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In this paper, a novel 4-degree-of-freedom (DOF) parallel mechanism (PM) limb is proposed. The
properties of the degrees of freedom are verified based on the screw theory. The inverse position, velocity, and
acceleration models of the mechanism are developed. The position workspace of the mechanism is generated
based on the inverse kinematic model. The singular configurations are identified within the workspace. The dis-
tribution of the stiffness index in the workspace is visualized. The inverse dynamic model of the mechanism
is developed based on the Lagrangian method. The kinematic and dynamic simulations of the mechanism are
carried out in Adams to verify the correctness of the theoretical model. Most of the kinematic joints of the mech-
anism are revolute joints and form the sub-closed-loop parallelogram structure, which makes this mechanism
exhibit promising application prospects for application in high-speed or heavy-load fields.

The mechanism is the skeleton of mechanical equipment and
the key to determining its working performance. As one of
the significant branches of the mechanism family, the parallel
mechanism (PM) has made tremendous contributions to the
development of the equipment-manufacturing industry since
its birth due to its distinctive structural, kinematic, and me-
chanical characteristics (Kucuk, 2018; Ebrahimi et al., 2018;
Ye et al., 2020). There are many kinds of PMs, which can
be divided into 6-degree-of-freedom (DOF) PMs and lower-
mobility PMs in terms of DOFs (Chong et al., 2020; Gan
et al., 2016; Isaksson and Watson, 2013). In the early stage
of PM applications, 6-DOF parallel devices are adopted in
some production operations that require only low mobility,
which leads to problems such as large equipment volume,
high manufacturing cost, and complex control systems (Gan
et al., 2016; Ye and Li, 2019; Ye et al., 2017). For these rea-
sons, it has become a problem of great concern to mecha-
nism researchers whether the DOFs of parallel devices can be

matched to the motion dimensions of the task and/or whether
they can be equal to the DOFs of the equipment when execut-
ing tasks that require fewer than 6 DOFs. Therefore, the con-
cept of a lower-mobility PM is proposed, and lower-mobility
PMs have been widely studied (Sun and Huo, 2018; Shen et
al., 2020; Liu et al., 2019).

Lower-mobility PMs refer to PMs with 2-5 DOFs (Zeng
et al., 2011). The lower-mobility PMs have a simple struc-
ture, a large workspace-to-volume ratio, and a simple con-
trol system compared to the 6-DOF PMs. Therefore, they
have good application prospects in high-speed sorting, footed
mobile robots, rehabilitation medicine, machining, and wave
power generation (Chang and Zhang, 2019; Tian et al., 2020;
Yang et al., 2018). A number of lower-mobility PMs have
been proposed so far. For example, Hunt proposed a vari-
ety of PMs with lower mobility based on the screw theory
(Hunt, 1983). Cao et al. (2019) proposed a new 2-DOF PM
and conducted its kinematic analysis (Cao et al., 2019). Tsai
and Joshi developed a 3-DOF PM and carried out its forward
and inverse kinematic analyses and structural optimization



(Tsai and Joshi, 2000). Gao et al. (2015) studied a class of 4-
DOF PMs based on the generalized-function (Gp) set-based
synthesis (He et al., 2015). Lu et al. put forward a 5-DOF PM
and derived the formulas for solving displacement, velocity,
acceleration, and dynamic driving forces (Lu et al., 2018).

Among the many lower-mobility PMs, the 4-DOF PMs
with three translations and one rotation (3T1R) have a large
workspace at their end effectors and have garnered consider-
able attention in material handling, express sorting, palletiz-
ing, and so on (Xu et al., 2017; Arian et al., 2020; Pakzad
et al., 2019). However, most of the existing 4-DOF PMs with
3T1R employ a single open-chain limb configuration. For in-
stance, typical examples include the 4-UPU PM, 4-PRRU
(Quadrupteron) PM, PRRR-3PRRS (TetraFLEX) PM, and
3UPU-PRRR PM (Huang and Li, 2003; Richard et al., 2007,
Simas et al., 2022; Amine et al., 2017). Due to the parallelo-
gram structures in their limbs, these PMs have lower rigidity
and a lower maximum operating speed compared with the
Delta and H4 parallel robots (Pierrot and Company, 1999;
Pierrot et al., 2001). The limb mass of such PMs with a sin-
gle open chain is large at the same stiffness level, resulting
in poor dynamic performance, thus limiting their applica-
bility in high-speed, heavy-load, and high-precision opera-
tions. Currently, many scholars are committed to developing
lower-mobility PMs with sub-closed-loop structures in their
limbs to promote the application of PMs in the mechanical-
manufacturing field.

Most studies of PMs with 3T1R have focused on the PMs
with three joints in a limb, with research covering their for-
ward and inverse kinematics, workspace analysis, singular-
ity analysis, and dynamic characteristics (Arian et al., 2020;
Isaksson et al., 2017). Xie and Liu (2015) proposed a novel
R(Pa*)R PM (X4), for which they conducted optimal design
and workspace identification (where Pa* denotes a compos-
ite parallelogram mechanism) (Xie and Liu, 2015). Zhang
et al. (2019) established the forward and inverse position
models and analyzed the singular configurations of the 4-
URU PM and obtained its workspace (Zhang et al., 2019).
Zarkandi carried out forward and inverse dynamic analyses
of a 4RSS + PS manipulator (Zarkandi et al., 2019). Wang
established the dynamic model of the 4-SPS/CU PM (where
C denotes a cylindrical joint) (Wang, 2018).

