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Gear systems exhibit strong nonlinear and non-smooth dynamics caused by time-varying meshing
stiffness (TVMS), tooth friction, and backlash. The alternating engagement of the single and double teeth and
the change in the direction of the friction force at the position of the pitch circle caused discontinuity of stiffness.
In this study, a TVMS calculation method that considers friction was discussed, and a mechanical model of gear
transmission that considers friction and tooth-side clearance was established. The actual discontinuous stiffness
was evaluated using Fourier transform, and the dynamic response of the system caused by the discontinuity was
compared. Through phase and Poincaré diagrams, the influence of the discontinuity in the TVMS, considering
friction, on the bifurcation characteristics and dynamic meshing force was discussed, and the disengagement
characteristics of the system under various periodic-motion states were investigated. The results show that a
shift in the friction vector resulted in a step phenomenon in the TVMS, which became more evident with an
increasing friction coefficient. For low-speed gear systems, stiffness simulation employing Fourier transform
can accurately replicate the system response; however, it can obscure the stiffness step phenomenon. The range
of the four-period motion generated within the chaotic behavior of the continuous system expanded from 0.003
to 0.008. The periodic motion rapidly increased the disengagement rate of the system. The disengagement rate
increased rapidly from 16.8 % in a single cycle to 58.5 % in two cycles. The results of this study provide a

theoretical basis for gear design.

More than 100 years of research has demonstrated that the
study of gear dynamics remains a challenging and interest-
ing field of investigation. Recent research on mechanical sys-
tems has largely been focused on models involving motion-
limiting constraints. In particular, theoretical challenges in
gear systems involving contact and friction remain unre-
solved (Karagiannis and Pfeiffer, 1991; Khulief, 2013; Luo,
2012; Marques et al., 2016; Natsiavas, 2019). In all cases, the
loss of continuity or smoothness leads to special bifurcations,
resulting in interesting dynamics with more complex features
than those observed in smooth systems (Foale and Bishop,
1994; Leine, 2006; Nordmark et al., 2009; Nusse and Yorke,
1992). The existence of backlash transforms the gear system

into a typical piecewise smooth system, implying the pres-
ence of two interfaces in the state space of the system. On
both sides of each interface, the system state or Jacobian ma-
trix exhibits discontinuous characteristics. Direct numerical
integration causes integration singularity, affects integration
accuracy, and changes the convergence and divergence of the
system. Exploring the effects of friction and backlash on the
nonlinear dynamics of a gear system is of great significance
(Wang, 2002).

In recent years, nonlinear vibration theory has been ex-
tensively used to establish dynamic models from different
perspectives (Jiang and Liu, 2017). Numerous complex and
interesting nonlinear phenomena in gear systems have been
observed and studied through numerical simulations and ex-



periments (Pan et al., 2019; Wang et al., 2012). Vaishya and
Singh (2003) and Kim et al. (2010) established a gear trans-
mission model that considers time-varying meshing stiffness
(TVMS) and sliding friction, assuming a uniform load dis-
tribution between the gear teeth. The dynamic TE of a gear
system was studied using the harmonic balance method and
Floquet theory. However, the TVMS was represented as rect-
angular waves with the load evenly distributed, resulting in
significant errors compared with the actual gear model. Sax-
ena et al. (2015) proposed a TVMS calculation method based
on the potential energy method considering friction and shaft
misalignment and studied the effects of gear friction and
shaft misalignment with cracks on the TVMS of the system.
Wang et al. (2012) and Yang et al. (2022) studied the effects
of friction on the periodic and chaotic responses of gear sys-
tems through numerical calculations, reporting that friction
increases the components of the system’s superharmonic and
subharmonic responses and accelerates the transition of the
system into a chaotic state. These results show that friction is
an important factor affecting the gear system.

