et al. (2018)
proposed a kinematic error modeling and parameter iden-
tification method for over-constrained parallel mechanisms
based on inverse kinematics. Yu et al. (2021) performed error
modeling, analysis, and prediction for an over-constrained
extendable support mechanism by considering geometric er-
rors, joint clearances, and link deformations. Wu et al. (2023,
2024) proposed a novel calibration method that can simulta-
neously identify kinematic parameters and compliance pa-

rameters of over-constrained parallel mechanisms based on
the established kinetostatic model. All the above research
methods can effectively improve the absolute positioning ac-
curacy of the moving platform of the corresponding parallel
mechanism.

In our previous work (Yang et al., 2021), a 5-DOF recon-
figurable hybrid perfusion manipulator was proposed, which
is composed of an over-constrained 5PRR parallel mecha-
nism and a 5PUS-PRPU parallel mechanism in series, and
the dimensional synthesis of the hybrid manipulator was
conducted. According to the design concept of the over-
constrained variable-structure parallel base in the 5-DOF hy-
brid perfusion manipulator, when perfusing the honeycombs
of the top and edge of the spherical crown surface, the 5PRR
parallel mechanism is located at the minimum and maximum
limit positions, respectively. During the perfusion process,
when the 5PRR parallel mechanism moves to a specific posi-
tion as the first-stage mechanism, it will be fixed as the base
platform of the second-stage 5-DOF 5PUS-PRPU parallel
mechanism. Since the moving platform needs to carry heavy
perfusion equipment and materials, the degree to which the
kinematic parameters affect the motion error of the mov-
ing platform also varies when the first-stage mechanism is
at different positions. Therefore, establishing an effective er-
ror model for the hybrid perfusion mechanism is a crucial
foundation for improving the end perfusion precision. In this
paper, the 5-DOF hybrid perfusion mechanism is taken as
the research object. Error modeling of the hybrid mecha-
nism is carried out using the traditional inverse kinematics
method and the POE method. Under the same conditions,
kinematic calibration simulations are conducted based on the
error models established by these two methods. Finally, the
correctness and effectiveness of the POE-based error model-
ing method proposed in this paper are verified through com-
parative analysis of calibration results.

The structure of this paper is arranged as follows. Section 2
briefly introduces the 5-DOF hybrid perfusion manipulator.
Section 3 establishes error models for the hybrid perfusion
mechanism using the traditional inverse kinematics method
and the POE method. To verify the effectiveness and correct-
ness of the POE error model, kinematic calibration simula-
tions are conducted in Sect. 4, and comparative analysis is
performed based on the calibration results. Finally, the con-
clusions are drawn in Sect. 5.

2 Architecture description of the 5-DOF hybrid
manipulator

As illustrated in Fig. 1, the 5-DOF 5PRR+5PUS-PRPU hy-
brid manipulator is essentially composed of a 1-DOF 5PRR
parallel manipulator connected with a 5-DOF 5PUS-PRPU
parallel manipulator in series. Herein, the underlined P rep-
resents the actuated prismatic joint. The 5PRR parallel ma-
nipulator includes a fixed platform, five PRR limbs, and a
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Figure 1. 3D model of the 5-DOF hybrid perfusion manipulator system.

middle platform, and the 5PUS-PRPU parallel manipulator
includes five PUS limbs, one non-actuated middle passive
PRPU limb, and a moving platform. Here, P, R, U, and S
denote prismatic, revolute, universal, and spherical joints, re-
spectively. During the movement process of the 5-DOF hy-
brid manipulator, the 5PRR parallel manipulator will be fixed
when it reaches the proper position, which can be regarded
as the base platform of the 5PUS-PRPU parallel manipula-
tor in the subsequent movement. Since the PRR and PUS
limbs are placed symmetrically, the angle between the adja-
cent limb can be represented as 2π (i− 1)/5 (i = 1–5). For
the ith PRR limb, the center of the actuated P joint and the
first R joint is denoted by point Ai , and point Bi represents
the second R joint. Similarly, the centers of P, the U joint,
and the S joint in the ith PUS limb are denoted by points
Ci and Di . The circumradius of the middle and moving plat-
form is represented by rm and rp. For the convenience of de-
scribing the pose of the end effector, the coordinate systems
named {B − xbybzb}, {M − xmymzm}, and {P − xpypzp} are
respectively attached to the center of the fixed base, the mid-
dle platform, and the moving platform in Fig. 1. The frame
{M − xmymzm} is parallel to the frame {B − xbybzb}, the xb
axis is along the direction of the straight line BA1, and the zb
axis is perpendicular to the fixed plane. The xp axis points to
D1, and the zp axis is perpendicular to the moving platform’s
plane. The middle platform of the 5PRR parallel mechanism
can only translate along the zb axis, and the moving plat-
form of the 5PUS-PRPU parallel mechanism has three trans-
lational DOFs along the xp, yp, and zp axes and two rota-
tional DOFs along the xp and yp axes, which enables the hy-
brid manipulator to have 5 DOFs while possessing a large
workspace.

3 Error modeling based on different methods

In this section, error models of the 5-DOF hybrid manipu-
lator are established using the traditional inverse kinematics
method and the POE method. For the traditional method, the
closed-loop vector equation of each limb is first established,
and the error model of the mechanism is derived by differ-
entiating these equations. For the POE formula method, the
error model of the entire hybrid mechanism is mainly ob-
tained from the error models of the limbs according to the
closed-loop characteristics of the hybrid mechanism. The er-
ror model established via this method can incorporate all ge-
ometric and kinematic error parameters in the limbs. Sub-
sequently, these two error models are utilized for kinematic
calibration simulations in Sect. 4.