In contrast, research on the dynamics of PMs with 3T1R
and four-joint sub-closed-loop limbs remains scarce. Dy-
namic analysis is essential for actuator selection, precision
control of the mechanism, mechanical vibration analysis,
and dynamic optimization and plays a crucial role in prac-
tical applications (Pakzad et al., 2019). Due to the multiple
links and sub-closed-loop chains in PMs, the dynamic anal-
ysis of such PMs with 3T1R and four-joint sub-closed-loop
passive limbs poses greater challenges. The dynamic study
of PM with 3T1R can refer to studies on parallel mecha-
nisms with other motion characteristics. For example, Sun
et al. (2024) studied dynamic modeling and performance
analysis of the 2PRU-PUU reconfigurable parallel mecha-
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nism. Yuan et al. (2024) established the electro-hydraulic-
driven 3-UPS/S parallel stabilization platform dynamic equa-
tion using the virtual-work principle. Taking the bio-inspired
masticatory parallel mechanism as an example, Cheng et
al. (2024) built an inverse dynamic model by virtue of a dy-
namic method and derived the Hessian matrices of the con-
straint equations. Russo et al. (2024) reviewed several dy-
namic analysis methods for parallel machine tools. Liang et
al. (2024) established the dynamic model by means of the
Lagrangian method, and the effectiveness of the model is ver-
ified via Adams software.

In this paper, a novel 4-DOF PM with the 3-RPaPaR
limbs is proposed (where Pa denotes a parallelogram joint).
The properties of the degrees of freedom are verified based
on the screw theory. The kinematic modeling is dealt with.
The workspace is studied based on the inverse kinematic
model. The singular configurations are described within the
workspace. The distribution of the stiffness index is ana-
lyzed. The inverse dynamic model is developed based on the
Lagrangian method. The correctness of kinematic and dy-
namic theoretical models is verified by simulation in Adams.

A novel 4-DOF PM with the 3-RPaPaR limb is proposed in
this paper, as illustrated in Fig. 1. The PM consists of a base,
a moving platform, and three limbs. The limb'*! is composed
of the actuated limb's!, the actuated limb*", and the pas-
sive limb'*t. The limb?" consists of the actuated limb>"d and
the passive limb?™. The limb>" is composed of the actuated
1limb3™ and the passive limb3.

In the mechanism, all of the actuated limbs are based on
the RPR limb configuration, and the prismatic joint (P) serves
as the actuated joint. All passive limbs are based on the RPa-
PaR limb, and R;4—R;7 form the parallelogram joint P,;1,
and R;6—R;9 form the parallelogram joint P,;». R;3 and R;1o
denote the revolute joints connecting the passive limb to the
base and the moving platform, respectively. The rotational
axes of R;3 and R;jqo are parallel to each other and perpen-
dicular to the base, while the axes of the other revolute joints
are parallel to the base, as illustrated in Fig. 2.
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The actuated prismatic joint is placed between the pas-
sive limb links to improve actuation efficiency and the output
force and torque of this PM. The passive limbs are composed
entirely of revolute joints (R) as revolute joints feature easy
manufacturing, high precision, and low cost. In comparison
with the open-chain configuration, the closed-loop configura-
tion enhances the structural stiffness of the mechanism. This
configuration also ensures that the moving platform remains
consistently parallel to the base. In comparison with tradi-
tional 4-DOF PMs, with the limb comprising two links and
three joints, the RPaPaR passive limb is equivalent to a struc-
ture with three links and four joints. Therefore, the proposed
PM offers a larger workspace. Meanwhile, the PM with three
limbs exhibits superior acceleration performance compared
to those with four limbs due to its simpler structural design
and lower overall mass.

A bottom view of the mechanism is presented in Fig. 3.
Notably, the R;3 joints are uniformly distributed on a circu-
lar path on the base, and the R;jo joints are similarly dis-
tributed on a circular path on the moving platform. In a gen-
eral configuration, the angle 6;; between the limb plane and
the line connecting the base to the R;3 joint is not equal to 0°
(0;1 # 0°). If ;1 is equal to 0°, the mechanism will experi-
ence a malfunction.

As illustrated in Fig. 4, the base frame {B}: B —xpypzp
is attached to the center point B of the base. The moving
frame {D}: D —xpypzp is attached to the center point D
of the moving platform. Moreover, the link frame {C; }: C; —
xc;yc;zc; (i =1-3) is attached to the center point C; of the
link R;1R;5. The xp-axis direction is from point B to point
R13 on the base, the xp axis is from point D to Ryjo on the
moving platform, the xc, axis is from point C; to R;j, all
of the z axes are vertically downward, and all of the y axes
are determined through the right-hand rule. The point R;3
coincides with the center point C; of link R;1 R;s5, and point
Rj10 coincides with the center of link R;3R;9. The length and
angle parameters of the PM are shown in Fig. 4. We define
6;0 as the angle between BC; and xp.
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The kinematic scheme of the novel 4-DOF PM.

Analysis of the motion characteristics of the end effector is a
core step in the research of PMs. In this paper, the degrees of
freedom of the mechanism are calculated and verified using
screw theory. The first limb is selected as the research object
for analysis, and the screw representation of the first limb is
shown in Fig. 5.

In this paper, the screws of each kinematic pair for all
limbs are first given, and then the reciprocal screws of the
mechanism, i.e., the constraint screws, are solved. By per-
forming secondary reciprocal screw solving, the DOF char-
acteristics of the end effector of the mechanism are derived.