Bifurcation theory examines the structural and stability
changes in a system caused by changes in its parameters.
Zhiying et al. (2004) used the pseudo-fixed-point tracking
method to study the changes in the periodic solution struc-
ture of a system with changes in the damping parameters
and excitation frequency. This study demonstrated that this
method provides better initial iterative values for studying
the stability and bifurcation of periodic motion. Luo (2005),
Chen et al. (2014), Li et al. (2014), and Luo and Gegg (2007)
proposed a physical and mathematical model for the colli-
sion vibration of gear pairs in the dynamic domain by further
refining and improving the theories of discontinuous dynam-
ics and local singularity. Through the application of implicit
function mapping dynamics and numerical solution meth-
ods, a mathematical description of a gear transmission sys-
tem with clearance was developed using implicit function
mapping dynamics and numerical solution methods, offer-
ing a novel analytical method. Many studies have been con-
ducted to better describe the TVMS in gear systems (Huang
et al., 2020; Margielewicz et al., 2019; Sainsot et al., 2014;
Saxena et al., 2016). However, these studies assume the con-
tinuity of the TVMS. Geng et al. (2021, 2016) analyzed
the variation in friction within gear systems; established a
nonlinear dynamic model considering surface friction, time-
varying backlash, and meshing stiffness; and studied the bi-
furcation characteristics of gear systems using bifurcation di-
agrams and spectrographs. However, these studies did not
consider the influence of friction when simultaneously cal-
culating the TVMS and dynamics.

This study aimed to explore the effect of friction on the
TVMS and the dynamic response of gear systems during the
meshing process. First, a nonlinear gear transmission model
that incorporates sliding friction, TVMS, and backlash was
developed. This model accounts for the effect of friction
in both the computation of the TVMS and the analysis of
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Dynamics model of a spur gear system.

the meshing forces. Subsequently, the effect of friction on
the TVMS was investigated. Bifurcation diagrams of gear
systems under different external excitation frequencies were
used to evaluate the changes in discontinuity characteristics
at bifurcation points and in chaotic spaces, and further ex-
amination was conducted on the proportional characteristics
of the detachment time of the system under different mo-
tion states. Thus, the impact of actual discontinuous TVMS
(DTVMS) on the vibration and noise of gear transmission
systems was revealed.

To more accurately analyze the chattering caused by back-
lash in gear transmission engineering, a nonlinear dynamic
model of a multi-degree-of-freedom (DOF) gear-bearing sys-
tem was established, as shown in Fig. 1. To build the model,
we focused on the vibration of the gear pair along the mesh-
ing line of gears, taking into account mesh stiffness, bearing
support stiffness, mesh damping, clearance, and TE. Only the
transverse and torsional vibrations of the two gears in the ra-
dial direction were examined when the friction between the
teeth was neglected.

In this model, 7, and T are the constant external torques
applied to the pinion and gear, respectively. m;, I;, and R;
(i = 1: pinion; 2: gear) represent the mass, moment of iner-
tia, and reference radius of the two gears, respectively. Fy; is



the bearing radial pre-tension, and k; and ¢; are the equivalent
bearing stiffness and damping, respectively. kyy, is the mesh-
ing stiffness of the gear pair, ¢y, is the meshing damping of
the gear, and 2b is the gear backlash. The basic movements
of the system can be described as four DOFs: two reverse
movements, # and 6,, and two translational motions, y; and
y2. e(t) represents the static transfer error caused by manu-
facturing.

Friction can change the magnitudes of the tangential and ra-
dial forces, thereby altering the bending stiffness and axial
compression stiffness. The frictional force f = wF is always
perpendicular to the force F. The direction of the friction
shifts in the pitch circle as the meshing point moves. Con-
sequently, an improved approach for calculating the mesh-
ing stiffness of gear systems was developed that incorporates
frictional forces into the TVMS calculation.