3.1 Error modeling based on the inverse kinematics
method

Prior to establishing the error model of the hybrid manipu-
lator using the inverse kinematics method, the following as-
sumptions are made:

1. The P and R joints in the PRR limb are accurate with-
out errors, which causes the limbs to be restricted to the
corresponding vertical planes.

2. The P, U, and S joints in the PUS limb do not contain
manufacturing errors, which means that the direction of
the P joint of the slider is perpendicular to the shaft of
the R joint of that limb, and the two shafts of the U joint
intersect perpendicularly.

3. The P, R, and U joints in the PRPU limb are ideal, which
implies that the direction of the first P joint of the slider
is parallel to the shaft of the R joint of that limb. More-
over, the direction of the second P joint is always the
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Figure 2. Kinematic diagram of the 5-DOF hybrid mechanism.

same as the direction from the center of the R joint to
the center of the U joint.

Under the above assumptions, Fig. 2 gives the kinematic
diagram of the 5-DOF hybrid mechanism. Then, the closed-
loop vector equation for the ith PUS limb of the hybrid ma-
nipulator can be constructed as

l2l2,i = t +Rr
p
s,i − bi − q1,i,d l1,i, (1)

where l2 is the length of link CiDi , t = [x,y,z]T is the po-
sition vector of the moving platform in the fixed coordinate
system {B − xbybzb}, l1,i and l2,i are the unit vectors along
−−→
AiBi and

−−→
CiDi , and bi represents the vector

−−→
BAi .

Taking the total differential of Eq. (1), we can obtain

δl2l2,i + l2δl2,i = δt + δRr
p
s,i +Rδr

p
s,i

− δbi − δq1,i,d l1,i − q1,i,dδl1,i, (2)

where q1,i,d is the motion of the driving P joint of the PUS
limb, which means δq1,i,d is zero. l1,i and l2,i can be rep-
resented by the motions of the passive R joints q2,i,u, q2,i,d ,
and q3,i,d , and the motion errors δq2,i,u, δq2,i,d , and δq3,i,d
can be eliminated in the error model.

Projecting Eq. (2) onto the direction of vector l2,i and sim-
plifying it yields

lT2,i
(
δt + δRr

p
s,i

)
= δl2+ l

T
2,iδbi − l

T
2,iRδr

p
s,i . (3)

The above equation can be further simplified to the form ex-
pressed by the generalized coordinate errors and kinematic
error parameters, which yields

Jqi δq = Jpi δpi, (4)

where δq = [δx,δy,δz,δα,δβ,δγ ]T represents the moving
platform’s pose errors. δpi =

[
δbT
i ,δl1,δl2,δl3,6,δr

p
s,i

]T
∈

R9×1 is the vector of the ith limb’s kinematic error param-
eters, and i = 1,2, · · ·,5.

The coefficient matrices in Eq. (4) are given by

Jqi = l
T
2,i

[
I3 −

(
Rr

p
s,i

)∧Jω
]
,

Jpi =
[
lT2,i 0 1 0 −lT2,iR,

]
(5)

where

Jω =
[
e1 exp(ê1α)e2 exp(ê1α)exp(ê2β)e3

]
=

1 0 sinβ
0 cosα −sinα cosβ
0 sinα cosα cosβ

 .
Similarly, the closed-loop vector equation for the PRPU limb
can be obtained as

b1+ (q1,6,d − rm)u1,i + l1l1,i −he3+ l3,6l3,6 = t, (6)

where b1 represents the vector
−−→
BA1; u1,i is the unit vector

along
−−→
BA1; q1,6,d denotes the motion of the first P joint of

the PRPU limb; rm is the radius of the circumscribed circle
of the middle platform; and l1 and h denote the lengths of
link AiBi and link NBi , respectively.

Taking the total differential of the above equation, we get

δl3,6l3,6 = δt − δb1− δl1l1,i − l1δl1,i − q3,6,dδl3,6, (7)

where l3,6 is the unit vector along
−−→
A6P and can be repre-

sented by the motion of the passive R joint q2,6,d , which
means δl3,6 can be eliminated.

Projecting Eq. (7) onto the direction of vector l3,6 and sim-
plifying it into the form of Eq. (4), we can get

Jq6δq = Jp6δp6, (8)

where Jq6 = l
T
3,6
[
I3 03×3

]
and Jp6 =[

lT3,6 lT3,6l1,i 1
]

are coefficient matrices, and

δp6 =
[
δbT

1 δl1 δl3,6
]T
∈ R5×1 is the vector of the

kinematic error parameters of the PRPU limb.
By combining the error models of the PRR, PUS, and

PRPU limbs, the kinematic error mapping model of the 5-
DOF hybrid manipulator based on the inverse kinematics
method can be obtained as

Jqδq = Jpδp⇒ δq = J−1
q Jpδp, (9)

where

Jq =
[
JT
q,1 · · · JT

q,6

]T
∈ R6×6,

Jp = Blockdiag(Jp,1,Jp,2, · · ·,Jp,6) ∈ R6×50,

δp =
[
δpT

1 · · · δpT
6
]T
∈ R50.

In the error model based on the inverse kinematics method,
the pose error of the moving platform is represented in the
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form of generalized coordinate errors. However, in the pro-
cess of kinematic calibration, it can be expressed by the dif-
ference between the theoretical error and the actual measured
error of the end effector, which is shown as

δq = qa − qn, (10)

where qa denotes the generalized coordinates of the actual
measured pose of the end effector, and qn represents the gen-
eralized coordinates of the end effector calculated by the for-
ward kinematics under the current kinematic parameters. δq,
obtained from Eq. (10), can be used to iterate and update the
kinematic parameters through Eq. (9).