The screws of kinematic pairs P;, R;1—R;3, Ri10, and R4
and Ry, correspond to $;0, $;1-$:3, $;10, and $4; and $45, re-
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Figure 5. Schematic diagram of screw of the limb.

spectively. Both R;4s—R;7 and R;¢—R;9 are equivalent to par-
allelogram hinges, whose corresponding screws are $;4— $;7
and $;6— $,9. In the coordinate system {C}: C1—xc, yc,2¢,»
the motion screws of the first limb, including the driving
chain and the executing chain, are expressed as follows:

8 =0 1 0, 0 0 L/2),

$10=0 0 0; dio 0 fio),

$,=0 1 0; din 0 fio),

$13=(0 0 1; 0 0 0,

$1a~y=0 0 1; ds O fa),

$16~99=O0 0 1; ds 0O f5),

$10=0 0 1; 0 ep 0),

$50=0 0 0; dio 0 fa0),

$40=0 0 0; du 0 fa),

30=0 0 0; do 0 fp), 1)

where d, e, and f are all real numbers.
From Eq. (1), the reciprocal screw of the first limb is de-
rived as

$;=(0 0 0;1 0 0). )

Similarly, the second and third limbs do not contain 849, $41,
and $45. The reciprocal screws of the second and third limbs
in the coordinate systems {C>}: C2 — x¢,Yc,2¢, and {C3}:
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C3 — X3 Yc52c; can be derived in the same way.

$=0 0 0;1 0 0)
$=0 0 0;1 0 0) 3)

Each limb applies a constraint couple on the moving plat-
form. These three constraint couples are perpendicular to the
revolute pairs Ri19, R210, and R3jo respectively, and all lie
parallel to the plane of the moving platform. On this ba-
sis, in the coordinate system {D} D —xpypzp, the con-
straint screw system of the moving platform (containing
three screws) can be expressed as

$,=0 0 0:ji ki 0,
$5,=0 0 02 k 0,
$5=0 0 0:j3 ks 0), )

where j and k are real numbers.

Since these three screws are linearly dependent, they only
correspond to two independent constraints, with one being a
redundant constraint. Their second reciprocal screws $ are
exactly the motion screws of the moving platform, which are
used to determine the DOF characteristics of the mechanism.

$i=8"=0 0 1,0 0 0
$,=8"=0 0 01 0 0
$5=8"=0 0 0,0 1 0
$,=8"=0 0 0,0 0 1) (5)

According to the motion screws of the moving platform, it
can be determined that the moving platform has four DOFs,
specifically three translational DOFs and one rotational DOF
about the Z axis. During the motion process of the mech-
anism, the above constraint screws remain unchanged. The
over-constraints of the mechanism include common con-
straints and redundant constraints: the number of common
constraints is 0, the number of redundant constraints is al-
ways 1, and the mechanism has full-cycle DOFs.

3.2 Position analysis

Let x = [DTa]T be the position and orientation vector of
point D in {B}, where D=[X Y Z]T, and « is the angle of
rotation of { D} about the zp axis. 6;¢ is the angle between the
xc; axis and xp axis. Let L; (i =1-3) and L4 be the length
of vectors R;|1 R;j> and R4 R4>. The position analysis is the
process of solving L = [L{L,L3 L4]T with known X-

Let 5T and &, T (i = 1-3) be the homogeneous transfor-
mation matrixes from {D} to {B} and from {C;} to {B}, re-
spectively; they can be expressed as follows:

B B B
B R D | R °C;
T=| D o T=]| G , 6
b |: 013 1 i| Ci [ 0143 1 ©)
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where R and 2R (i =1-3) denote the rotation matrixes
from {D} to {B} and from {C;} to {B}, respectively; they
can be expressed as follows:

gR = RZ(Ol), giR = Rz(GiO)Rz(Qil): 0

where R, (*) can be written as

c* —s* 0
R,(x)=| s* c* 01, 8)
0 0 1

where s and ¢ denote sin and cos, respectively.
B¢ (i = 1-3) denotes the position vector of point C; in
{B} as follows:

o rocBio
Bei=R.:0)| 0 | =] rostio |- ©)
0 0

BRi1o and PR;1o (i = 1-3) express the position vectors of
point R;19 in {B} and {D}, respectively; the mathematical
relationship between them is

B D
Rivo | _B Ri1o
R

DRitoxca — P Rijoysa + X
_ DRiloxsa—i-;Riloyca—l—Y ’ (10)

1

where PR;10 (i = 1-3) is expressed as follows:

DR[IOx r rCQ,‘o
PRin=| PRitoy |=R:Gi0)| O [=]| rsbio |. (1)
DRilOz 0 0

CiRi10 (i = 1-3) expresses the position vectors of point R;1o
in {C;}. The mathematical relationship between 5R;1o and
CiR‘ :

i10 18

B 1o
R0 B ‘R0
[ ! }ZQT !

Ci
aicl R;10x +rochio
a;y Rii0x +rosbio (12)
Cip. ’
R;0;
1

where CiR;10, a;1, and o> (i = 1-3) are expressed as fol-
lows:

i Ritox

i Ritoy

€ Rivo;

—11/24+110/2 + lrcHin — I3¢6;3

= 0 , (13)
1rs0;2 +1356;3

i Rito =

aj1 = cbioctin — 56;056i1, aip = cbiosbi1 +s0ioctin.  (14)
Based on Egs. (10) and (12), 6;; (i =1-3; j =2, 3) can

be obtained as follows (Ayiz and Kucuk, 2009; Kucuk and
Gungor, 2016):

615 = arcsin 2 (ai3 — ¢; (3 — 13),21; ai3)
—cjarctan2(a;4, Z), (15)
where ;3 and «;4(i = 1-3) are expressed as

2 2
ai3 Zal’4‘|‘Z ,di4g =

undﬂ+ﬂ+%—ymw+qwﬁ—m—h@ﬂ,a@

o 1 3¢, 0 0
ai5=—r[ca—7sa]Bi0X,Bio=[ _\f;{? 0 0 ] a7
l

wherec; =0,cp=—1,c3=1,cj0=—2,and cp0 = c30 = 1.