The potential energy generated through the bending,
shearing, and axial compression of gear teeth can be ex-
pressed as follows using the potential energy method theory
described by Jiang and Liu (2017):
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The distance of the meshing point along the tooth height
direction is denoted by d. The definitions of d, x, and & are
as shown in Fig. 2, and the values of G, I, and A, can be
calculated as
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By using these parameters and substituting their values
into Egs. (1)—(4), the expressions for the bending mesh stiff-
ness kp, shear mesh stiffness kg, and axial compressive stiff-
ness k, can be expressed as
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The Hertzian and fillet foundation stiffnesses do not
change because of the friction. The Hertzian stiffness ky is
expressed as
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The fillet foundation stiffness is obtained by solving the
gear-body-induced tooth deflection §;. Sainsot et al. (2014)
proposed the following analytical formula:
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where E is Young’s modulus; v represents Poisson’s ratio; L
indicates the tooth width; S¢ expresses the tooth thickness on
the root circle occupied by the angle 26f; ¢ = R¢/rin, where
Ry is the radius of the root circle and ri, is the radius of the
hub bore; and L*, M*, P*, and Q* are parameters depending
on ¢ and 6. Further details are discussed elsewhere (Li et
al., 2014). Thus, for single-tooth contact, the total effective
TVMS can be expressed as
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where ky, kv, ks, ka, and kg represent the Hertzian, bending,
shear, axial compressive mesh, and fillet foundation stiff-
nesses, respectively. Subscripts 1 and 2 denote the driving
and driven gears, respectively. Similarly, the total effective
TVMS is the sum of the stiffnesses of each contact tooth pair
and can be expressed as
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=Z”(&)- (11)
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Calculation model for spur gear tooth stiffness.

Most recent studies have used the Fourier transform method
to simplify the discontinuous stiffness (Huang et al., 2020).
To highlight the difference in system response between
DTVMS and Fourier-transformed TVMS (FTTVMS), the
TVMS of the gear was subjected to an n-order Fourier trans-
form, and the FTTVMS of the system was obtained as

n
kfnzao—i-Za,- cos (w;T)+ b; sin(w; 7). (12)
i=1

Numerous expressions for gear system backlash have been
derived (Margielewicz et al., 2019). To better preserve the
gear system state jump caused by clearance, we used a piece-
wise function to describe the motion equation of the gear sys-
tem. Acting on the jth meshing tooth, the meshing force in-
cludes the elastic meshing force Fy; (i =1, 2) caused by the
TVMS (dynamic load of the gear transmission) and the vis-
cous meshing force Fy; (i =1, 2) caused by meshing damp-
ing. Let the meshing force Fp; = Fi; + Fy; and the tooth sur-
face friction force be Fj (i =1, 2). The meshing and tooth
surface friction forces are expressed as

{ ij_i - k{n(t);S(t) + el | 13

Fg = Ay

where A is the direction function of the frictional force, which
is 1 when the frictional force is in the same direction as the
relative motion of the gear teeth; otherwise, it transitions
to —1. The force acting on the gear system for multi-tooth
meshing is shown in Fig. 3. The total dynamic mesh force

n .
and total friction force can be expressed as F[’fi(t) = Z F;i(t)
J

and Ff = ZF” (i=1,2; j=1, 2,...n), respectively. The

arm of the fnctlonal force can be calculated as
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In Eq. (14), a represents the pressure angle, and Ry, is the
radius of the tooth-tip circle of the driven gear.
Therefore, the total frlctlon torque of the gear system can

be expressed as Ty, = Z Ff L{)(t) and Tty = Z Fy, LJ (t). The

motion state of the gea.r system can be d1v1ded into three
types because of the presence of clearances. When the tooth
surface is meshed, the motion equation of the system is

m1y1+ciy1+kiyr + Fjy = For
maya+ oo +kaya = Fp = —Fo
1191+F Ri—Typ =T,

Lé,+F Rz + Ttg = —T¢
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The absolute rotation equation of the system during gear dis-
engagement is

{ L, =T, a6)

Izéz =T,

When gear transmission operates under light-load condi-
tions, tooth back meshing or impact phenomena may occur.