3.2 Error modeling based on the POE formula method

3.2.1 Error modeling of the 5PRR parallel mechanism

According to the error modeling principle based on the local
POE formula, forward and rear local coordinate systems are
attached to the joints of the limbs. The local joint coordinate
frames for the ith PRR limb of the 5PRR parallel mechanism
are given successively in Fig. 3. Then, the forward kinemat-
ics of the parallel mechanism, expressed by the local POE
formula of the ith limb, can be obtained as

T i,u(qi,u)= h0,i,uT
1
0,i,uh1,i,uT

2
1,i,uh2,i,uT

3
2,i,uh3,i,u

= exp(p̂0,i,u)exp(µ̂1,i,uq1,i,u)· · ·
exp(p̂2,i,u)exp(µ̂3,i,uq3,i,u)exp(p̂3,i,u), (11)

where hj,i,u = exp(p̂j,i,u) and pj,i,u =
[
ωT
j,i,u,v

T
j,i,u

]T
∈ R6

are the transformation matrix from {Mj,i,u} to {Nj,i,u} and
kinematic parameters of the j th link at the original position,
and T jj−1,i,u = exp(µ̂j,i,uqj,i,u) denotes the transformation
matrix of {Mj,i,u} relative to {Nj−1,i,u}. µj,i,u represents the
local coordinate of the j th joint twist in {Nj−1,i,u}, the value
of which depends on the joint type. Then, we have
µ1,i,u = µ6 =

[
0 0 0 0 0 1

]T for P joint

µ2,i,u = µ3,i,u = µ3 =
[
0 0 1 0 0 0

]T
for R joint.

(12)

Referring to the error modeling method for serial robots
(Chen et al., 2014), the pose error of the middle platform
represented by the ith PRR limb can be obtained as

δei,u =
(
δT i,uT

−1
i,u

)
=5i,u8i,uApi,uδpi,u+0i,u9i,uδqi,u
= Jp,i,uδpi,u+ Jq,i,uδqi,u, (13)

where δpi,u =
[
δpT

1,i,u,δp
T
2,i,u,δp

T
3,i,u,δp

T
4,i,u

]T
∈ R24 is

the kinematic error vector of the ith limb, δqi,u =[
δq2,i,u,δq3,i,u

]T
∈ R2 is the error vector of the passive joint,

and the remaining coefficient matrices are given as

5i,u =
[
I6,Ad(exp(η̂1,i,uq1,i,u)), · · ·,

Ad(exp(η̂1,i,uq1,i,u)· · ·exp(η̂3,i,uq3,i,u))
]
∈ R6×24,

8i,u = Blockdiag
(
I6,Ad(h0,i,u),

Ad(h0,i,uh1,i,u),Ad(h0,i,uh1,i,uh2,i,u)
)
∈ R24×24,

Api,u = Blockdiag(Ap0,i,u ,Ap1,i,u ,Ap2,i,u ,Ap3,i,u ) ∈ R24×24,

0i,u =
[
Ad(exp(η̂1,i,uq1,i,u)),

Ad(exp(η̂1,i,uq1,i,u)exp(η̂2,i,uq2,i,u))
]
∈ R6×12,

9i,u = Blockdiag(η2,i,u,η3,i,u) ∈ R12×2
;

where ηj,i,u = Ad(h1,i,uh2,i,u· · ·hj−1,i,u)µj,i,u denotes the
global screw coordinates of the j th joint of the ith PRR limb
at the initial position. Moreover, the explicit expressions for
the adjoint transformation Ad() and the matrix Apj,i are both
given in Appendix A.

From Eq. (13), the pose error consists of two components:
the first component arises from kinematic errors caused by
manufacturing and assembly errors of links and joints, and
the second component corresponds to passive joint motion
errors. Since the motion errors of passive joints in the 5PRR
parallel manipulator are not controllable and the position sen-
sor is generally placed at the driving joint, the errors coming
from the passive joints cannot be determined independently.
Moreover, it will not independently impact the motion accu-
racy of the end effector when the entire motion of the parallel
manipulator is considered. Therefore, the second part of the
error model in Eq. (13) should be removed to obtain the ac-
tual kinematic parameters. Given that Jq,i,u is related to the
screw coordinates of the PRR limb’s passive joints, the error
model in Eq. (13) can be simplified by the reciprocal screw
vectors, which are obtained as

Jrum,i,u�δei,u = Jrum,i,u�Jp,i,uδpi,u, (14)

where Jrum,i,u =
[
η1,i,u, · · ·,η4,i,u

]T
∈ R4×6 represents the

ith PRR limb’s reciprocal system, ηj,i,u ∈ R6×1,j = 1, · · ·,4
is the basis vector of the orthogonal space of Jq,i,u,

Jrum,i,u�0i,u9i,u ≡ 04×2, and �=
[

03 I3
I3 03

]
is the inverse

operator and satisfies �−1
=�.

Then, the error model of the whole 5PRR parallel manip-
ulator represented by the motion errors of all the PRR limbs
can be derived as

δeu =
(
Jrum,u�

)†Jr,p,uδpu, (15)

where (Jrum,u�)†
∈ R6×20 is the pseudo-inverse matrix of

Jrum,u�, Jr,p,u =
Blockdiag

(
Jrum,1,u�Jp,1,u, · · ·,Jrum,5,u�Jp,5,u

)
∈ R20×120,

Jrum,u =
[(

Jrum,1,u
)T
, · · ·,

(
Jrum,5,u

)T]T
∈ R20×6, and

δpu =
[
δpT

1,u, · · ·,δp
T
5,u
]T
∈ R120.
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Figure 3. Local POE formulation of the ith PRR limb.