In triangle R;1 Rip R4 (i = 1-3) and triangle R4; R4y R17, L
=[Ly LoL3L4]" can be solved based on the cosine theorem
as follows:

Li =/ e} + 15— 2cithoct, (i = 1 = 4), (18)

where c11 = 21 = ¢31 =110, c41 =130, and 04 =012 +
013.

Let x = [DT&]T be the linear and angular velocity vector of
point D in {B}, with D = [X YZ]T. Let V; (i = 1-3) and V4
be the velocity of prismatic joint P; and Py, respectively. The
velocity analysis is the process of solving V = [V V, V3 AR
with known x.

By differentiating Eq. (18) with respect to time, the rela-
tionship between the velocity of the prismatic joint and 6;, is
derived as follows:

. . . . T
V = [a16612 axsb azebsr asebar

ci112039i2
o= LT 19
aje = L, (19)

Differentiating Eq. (15) with respect to time, éiz and 6’53 are
derived as follows:

02 1_[bia ], . _
[@3]_[bﬂ]xxp_1—a. (20)

Substituting Eq. (20) into Eq. (17) gives

JvV=Jyx, 2



where Jy is

[ aie 0 0 0
0 ane 0 0
Jv = ,
0 0 ase 0
K 0 0 ase
aini a2 aiz3 aizg
a2 a2 an23 ann4
J, = . (22)
asng asnn asns aszq
| @131 ais2 ais3 aiz4

b;j = laij1 aij2 aij3 aijs] ( =1-3; j=2,3)isa 1 x4 ma-
trix that reveals the relation between the linear and angular
velocity vector of point D in {B} and éiz and é,-g (i =1-3),
expressed as follows:

i i i =0 il,dij3 = 0j ij3
a~j1a-j2a‘j4 —b'le'l a‘j3—b‘j2b~j3

2X 2Y + ﬁcir 2rorsa
Bi=| 1 —/3¢i VX -Y |, (23)
V3¢ —1 X 4+/3¢Y
where b;j1, b;j>, and b;j3 (i = 1-3; j =2, 3) are written as
bij2bijabijs 1 | aiz+ (5 —13)c;
bjjj=————"—bijjp=—| ————¢ |,
ai7 ai3 aijs
bij3 =[Zaual", (24)

where b;ja, b;js, a;5, and a;j7 (i = 1-3; j = 2, 3) are written
as

bija=lais—Z1", bijs =[1r cioca  rejoserl,

ajjs = \/41?01‘3 — (13 =12 —cjai3)?, ai7 = 2ai4+1) — yo.

(25)

By substituting Eq. (18) in Eq. (16), a 4 x 4 matrix J is
obtained, which reveals the relation between the linear and
angular velocity vector of point D in {B} and the velocity of
prismatic joint P; (i = 1-3) and P4 as follows:

V=1Jx, (26)

where J is called the general Jacobian of the PM, expressed
as

1=3,"3, =[df af df df)' @7
d; = ajebi2, by = b1z + b13. (28)

Let ¥ = [DT&]T be the linear and angular acceleration vec-
tor of point D in {B}, with D = [X Y Z]T. Let A; (i = 1-3)
and A4 be the acceleration of prismatic joint P; and Py, re-
spectively. The acceleration analysis is the process of solving
A=[A1A2A3A4]" with known ¥.

Differentiating Eq. (26) with respect to time, A is derived
as follows:

A=V=Jx+Ji, (29)

The values of the length parameters.

Length parameter g r L I I3 Lo ho I3

Value(mm) 115 375 100 70 100 25 50 35

Two limiting
configurations

The workspace and the installation space of the novel
4-DOF PM: (a) the workspace, (b) the installation space.

i=[al @ & ail", (30)
d; = aishir + Gichin, (31

where biz = [aij1 aix aio3 ajna] (i = 1-4) is written in Ap-
pendix A, and a;¢ is obtained by differentiating Eq. (19) with
respect to time as

a6 = citlao (LicObia X — sbind; X) /L2 (32)

The size of the workspace is an important index reflecting
the operational capability of a mechanism. The workspace is
solved based on the inverse kinematic model. All parameters
of the mechanism are shown in Table 1. The constraints are
defined, such as branching limits on the driving variables and
the phenomenon of interference between limbs.

The workspace is symmetrical about the plane xpzp and
presents an approximately square-hexagonal contour in the
top view, as illustrated in Fig. 6a. The heights of the near-
est (A) and farthest (B) points from the base in the verti-
cal direction are 90 and 166 mm, respectively, and the vol-
ume of the workspace is 6.1671 x 10°> mm?>. The installation
space is defined as a space enclosing the mechanism and the
workspace, as illustrated in Fig. 6b. The volume calculated
based on the limiting configuration and link parameters is
83.9277 x 10° mm3. Thus, the ratio of the workspace to in-
stallation space is 6.1671/83.9277 = 0.0735.

When discussing the workspace, the singular configura-
tions should be pointed out to avoid the phenomenon of the
mechanism failing to work properly. The singular configura-
tions are displayed in the workspace, as shown in Fig. 7. In
the singular configurations, the moving platform is located
on the axis zg, and there is no rotation around the axis zg, as
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Figure 7. The case when singularity occurs.

represented by Eq. (33):
x=10 0 z o, (33)

where z is the vertical distance of the moving platform from
the base.

4.2 Stiffness analysis

The static stiffness index of the mechanism determines the
kinematic accuracy and static stability of the mechanism
(Tang et al., 2022). The stiffness matrix K can be calculated
according to Eq. (34). The mean value of diagonal elements
of the stiffness matrix is used as the stiffness performance
index in this paper. The stiffness index S;; can be expressed
through Eq.(35).