3.2.2 Error modeling of the 5PUS-PRPU parallel
mechanism

In this section, the error model of the 5PUS-PRPU paral-
lel mechanism is established under the assumption that the
5PRR parallel mechanism is error-free. Figure 4 presents
the local joint coordinate frames for the ith PUS and PRPU
limbs. Therefore, according to the method introduced above,
the error model of the moving platform represented by the
kinematic parameter errors of the PUS limbs and PRPU limb
can be obtained as

δed =
(
Jrum,d�

)−1Jr,p,dδpd , (16)

where Jrum,d =
[
η1,d η2,d · · · η6,d

]T
∈ R6×6 repre-

sents the reciprocal system of the 5PUS-PRPU parallel
mechanism, and ηi,d (i = 1–5) and η6,d represent the
reciprocal screws of the ith PUS limb and the middle PRPU
limb, respectively. δpd =

[
δpT

1,d , · · ·,δp
T
6,d
]T
∈ R246, and

δpi,d (i = 1–5) and δp6,d represent the kinematic error
vectors of the ith PUS limb and the PRPU limb, respectively.
Jr,p,d = Blockdiag

(
ηT
i,d�Jp,1,d , · · ·,ηT

6,d�Jp,6,d
)
∈ R6×246,

Jp,i,d =5i,d8i,dApi,d ∈ R
6×42 (i = 1–5), and

Jp,6,d =56,d86,dAp6,d ∈ R
6×36. The matrices, such as

5i,d , 8i,d , Api,d , 56,d , 86,d , Ap6,d , δpi,d , and δp6,d
mentioned above, are given as

5i,d =
[
I6,Ad(exp(η̂1,i,dq1,i,d )), · · ·,

Ad(exp(η̂1,i,dq1,i,d )· · ·exp(η̂6,i,dq6,i,d ))
]
∈ R6×42,

56,d =
[
I6,Ad(exp(η̂1,6,dq1,i,d )), · · ·,

Ad(exp(η̂1,6,dq1,6,d )· · ·exp(η̂5,6,dq5,6,d ))
]
∈ R6×36,

8i,d = Blockdiag(I6,Ad(h0,i,d ), · · ·,

Ad(h0,i,d · · ·h5,i,d )) ∈ R42×42,

86,d = Blockdiag(I6,Ad(h0,6,d ), · · ·,

Ad(h0,6,d · · ·h4,6,d )) ∈ R36×36,

Api,d = Blockdiag(Ap0,i,d , · · ·,Ap6,i,d ) ∈ R42×42,

Ap6,d = Blockdiag(Ap0,6,d , · · ·,Ap5,6,d ) ∈ R36×36,

δpi,d =
[
δpT

1,i,d , · · ·,δp
T
7,i,d

]T
∈ R42,

δp6,d =
[
δpT

1,6,d , · · ·,δp
T
6,6,d

]T
∈ R36.

3.2.3 Error modeling of the 5-DOF 5PRR+5PUS-PRPU
hybrid mechanism

By combining the error models in Eqs. (15) and (16), the
overall error model of the 5-DOF 5PRR+5PUS-PRPU hy-
brid mechanism expressed by all the kinematic errors of the
PRR, PUS, and PRPU limbs can be directly obtained as
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Figure 4. Local POE formulation of the ith PUS and PRPU limbs.

δe = δeu+2
(
Jrum�

′
)−1Jr,p,dδpd , (17)

where2=
[
41,u 46,u

]
∈ R6×12, and41,u and46,u rep-

resent the adjoint transformations from the fixed platform to
the actuated P joint of the first PUS limb and the first P joint
of the PRPU passive limb, respectively. Moreover, Jrum, �′,
41,u, and 46,u are given as

Jrum = Blockdiag
(
(η1,d ,η2,d · · ·,η5,d )T,ηT

6,d
)
∈ R6×12,

�′
=

[
06 I6
I6 06

]
∈ R12×12,

41,u = Ad(exp(η̂1,i,uq1,i,u)exp(η̂2,i,uq2,i,u))×

Ad(h0,i,uh1,i,u) ∈ R6×6,

46,u = Ad(exp(η̂1,i,uq1,i,u)· · ·exp(η̂3,i,uq3,i,u))×

Ad(h0,i,uh1,i,uh2,i,u) ∈ R6×6.

4 Kinematic calibration simulations

In this section, numerical simulations of kinematic calibra-
tion are conducted to verify the correctness of the established
error models in Sect. 3. A comparative analysis of the tradi-
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tional inverse kinematics and POE-formula-based error mod-
eling methods is also performed to demonstrate the effec-
tiveness of the proposed POE error model. First, the forward
kinematic search method and the kinematic calibration sim-
ulation process of the hybrid mechanism are given in detail.
Subsequently, kinematic calibration simulations are carried
out for the 5-DOF hybrid mechanism under identical-motion
conditions based on the two error models.

4.1 Process of kinematic calibration simulations

The identification of the kinematic error parameters has an
important role in the kinematic calibration, and the calcu-
lation of the actual motions of passive joints under cur-
rent kinematic parameters is key to the identification process
of error parameters. In this section, a numerical searching
method for computing the forward and inverse kinematics of
the hybrid mechanism during the kinematic calibration pro-
cess is introduced. In this method, the driving joints’ actual
displacements and the moving platform’s nominal pose are
both known. Then, the process of the numerical searching
method can be described as follows:

1. Based on the nominal pose of the moving platform, the
nominal motions of the passive joints are first calculated
and used as initial values. Using these initial values and
the current kinematic parameters, the forward kinemat-
ics of each limb and the deviations between the end
poses of the limbs are obtained.

2. The termination of the numerical search algorithm de-
pends on these deviations. If the deviations do not meet
the judgment criteria, the motions of the passive joints
are updated using a compensation formula for the next
iteration. The iterative process terminates when the cri-
teria are satisfied.

3. Finally, the actual motions of the passive joints and the
corresponding pose of the moving platform under the
current kinematic error parameters are obtained.