K=JTkJ (34)
Su = E(tr(K)) (35)

In the above, J is the Jacobian matrix, and K is the stiffness
matrix of the joint space.

The Sy; distribution for all workspaces is shown in Fig. 8a.
S tends to zero when the rotation angle around the axis zp of
the moving platform is 0° (¢ = 0°) and the position (x, y) is
close to (0, 0), as illustrated in Fig. 8b. This is the result of the
singularity in this configuration. Additionally, z is negatively
correlated with stiffness.

The S;; distributions at z =110, 126, and 142 mm are
shown in Fig. 9. At the same height, « is defined as 15, 30,
and 45°, respectively. The results show a positive correlation
between o and stiffness. However, z has less effect on the
stiffness compared to «.

https://doi.org/10.5194/ms-17-495-2026
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Figure 9. The stiffness distributions under the three different
heights of (a) 110 mm, (b) 126 mm, and (c) 142 mm.

5 Dynamics

The Lagrange equation of the second kind is used to com-
plete the dynamic analysis. The Lagrange equation is written
in the following form:

d /oL oL
3 (51)-(Gy) =2 G0

where L = K — P is a function called the Lagrangian, K is
the kinetic energy of the system, P is the potential energy
(due to gravity effects), and x = [XY Z«]"T and Q denote the
vector of generalized forces applied to the system (Briot and
Khalil, 2015).

The Lagrange equation can also be written in a general
form of

Q=M )X +C(x, x)x +GXx), (37

where M(x) denotes the system mass matrix and is symmet-
ric, C(x, x) denotes the Coriolis and centrifugal matrix, and
G(x) denotes the gravity vector.

The parameters of the links are shown in Table 2. Since
the link R;gR;7 and link R;gR;9 are lighter in mass, we ig-
nore their effect on the system. MP denotes the moving plat-
form. The link R;{P; and the link R;j» P; (i = 1-4) are the
cylinder and piston of the actuator, respectively. CM denotes

Mech. Sci., 17, 495-509, 2026



The parameters of links.

Mass CM 1 v/ M C G
MP mo D Iy vo/®g My Co Gy
Ri1Ri5s - G I vij/wi M;; Gy G

RisRi7 my Cio1 Iy
Ri4Rijg mp Cin I
Ri7Ri9  m3 Ciap I3
RigRig  m3 Cinp I3
RiyPi mar  Ciyy Iy
RipPi myr  Cigp I
RyPy  myy  Caq1 Iy
RppPy  myy Cagn I

vior/wiz1 M1 Cio1 Gy
vioo/wiza Mo Cip Gix
visi/wizi Mz Gz Gz
vin/wizy Mz Cizn Gin
vigr/@is1 Migs1 Ciar Gig
vigp/wigz Mg Cigp Gig
vaq1/waq1 Magr  Caq1 Guq
vaqgp /w44y Magr  Casn Gaan

>
-

Ci41 C,- 121 121

) _
4 1l ‘E?“
. Il=
Ci42 Cai Cin ';H )
o Cgy
/4‘3 ||H
T
|
t Cun
131 131 ]| |§3"‘
[

Parameters of the center of mass of each link.

the center of mass of links, I denotes the moments of iner-
tia of links around the center of mass, and v /@ denotes the
linear/angular velocity of the center of mass for links in {B},
respectively.

The kinetic energy expression is written as follows (Taghirad,
2013):

K=1/20"mv+120" Blo=1/23"M(x)x. (38)

The kinetic energy of the PM is the sum of the kinetic energy
of each link. The distance between the center of mass and the
endpoint of each link is shown in Fig. 10.

The coordinates of D and 2C; (i = 1-3) of the center of
mass D and C; in {B} are known, and then the coordinate of
BCijs (i =1-4; j =2-4; 5 = 1, 2) of the center of mass Cjjs
in {B} is solved as follows:

roctio +ai1Cijsx
BCijy B CiCijy r050;0 + ai2Cijsx
=BT =
G iy )
1 i 1 ijsz

(39)

where [040 as1 as] = [610 ann arzl, and €Cij5 =
[Cijsx O Cijs, 1T is written as

cOir  s6in

[CijsxCijsz) =[lj3  cjolai] [ _clelg S'9i3 ]
—[1150],(i=1-3,j=2,3), (40)

co; s0;
[CiasxCiasz ] = ocs3  lagesd] [ Celi _;29,4 ]

1 1
—[l15¢540], (i = 1= 3), (41)
_ c61256012
[Cassx Casse] = [ls4_l4scx4]|: 01+ 04 5012+ 0as) }
—cO13
+l3OCs3[ s013 :|—[1110],
(42)

where c2p =c13=0, co=c3=cu=1, cu=-1, Ij3=

a1, 33 =l =1, and 114 =1 —ly0; 6;4 (i = 1-4) is given
using the cosine theorem for triangle R;1Rj2Rjs (i = 1-3)
and triangle R41 R4 R17 again.

614 = arccos2 (cis + LY. 2¢iLi ) 43)

In the above, ¢;5 = (I} — 110)* - 13y, cie =11 — l10 (i = 1-3),
cas = 13y — 13, and cs6 = lop.

0;1 (i = 1-3) is used to solve the linear and angular veloc-
ities of the center of mass of links, and then it is given from
the equivalence of Egs. (7) and (8) as follows:

0;1 = arctan2(a;25,a;15), (44)

where [a;15a;75] (i = 1-3) is written as

1 —«/§C,‘
V3¢ 1 , (45)

rea — rg rso

[ai15 aixs] = [XY ci7]

where c¢;7 =1, and ¢7 = ¢37 = —2.

The center-of-mass linear and angular velocities of links in
{B} are obtained by differentiating x = [D )t BC (i =1-
3), and BCijs (i=1-4; j=2-4; s =1, 2) with respect to
time as follows:

v o By, Bo2
Vi1 ;1 =] 034 B X (46)

Vijs Wijs B;js1 B;js2



where Boi, Boz, Bi12 (i =1-3), Bjs1, and B;j52 (i =1-4;
j=2-4;s=1,2)are all 3 x 4 matrixes and are written as

033 0O
Boi = [13x303x1].Boz = 0 1,
1
Biix = |: 0;:4 :|
Cijsxbito+aibijsx 47)
Bijs1 =| Cijszbino +ainbijsx ,
bijsz
0154
Bijso=¢R| bij |,
biy

where b;; (i = 1-3), bl’ bi10, bi20, bijsx and b;js; (i =1-
4; j=2-4; s =1, 2) are all 1 x 4 matrixes and are solved
by differentiating 6;1, 0;4, Cijsx, and Cjjs, with respect to
time (044 = 044 +012, b,‘j = b,‘j, and bﬂ = bys+ b12; b4 is
unknown).

[6:1014] = [bi1bial (48)

(L? = cis)aichiz

bi1 = lai1s5a:25] & bis =— : (49
aig 2¢isLjai9
B — reisca ails 0 —«/gc,'
i2 = ) )
rcissa a;s 0 -1
T
aig = airs aps ][ 1 —V3¢i ] (50)

2
R _ Cis i
aig =, /1 < 2ci6Li )

biio = —aizbi1, bioo = ai1bi, (ba10 = b110, bazo = b120)  (51)

—s50;2b;» cOirb;n
[Bijsxbijs:] = [Lj3cjal31] S9i3;)i3l 69231,;3 i|
—50;7b; cbirb;
[Bissxbiasz] = [laocsalagesal | s@l-j bl’i _229,;;4
L 1 1 l
O12b 012b
[Baasxbaas;] = — [salascsal i 9451 bz g@ij bj;i
+130¢53 [013b13¢013b13] -
(52)

The rotation matrix around the y axis and moments of inertia
are expressed as follows:

c* 0 s*
R,(")= 0 1 0
—s* 0 c*
j 0 0
= o I, o0 . (53)

The moments of inertia £1y, 81;; (i = 1-3), and 81;;, (i =
1-4; j =2-4; s = 1, 2) are written as follows:

BRI BRT
BIO I?RIOE RT
Py | = R, e
g & RR, )1 js (£ RR,03)

whereljs = Ij (] = 2, 3), eijs = 7T/2—9ij, and 944S = 9&—
/2.

Substituting Eqgs. (46) and (54) into Eq. (38) yields the
mass matrix Mo (x), M;1 (x) (i =1-3), and M5 (x) (i =
1-4; j =2-4; s =1, 2) as follows:

Moy =| "ofee Qe (55)
0153 Iozz
M;1(x) I - B,-QBIilBile . (56)
Mijs(X) Bijslm"./'SB"jSl +Bij52 LijsBijs2 |

The potential energy P is written as follows:
P =-mgzc, (57)

where z¢ is the coordinate of the center of mass of the link
in the zp axis.

The total potential energy of the mechanism is the sum of
the potential energy of each link. The relationship between
the gravity vector of each link and the potential energy is

aopP
GxX)=——. (58)
dx
According to Eq. (58), the gravity vectors of Go(x), Gi1(x)
(i =1-3),and G;j5(x) ( =1-4; j =2-4;5 =1, 2) are writ-
ten as follows:

[Go0Gi1(0Gi5s(0] = [[00 = mog0] 0ax —mijigbl. |
(39)

The generalized force can be obtained as follows:

Q=MQGOX +C(x. )x +GQ0). (60)

According to the principle of virtual work, the relationship
among the force of the actuated joint 7, the vector of the
generalized force Q, and the external load f acting on the
moving platform can be expressed as follows:

Q+f=J"r. ©1)



Thus, the general equation of the actuator force is obtained
as

T=J"TM@K +CxX, DX +G(x)+5), (62)

where M(x) and C(x, x) are 4 x 4 matrixes, and G(yx) is a
4 x 1 matrix.

3 4 4 2
M)=Mo(x)+ > Ma()+ Z Z M;js(x)
j=2s5=1

i=1 i=1

3 4 4 2
G(x)=Go(x)+ ZlGil(X)+ > Z > Gijs(x)
i= i=1 j=2s=1
3 4 4 2

Cijis(X, X)
(63)

The Coriolis and centrifugal matrix is expressed as follows:

C(x, x)=1/2(M(y)+U" -U),
oM(x)
ax

U=(Lxa®x") (64)

The terms in the matrix Mo( ) are constants, and so it could
be obtained that

. M
Mo = 0. 208 — 0, Cor )
X
= 1/2(Mo(x) + Uy — Up) = 0. (65)

The solution procedures for C;1(x) and C;;5(x, x) are shown
in Appendix B.

All links are fabricated from standard carbon steel with a
density of 7.801 x 107% kg mm 3, and the parameters of the
PM are listed in Table 3.

610 =0, 620 =2/3m, and 0390 = —2/37. The initial posi-
tion and orientation vector of point D in the base frame {B}
was defined as y = [—5.5491 12.7839 110 —0.2654]T so that
singularity can be avoided, and ¥ = [8¢ 8¢ 8¢ 0.07¢]". Grav-
itational acceleration (g=9.8Nkg~!) was enabled in the
simulation model, and an external load f = [ f1 f2f3 f4]T =
[25 25 50 25]T was applied to the center of the moving plat-
form. Herein, f1, f>, and f3, represent the translational force
(N) along the X, Y, and Z axes, respectively, and f4 denotes
the rotational moment (N m) about the Z axis.