The compensation formula, which is used for updating the
passive joints’ motions of the PRR, PUS, and PRPU limbs,
can be expressed uniformly as

1qk =
(
J T
qJ q

)−1
J T
q1ek, (18)

where 1ek =
[
1eT

1,2,k, · · ·,1e
T
i−1,i,k

]T
and 1ei−1,i,k =(

log
(
T i−1,kT

−1
i,k

))∨ are the screw coordinates of the end
pose errors between the i− 1th and ith limbs in the kth it-
eration, and T i−1,k and T i,k represent the corresponding end
poses of the limbs which are calculated by the i−1th and ith

limbs. The transformation matrix J q is given as

J q =


J q1 −J q2 0 · · · 0

0 J q2 −J q3

. . .
...

...
. . .

. . .
. . . 0

0 · · · 0 J qi−1 −J qi

 ,

where J qi represents the corresponding Jacobian matrix of
the passive joints of the ith limb. The iterative process of
kinematic searching will be terminated when the value of∑
|1ei−1,i,k| is smaller than the given threshold. As for

1ei−1,i,k and J qi , i takes a value in the ranges of 2–5 and
2–6 for the 5PRR and 5PUS-PRPU parallel manipulators, re-
spectively.

The flowchart of the forward kinematic search method for
kinematic calibration simulations is shown in Fig. 5. After
the above numerical iteration for forward kinematics, the
identification analysis of the kinematic error parameters is
carried out in the subsequent section. During parameter iden-
tification, the pose of the moving platform obtained under
the current kinematic parameters is compared with the actual
pose. If the deviation between the two poses meets the judg-
ment criteria, the current kinematic parameters are stored;
otherwise, the kinematic parameters are updated based on
the established error model for the next iteration. Finally,
the actual kinematic error parameters and the mean position
and orientation errors of the moving platform after simula-
tion analysis are obtained, verifying the correctness of the
error model and improving the motion accuracy of the mov-
ing platform.

For the identification analysis of the manipulator, a suf-
ficient number of end-effector poses must be measured and
compared with the calculated poses to ensure that all kine-
matic error parameters are included in the identification
model. Thus, the error analysis model for the 5-DOF hybrid
manipulators can be expressed as

δp= J†
ρδE, (19)

where J†
ρ =

(
JT
ρJρ

)−1JT
ρ is the pseudo-inverse of the iden-

tification matrix Jρ =
[
˜
J T
p,1, · · ·,

˜
J T
p,n

]T
, and the subscript

n represents the nth group configuration of the manipu-
lator. δE =

[
δeT

1 , · · ·,δe
T
n

]T denotes the vector containing
the n group error vectors of the hybrid manipulator; δet =(

log
(
T a,tT

−1
c,t

))∨ (t = 1, · · ·,n) is the deviation of the end
effector’s actual pose with respect to the calculated poses at
the configuration t ; and T a,t and T c,t are the actual and cal-
culated poses of the end effector, which can be obtained by
the actual and current kinematic parameters of the limbs, re-
spectively.

Then, the compensation formula used for updating the
kinematic error parameters of the ith limb can be derived
based on the established error models of these two parallel
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Figure 5. Flowchart of the forward kinematic searching method.

manipulators, which is shown as

δpi = A−1
pi
8−1
i 1−1

i HiU⊥i

[
δpi
0

]
, (20)

where δpi denotes the independent error vector of the ith
limb, which can be obtained from δp in Eq. (19), and the or-
thogonal matrices Hi and U⊥i will be updated in accordance
with the current kinematic parameters of the corresponding
limbs.

Finally, based on the identification analysis of kinematic
error parameters for the 5PRR and 5PUS-PRPU parallel ma-
nipulators, a flow diagram of the parameter identification and
kinematic calibration simulation of the 5-DOF hybrid manip-
ulator is illustrated in Fig. 6.

4.2 Definition of nominal kinematic parameters

To simulate the real error environment of the hybrid manip-
ulator, the nominal kinematic parameters and corresponding
errors should first be defined to obtain the actual kinematic
parameters of the manipulator. According to the dimensional

synthesis analysis of the hybrid manipulator in Yang et al.
(2021), the optimal structural parameters of the hybrid ma-
nipulator have been obtained and are shown as follows: l1 =
1.480 m, l2 = 1.420 m, rm = 0.700 m, rp = 0.490 m, and d =
0.200 m. Tables 1 and 2 give the nominal kinematic parame-
ters of the 5PRR and 5PUS-PRPU parallel mechanisms, re-
spectively. In the process of numerical simulations, the ac-
tual kinematic parameters of the manipulator are defined on
the basis of the nominal ones. Namely, the corresponding er-
ror parameters of each kinematic parameter are randomly se-
lected within the range of the nominal kinematic parameters
plus [−0.006,0.006] radm−1. To fully investigate the pose
errors of the moving platform, the configurations including
the different positions of the variable-structure 5PRR parallel
mechanism will be considered in the numerical simulations.
According to the optimization results, it can be known that
the value of θ takes π/9, π/6, 2π/9, 5π/18, and π/3, which
means the pose range of the moving platform will change
with different values of θ .
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Figure 6. Flow diagram of kinematic calibration simulation of the 5-DOF hybrid manipulator.

4.3 Comparison of calibration simulations

In this section, numerical simulations of kinematic calibra-
tion are performed to verify the correctness of the error mod-
els established in Sect. 3. A comparative analysis of the tradi-
tional inverse kinematics and the POE formula error model-
ing methods is carried out through kinematic calibration sim-
ulations of the 5-DOF hybrid manipulator. Before the numer-
ical simulations, the following aspects need to be explained:

1. In addition to the nominal and actual kinematic param-
eters, the pose of the moving platform used for error
simulation analysis and result evaluation must be de-
fined. Based on the given pose and nominal kinematic
parameters, the displacements of the passive joints of all
limbs are calculated via inverse kinematics.