Based on the aforementioned parameters and physical
quantities, the theoretical results and Adams simulation re-
sults of the actuator displacement (L), velocity (V'), acceler-
ation (A), and driving force (F) are obtained separately, and
excellent agreement was observed between the two sets of
results. The simulation curves derived from Adams are pre-
sented in Fig. 11a—d.

R
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(©) @

Actuator simulation curves: (a) displacement, (b) ve-
locity, (c) acceleration, and (d) force.

To quantitatively describe the similarity between the sim-
ulation results and the theoretical results of the driving rod,
the error existing between them was calculated. The error
was calculated using the following formula:

Ahth_hS’(h:vavArF)s (66)

where hr and hyg denote the theoretical and simulation re-
sults of the L, V, A, and F, respectively, and Ay, is the error
value between A7 and hg.

The time-varying curves of the error A, are obtained ac-
cording to Eq. (66), as shown in Fig. 12a—d.

In general, the magnitude of the error Ay is dependent on
the magnitude of the simulated value, with larger actual val-
ues leading to greater absolute errors. Thus, the error ratio
oy for the L, V, A, and F is defined. It can be defined as
follows:

th|Ahmax|/hS»(h=L9VsA,F), (67)

where Ajmax 1s the maximum absolute error, and /g is the
corresponding simulation result at the same time instant.

The error ratios oj, were calculated based on Figs. 11
and 12, as listed in Table 4. It can be seen that the error ra-
tios of the actuator displacement, velocity, acceleration, and
driving force were 0.0009 %, 0.23 %, 1.12 %, and 0.91 %, re-
spectively. The extremely small error ratios confirm the cor-
rectness of the established kinematic and dynamic models of
the PM.

A novel 4-DOF PM with the 3-RPaPaR limb is proposed
in this paper; this PM is capable of implementing three-
translation and one-rotation (3T1R) motion and features a



The parameter values of the PM.

Mass (kg) Principal moments of inertia (kg mmz) Length(mm)
mo =0.4465 Iy, =352.12 Iyyy =352.12  Ip,; =696.96
my; =0.1834 Iy, =40.645 I1yy =155.69  Ij;;=193.31 111 =50,11p =25
my =0.1247 I, =103.22 Iy, =45745 I, =59.541 1 =35
m3=0.1459  Izyy, =175.85 I3y, = 14212 I3,, =36.144 131 =50
mq1 =0.0026  Igpyx = 0.5893  I41yy, =0.5841 Iy1,; =0.0128 4 = 16.668
mygp =0.0027 Iy =0.5339  Igpy, =05316 Iy, =0.0055 Igp =20.528
x10™ x10” anism, while the vertical height z has a secondary effect. An
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The error value curves between theoretical results and
simulation results: (a) displacement, (b) velocity, (c) acceleration,
and (d) force.

The error parameters between theoretical results and sim-
ulation results.

h Apmax hs Oh
L/mm 568 x 1074 619  0.0009 %
Vimms~!  1.79x 1073 0.784 023 %
A/mms™2 0213 19 1.12%
F/N 0.3 -322 091%

large workspace. Most kinematic joints of the mechanism
are revolute joints, forming a sub-closed-loop parallelogram
structure that endows the mechanism with promising appli-
cation prospects in high-speed and heavy-load fields. The
degree-of-freedom characteristics of the mechanism are ver-
ified using screw theory, and inverse position, velocity, and
acceleration models of the mechanism are established sys-
tematically. The singular configurations of the mechanism
are found to be distributed on zp without offset. The rota-
tion angle « of the moving platform is identified as the dom-
inant factor affecting the stiffness performance of the mech-

explicit inverse dynamic model is derived based on the La-
grange equations of the second kind. The correctness of the
established kinematic and dynamic theoretical models is ver-
ified by Adams simulations, with the error ratios of key actu-
ator performance indices all remaining at an extremely low
level. The modeling method presented in this paper can serve
as a reference for kinematic and dynamic modeling of other
PMs with four-joint sub-closed-loop limbs, and it is expected
to promote the engineering application of this type of PM in
industrial practice.

This section supplements the solution procedure for bi» (i =
1-4) in Eq. (31). Since b4y = b1 + b13, the solution of b;»
can be converted into solving bij (i= 1—‘3; j=2,3).

To simplify subsequent calculations, b;; and 0b;; /9 x are
combined into b; i and this operation is extended to other
equations. An operator I* and c¢ are defined for derivation.
For time differentiation, I'* = 1, ¢/ = 0, and x’ = x; for par-
tial differentiation with respect to y, I'* represents the Kro-
necker product (®) of the identity matrix 14«4 and the corre-
sponding matrix, ¢’ =041, and x’ = [X'Y'Z'a’]". In addi-
tion, x (i) = I44(i )T (i) denotes the ith row of the matrix.

b;j = [a;jla;jz a;j3al/-j4] (i =1-3; j =2, 3) is obtained by
time differentiation of Eq. (23), as shown below:

_ T
4ij1
alsz :b;leil‘f‘I*b,‘jl
al.
L “ij4
22X’ 2Y’ 2roreaa’
o o V3 X' =Y |,
Y 0o X' ++/3¢;Y’
alfj3 :b;j2b5j3+l*b,‘j2b;j3, (A1)
where b;jl, b;jz, and b;j3 are given by

1= (((b;'jzbij4 + Ixbijobi;)bijs + bijzbij4b§j5)

ai7 — 2aj4bijobijabijs) /aj;. (A2)



— o — (@t (2 =12 Nar s !
b;jzz al3<|:0115 (ai3 (22 3)Cj)alj()0 _bijz ’

%3 dijs
Z/
bij3 :[ aly ] (A3)
Time differentiation of Eq. (25) yields b; a0 b;j 5. and
aije = a§j5/0§3 (i = 1-3) as follows:
al
4= |: _’42/ ] Jbijs=rcio [041 — s/ caa’],
i7 = 2 2 2 . . . ..
ajje = (21j+(12—l3 —c]alg)cj)/a,]5. (Ad)

Time differentiation of Eq. (16) gives a/, and a], (i = 1-
3).

a. = I*(2[XYOrrosal+r[ca+rosalBio)x'+r[—saa’caa’ |Big x
i4 ai7

{ aly =2asa), + 22"

(A5)

The above steps complete the solution procedure for bi».

This section supplements the solution procedure for C;; (X,
x) ((=1-3) and Cijs (x, x) (=14 j=24;5=1,2)
in Eq. (61). By performing time differentiation and partial
differentiation with respect to x on M;; (x) (i = 1-3), the
derivative M;; () (including M,-l (x) and 0M;1 (x)/0x) is
obtained as follows:

M;1(x) =BR,21:1Bin + "B, 1) B

+ 17 (B, 1 ) Bl (BI)

where the derivatives of B}, and 21/, (including #1;; and
381;1/0x), denoted as B}, and BI,, are given by

0 .

/ B B B

B,‘12=|: b/'l , Iz'l:w,'lxlil_ I1w;1x,
i

e TR P w;
il w.”XBIil_I*BIil ‘l)'zlx.
X ax X

(B2)

Time differentiation and partial differentiation with re-
spect to x on b;1 (i = 1-3) yield b};:

’ 1
b;, = % ([a]15a/5]Biz + I*[ai1sais]
1
/ / / /
—rcissoa al,s c c ,
aig —2|al,sa;
[ reiscao’ alys ol ol is = 2[afy54i2s]

[ails —3ciains — 3cians + 30?%’25]
lai1saizs]1Bin
(B3)

where [a;,sa},s]1 = [bi15 X bi2s x] when solving b;1. Note that
la},sai,5] = [biTlsbiTzs] when solving db;1/d . b;15 and bj)s
is calculated as follows:

b5 |1 ﬁci 0 —rCci7SQa
bi»s |~ | —V3ci 1 0 —rejirca ’
(B4)
wy can be written as follows:
0 —@; @y
Wy = (073 0 —Wy s
—®y @y 0
9B oflrxl —b}, 0451
“ox b;, 041 041 |- (B5)
X 0451 0451 0451

Time differentiation and partial differentiation with respect
to x on Mjs(x) (i = 1-4; j =2-4; 5 = 1, 2) yield M;js(x)
(including M;s(x) and 0M;;js(x)/9 ).

Mijs(x)" = mjs(Bfj, Bije1 + I Bijsi "B )

+B1, 1 Bijo+ "B}, ," T Bijor
+ 1B, " 15)B 3 (B6)

In the above, mj; = mj, and (j =2, 3); the derivatives of

B, 51> B}, and °I} (including #1 ;5 and 9°1;5/0x) are
given by:
C,-,-“bg 10+ Cljsxbito +ajy bijsx +ain b,
st = | Ciisebizg + Cijoxbino +appbijox + anbijs.
ijsz
01x4 0454
B ,=¢R| by |+I"¢R| by
biy b},
Blijy="Pw;j x 81 — BI_?Ywin7
3% j5/ox = 8%wijx /OX "L js — T*P 1 50" @ijx [0,

(B7)

where C'ijsx = bijsx X , and 3C;j5x/0X = bL. . Note that

ijsx®
/ / / / .
b1 bing> @, and a;, are as follows:

[bﬁlobgzo] = [_afzbil - ai2b;1az{1bil +a,-1b§1], (B8)

[air  ainl=Ibitox bi2ox],[dai1/dxdaiz/dx]
= [—aizb?] ailb;ﬂ] . (B9)



Time differentiation and partial differentiation with respect
to x on [bijsx bijsz] yield [b;jsx b;jsz]‘
b;jsxb;jsz:l =1I" [lj3cj2l31]

—bizas + biosc
—bi3as + bizsc |

—bi24c — biss
| Dizac +bizss
(G=1-3,j=2,3)

M./ ’
| Yidsx i4sz] = I" [ocs3l45¢54]

—biz4c — binss —biz4s + biosc (B10)
| —biaac — biass bisas — biasc
(i=1-3)
,_bil4sxb:14sz] = —I"* [lsalsscsa]

—b124c — b125s biosc — bi24s
| bagac + baass bygas — baysc
+130¢53 [D134c + b135sb135¢ — D134s]

In the above, b,’j4c = C@,’j@i/jb,'j, bl'j45 :Seijei/jbi/" bich =
C@ijb;j, bisz =S@ijb;j, éij = bin’ 891']‘/8)( = b}; IélR =
®i1x ¢ R, and 98 RIdx = (8% wijx /9X)¢ R

Time differentiation and partial differentiation with re-
spect to y on b4 (i = 1-4) yield b;4:

(2LiLai6biz + (L7 — cis)
(alghiz +aich)y)) aioLi
—(L? = ¢is)aichin

(ajyL; +2a;9L})

1
= , (B11
i 2Cl'6(1i29L? ( )

where dL;/dx = d. The expressions of a/ and d/, are as
follows:

a, citlo(cO20),Li —sOpn L))/ L? }
i 1=" i2 i/ =i B12
[ ajg } [ —(L} = cf)L} /(4 Liaio) (B12)
BBw,'jX/B)'( (i = 1-4; j = 2-4) is written as follows:
aB . 04><1 —b;rl ailbiT»
ax - il 4x1 i20;;
ailbiTj —aizbl»Tj 0451

The above steps complete the solution procedure for C;1(x)
and C;j5(x, X)-
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