2. The poses of the moving platform used for error anal-
ysis and result evaluation are obtained from the actual

kinematic parameters and joint motions, simulating the
actual pose of the moving platform measured by mea-
suring instruments in real-world environments.

3. Identification analysis of kinematic error parameters is
performed based on the nominal and actual poses of
the moving platform obtained above, ultimately yield-
ing the actual kinematic parameters and the correspond-
ing end-effector poses.

Furthermore, the poses of the moving platform defined for
error result evaluation are also used to assess the absolute po-
sitioning accuracy under the current kinematic parameters.
During the numerical simulations, the poses defined for error
analysis are primarily used for identification computations,
while the poses defined for result evaluation are employed to
assess the effect of each iteration. Specifically, the forward
kinematics of the hybrid manipulator are computed based on
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Table 1. Nominal kinematic parameters of the 5PRR parallel mechanism.

Limbs i = 1 i = 2 i = 3 i = 4 i = 5

p0,i,u



0.0000
−1.5708
0.0000
1.4768
0.0000
−1.4768





0.9748
−1.3416
0.9748
1.1023
1.1351
−1.4202





1.8614
−0.6048
1.8614
−0.0544
1.9524
−1.1915





−1.8614
−0.6048
−1.8614
−0.0544
−1.9524
−1.1915





−0.9748
−1.3416
−0.9748
1.1023
−1.1351
−1.4202



p1,i,u



1.1216
−1.3366
1.3366
0.0000
0.0000
0.0000





1.1216
−1.3366
1.3366
0.0000
0.0000
0.0000





1.1216
−1.3366
1.3366
0.0000
0.0000
0.0000





1.1216
−1.3366
1.3366
0.0000
0.0000
0.0000





1.1216
−1.3366
1.3366
0.0000
0.0000
0.0000



p2,i,u



0.0000
0.0000
−1.7453
0.9520
1.1344
0.0000





0.0000
0.0000
−1.7453
0.9520
1.1344
0.0000





0.0000
0.0000
−1.7453
0.9520
1.1344
0.0000





0.0000
0.0000
−1.7453
0.9520
1.1344
0.0000





0.0000
0.0000
−1.7453
0.9520
1.1344
0.0000



p3,i,u



1.2092
−1.2092
−1.2092
−0.4418
0.4418
−0.2837





2.0519
−0.3250
−2.0519
−0.6548
0.1037
−0.5763





−1.6551
−0.8433
1.6551
0.5748
0.2929
0.4183





−0.7351
−1.4428
0.7351
0.2766
0.5429
0.1645





0.2465
−1.5567
−0.2465
−0.0940
0.5936
−0.0539



the updated kinematic parameters, and the current pose of
the moving platform is obtained and compared with the ac-
tual pose. Notably, the evaluation process is independent of
the identification calculation process of the kinematic error
parameters.

In the kinematic calibration simulations, the position and
orientation error formulas describing the positioning accu-
racy of the 5-DOF hybrid manipulator are defined as

p =

nveri∑
i=1

∣∣pa,i −pn,i∣∣/nveri

o=

nveri∑
i=1

∣∣( log
(
Ra,iR

−1
n,i

))∨∣∣/nveri, (21)

where p and o represent the mean errors of the position and
orientation used for verifying the results of the error sim-
ulation analysis, and nveri is the number of corresponding
mechanism configurations. pa,i and Ra,i denote the actual
position and orientation of the moving platform, and pn,i and
Rn,i are the moving platform’s theoretical position and ori-
entation under the current kinematic error parameters.

To better compare the effectiveness of kinematic calibra-
tion, numerical simulations based on these two error mod-
eling methods are conducted under identical parameter set-
tings. It is also assumed that the 5PRR parallel mechanism
is error-free and that no noise disturbances are considered in
the numerical simulations. From the error model of the 5-

DOF hybrid manipulator in Eq. (17), it can be seen that there
are 246 identifiable kinematic parameters in the 5PUS-PRPU
parallel mechanism. Since each configuration can obtain 6
constraint equations, at least 41 configurations are needed to
meet the requirements of parameter identification analysis.
To obtain optimal simulation results, the number of configu-
rations used for the simulation should exceed the theoretical
number and cover the entire workspace as much as possible.

Therefore, 100 configurations are randomly generated
within the reachable workspace of the moving platform,
which are used for the kinematic calibration in the compar-
ison analysis. Meanwhile, another 100 configurations will
also be given to evaluate the results of the calibration. Table 3
gives the random pose ranges of the moving platform for dif-
ferent values of θ , where r(1,n) represents the n groups of
values randomly generated within the range [0,1].

Based on the two error modeling methods, the mean po-
sition and orientation errors of the moving platform, calcu-
lated using the 100 defined calibration configurations, are
illustrated in Fig. 7. The left bars represent the analysis re-
sults based on the inverse kinematics error model, and the
right ones are the corresponding results of the POE formula
error model. From the iteration results, it can be seen that
they can both converge rapidly to a stable value based on the
different modeling methods. However, in terms of position-
ing accuracy, the final mean position and orientation errors
of the moving platform obtained by the POE formula error
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Table 2. Nominal kinematic parameters of the 5PUS-PRPU parallel mechanism.

Limbs p0,i,d p1,i,d p2,i,d p3,i,d p4,i,d p5,i,d p6,i,d

i = 1



0.0000
−1.3963
0.0000
1.5644
0.0000
−1.3127





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
−0.5201
0.8100
0.8100





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−1.5708
0.0000
0.0000
−0.4800
0.0000
0.0000



i = 2



0.8689
−1.1959
1.0354
1.2146
1.1459
−1.2736





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
−0.5201
0.8100
0.8100





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−1.3416
−0.9748
−0.9748
−0.3988
−0.2898
0.1781



i = 3



1.6760
−0.5446
1.9973
0.1071
2.0412
−1.1112





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
−0.5201
0.8100
0.8100





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−0.6048
−1.8614
−1.8614
−0.1619
−0.4984
0.3951



i = 4



−1.6760
−0.5446
−1.9973
0.1071
−2.0412
−1.1112





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
−0.5201
0.8100
0.8100





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−0.6048
1.8614
1.8614
−0.1619
0.4984
−0.3951



i = 5



−0.8689
−1.1959
−1.0354
1.2146
−1.1459
−1.2736





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





−1.2092
−1.2092
−1.2092
−0.5201
0.8100
0.8100





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−1.3416
0.9748
0.9748
−0.3988
0.2898
−0.1781



i = 6



1.2092
1.2092
1.2092
−0.5108
0.7955
0.7955





0
0
0
0
0
0





−1.5708
0.0000
0.0000
0.0000
0.6867
0.6867





−1.2092
−1.2092
−1.2092
0.0000
0.0000
0.0000





1.2092
1.2092
−1.2092
0.0000
0.0000
0.0000





−1.5708
0.0000
0.0000
0.0000
0.0000
0.0000



Table 3. The randomly generated n sets of configurations with different values of θ .

Pose θ

π/9 π/6 2π/9 5π/18 π/3

Position x = 0.20 · r(1,n)− 0.10
y = 0.20 · r(1,n)− 0.10

0.21 · r(1,n)+ 1.12 0.21 · r(1,n)+ 1.33 0.21 · r(1,n)+ 1.54 0.21 · r(1,n)+ 1.75 0.21 · r(1,n)+ 1.96

Orientation α = 0.30 · r(1,n)− 0.15
β = 0.30 · r(1,n)− 0.15

model are 2 orders of magnitude and 1 order of magnitude
lower than those obtained by the inverse kinematics method,
respectively. The main reason is that there are 246 kinematic
error parameters in the error model based on the POE for-
mula, which can be independently identified, and there are
only 50 identifiable kinematic parameters in the error model

built by the inverse kinematics method. The calibration re-
sults verify the correctness of the error models established in
Sect. 3 and indicate that the error model based on the POE
method is more comprehensive than that obtained by the tra-
ditional inverse kinematics method.
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Figure 7. Comparisons of mean pose errors of the moving platform in the process of iteration identification based on different modeling
methods: (a) mean position errors and (b) mean orientation errors.

Following the comparative analysis, kinematic calibra-
tion simulations based on the two methods are conducted
for the 5-DOF hybrid manipulator when θ takes π/9, π/6,
2π/9, 5π/18, and π/3. For different positions of the 5PRR
variable-structure parallel manipulator, 80 poses of the mov-
ing platform are defined for each, with the random pose gen-
eration method referring to Table 3. Then, Figs. 8 and 9 il-
lustrate the moving platform’s mean position and orienta-
tion errors of the corresponding methods during the itera-
tive process with different values of θ , respectively. It can
be observed that the moving platform exhibits different ini-
tial mean position and orientation errors under the nominal
kinematic parameters for different values of θ .

However, the calibration results show that during the pa-
rameter iteration process, the mean position and orientation
errors obtained via the error model based on the traditional
method are larger than those obtained via the error model
based on the POE formula. Moreover, the mean position and
orientation errors are significantly improved in the second
iteration for the POE-formula-based error model. This indi-
cates that the 246 error parameters of the 5-DOF hybrid ma-
nipulator can compensate for all pose errors of the moving
platform, verifying the effectiveness and completeness of the
error model established for the 5-DOF hybrid manipulator
using the POE formula method.

To further compare the two modeling methods, Fig. 10
plots the position and orientation errors of the moving plat-
form for each evaluation configuration after kinematic cali-
bration using the inverse kinematics and POE formula meth-
ods. For most evaluation configurations, the error results after
kinematic calibration using the POE formula method are sig-
nificantly superior to those based on the inverse kinematics
method. In Fig. 10, the maximum position and orientation
errors based on the inverse kinematics method are 6.238×

10−4 m and 1.825× 10−3 rad, while the values based on the
POE formula method are 7.31×10−5 m and 4.62×10−4 rad,
respectively. The results further confirm the effectiveness of
the proposed POE error modeling method for improving po-
sitioning accuracy.

Additionally, due to the larger number of error parame-
ters in the proposed kinematic calibration error model, the
computational cost is inevitably higher than that of the in-
verse kinematics method, and the control strategy is more
complex. To quantitatively evaluate the computational effi-
ciency differences between the POE formula method and the
traditional inverse kinematics (INK) method, a comparative
analysis was conducted using the same hardware platform
and kinematic calibration simulation data. The calibration it-
eration number was set to 6 for both methods, and all re-
sults were averaged over 10 repeated simulations to ensure
the statistical reliability of the data. The key computational
efficiency indices and calibration accuracy results of the two
methods are summarized in Table 4.

Based on the comparison results, the computational ef-
ficiency characteristics and accuracy–efficiency trade-off of
the two methods are summarized as follows:

1. The computational time gap between the two methods
is essentially attributed to the difference in parameter
scale (246 for POE vs. 50 for INK) and the complex-
ity of the modeling logic, rather than the low compu-
tational efficiency of individual parameters in the POE
formula method. The POE formula method realizes the
refined characterization of geometric errors across all
kinematic chains of the hybrid manipulator by virtue
of its high-dimensional parameter model, which in-
evitably introduces additional computational overhead
from screw theory operations and high-dimensional Ja-
cobian matrix calculations. In contrast, the inverse kine-

https://doi.org/10.5194/ms-17-575-2026 Mech. Sci., 17, 575–591, 2026



588 H. Yang et al.: Error modeling comparison for a 5-DOF hybrid manipulator

Figure 8. Moving platform’s mean position and orientation errors with different values of θ based on the POE formula method: (a) mean
position errors and (b) mean orientation errors.

Figure 9. Moving platform’s mean position and orientation errors with different values of θ based on the inverse kinematics method: (a) mean
position errors and (b) mean orientation errors.

matics method simplifies the computational process at
the cost of the integrity of error modeling, leading to
lower computational time but insufficient error charac-
terization capability.

2. The average total calibration time of the POE method
is 2.4 times that of the inverse kinematics method,
while the POE method exhibits remarkably superior
calibration performance: the mean position and orien-
tation errors after calibration are reduced by 89.04 %
and 63.79 % compared with the inverse kinematics
method, respectively. This result conforms to the well-
recognized engineering principle that high-dimensional
modeling is accompanied by higher computational costs
and higher-precision calibration effects and fully veri-
fies the rationality of the POE method’s trade-off be-

tween computational efficiency and calibration accu-
racy.

3. The computational time of the POE method has con-
siderable optimization potential in practical engineering
applications. Strategies such as multi-core paralleliza-
tion and vectorization of screw theory operations can ef-
fectively reduce the computational overhead of the POE
model, while its inherent advantage in calibration accu-
racy remains uncompromised. This provides a feasible
technical insight for the efficient engineering-oriented
application of the POE method in the kinematic calibra-
tion of high-degree-of-freedom hybrid manipulators.

The above quantitative comparison clarifies the computa-
tional efficiency differences between the two methods and
their underlying causes and further verifies the superiority of
the POE method in the accuracy–efficiency trade-off, which
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Figure 10. Pose errors of 100 sets of evaluation configurations after kinematic calibration based on different methods: (a) position errors
and (b) orientation errors.

Table 4. Comparison of computational efficiency and calibration accuracy between POE and inverse kinematics methods.

Index POE formula method INK method Ratio (POE/INK)

Average single forward kinematic time 120 µs 15 µs 8

Average single iteration time 0.45 s 0.1 s 4.5

Average total calibration time 6.0 min 2.5 min 2.4

Average iteration time per parameter 1.8 ms 2.0 ms 0.9

Mean pose error after 6 iterations 3.75× 10−5 m 3.42× 10−4 m 0.110
2.64× 10−4 rad 7.29× 10−4 rad 0.362

enriches the performance verification results of the proposed
POE error model and calibration method for hybrid manipu-
lators.

5 Conclusions

This paper focuses on the 5-DOF 5PRR+5PUS-PRPU
variable-structure hybrid manipulator as the research object.
Kinematic calibration simulations are conducted to compare
the traditional inverse kinematics and POE-formula-based er-
ror modeling methods, revealing that the POE-derived er-
ror model is more comprehensive and effective. Further-
more, kinematic calibration simulations on 100 configura-
tions demonstrate that the mean pose errors of the moving
platform converge stably after 6 iterations, with mean posi-
tion and orientation errors reduced by 89.04 % and 63.79 %,
respectively, compared to the traditional inverse kinematics
approach. These findings confirm the correctness and valid-
ity of both the proposed POE-formula-based error model-

ing method and the kinematic calibration simulation method.
Notably, the proposed modeling method is applicable to error
modeling and analysis of most parallel mechanisms, provid-
ing new approaches and insights for the kinematic calibration
of such mechanisms.

Appendix A

For a given pose matrix T ∈ SE(3), Ad(T ) denotes the ad-
joint transformation of T and can be written as

Ad(T )= Ad
([

R t

03×1 1

])
=

[
R 03×3
t̂R R

]
. (A1)

The matrix Apj,i represents the transformation of the kine-

matic parameter p̂j,i =
[
ωT
j,i,v

T
j,i

]T to the pose errors, which
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can be expressed as
Apj,i = I 6+ f

1
j,iZj,i + f

2
j,iZ

2
j,i + f

3
j,iZ

3
j,i + f

4
j,iZ

4
j,i,

‖ωj,i‖ 6= 0

Apj,i = I 6+
1
2
Zj,i, ‖ωj,i‖ = 0.

(A2)

Herein, the values of coefficients f 1
j,i , f

2
j,i , f

3
j,i , and f 4

j,i are
shown as

f 1
j,i =

4−χj,iSχj,i − 4Cχj,i
2χ2

j,i

,

f 2
j,i =

4χj,i − 5Sχj,i +χj,iCχj,i
2χ3

j,i

,

f 3
j,i =

2−χj,iSχj,i − 2Cχj,i
2χ4

j,i

,

f 4
j,i =

2χj,i − 3Sχj,i +χj,iCχj,i
2χ5

j,i

, (A3)

where χj,i = ‖ωj,i‖, and Sχj,i and Cχj,i denote the ab-
breviation for sin(χj,i) and cos(χj,i), respectively. Zj,i =
Ad(p̂j,i) ∈ R6×6 is the adjoint matrix of p̂j,i ∈ se(3), which
can be written as

Zj,i = Ad(p̂j,i)=
[
ω̂j,i 03×3
v̂j,i ω̂j,i

]
∈ R6×6. (A4)

ω̂j,i and v̂j,i represent the antisymmetric matrices of the
three-dimensional vectors ωj,i and vj,i with the following
expressions:

ω̂j,i =

 0 −ωzj,i ω
y
j,i

ωzj,i 0 −ωxj,i
−ω

y
j,i ωxj,i 0

 ,

v̂j,i =

 0 −vzj,i v
y
j,i

vzj,i 0 −vxj,i
−v

y
j,i vxj,i 0

 . (A5)
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