Meshing process of the gear pair.

The corresponding system of equations is

m1y1+c1y1+kiyr — Fjy = Fo
m2'552 +cavatkayr + Fj = —Fin
119.1 - FglRl +Tfp = Tp

1,6, — FI:’ZRZ — Tt =T,

a7

During the gear meshing process, relative motion occurs in
the gear system owing to tooth surface contact deformation.
According to the gear meshing principle, the dynamic TE of
the two gears along the direction of the meshing line during
rotation is expressed as

8(t) =r1601 —r262 + y1 — y2 —e(1), (18)

where e(t) = eg + e, sin(wp ) represents the static transfer er-
ror caused by manufacturing, assembly, and other factors. eq
is the mean value, e, is the amplitude of fluctuation, and
wm = w121 = w277 represents the meshing frequency of the
gear pair. By substituting the relative displacement § and rel-
ative velocity & into Eq. (18), the equation can be simplified
as

me (8 = 31 + §2) + c(t)sin(8)8 + K (t) fn(8) = Fn — meé(0), (19)

where Je=NR3+ LR} me = I 1/ Je;
c(t) = cmg(1); Km(t) = km(1)g(1); g =1+
i (RILLOL + RLEON ) /e Fan = (L R\ T, +
DLRyTp)/Je; and  fin(8) is a discontinuous function de-
scribing backlash, which can be expressed as
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Here sign(§) is a meshing state function used to represent the
direction of friction:
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A three-DOF nonlinear differential equation was estab-
lished for the gear-bearing system, considering the effect of
the elastic deformation of the support and parameters. The
equation of motion for the entire gear-bearing system is

m1¥1 +c131 +kiy1 + cmd + km fm(8) = — Fo
M3 + 232 +kay2 — cmd — km fin(8) = Fio

me(8 — ¥1 + 32) + c(t)sign(8)8 + K (t) fn(8)
= Fn —meé(t)

(22)

If the feature size b. and dimensionless time T = w,t are
introduced, where w, = 1/ko/m. is the natural frequency
of the gear pair and ko is the average mesh stiffness,
then the dimensionless backlash is b, =b/b., the dimen-
sionless relative displacement is y =68/b., yin=y/b.(i =
1,2), Fin=Foi/(miopbc)(i =1,2), Fem= Fun/(mew;be),
Fen = F.Q%sin(Q7), and F, = e, /be, Q = wm/w,. Substitut-
ing these expressions into Eq. (16) yields the following di-
mensionless equations expressed in matrix form:

1 00 V1n im0 i3 Vin
0 1 0 Voo |+2| 0 11 —&3 Y2n
-1 1 1 y 0 o £33 y
kit 0 ki3 Vin —Fiy
+1 0 ki —kx3 Yon = Foy, ,
0 0 k33 fe()’) Fem + Fen
(23)
where Cii =¢i [(2m;iwy), {iz =cm/Cmiwy)(i =

1,2), ¢33 = c(n)sign(y)/2mewy), kii =ki /(miwp),
kiz=K(t)/(miw?)(i = 1,2), and k33 = K(t)/(mew?). Simi-
larly, the general analytical dynamics framework is used to
describe the spatial configuration of the system with a finite
generalized coordinate set, ¢ =(g'g>,...,¢"). The system

has three DOFs, and its state vector is ¢ = [yin, y2u, y]T.

Equation (23) of the new model considers the friction factor
in the calculation of TVMS and the differential equation of
motion. In the numerical simulation, the influence of the fric-
tion coefficient (COF) p and external excitation frequency 2
in the new model on the bifurcation characteristics and gear
disengagement ratio of the system was evaluated primarily to
verify the model and obtain new results. Sample model tests
were conducted using numerical data for a single-stage gear
system. The TVMS and mesh damping necessitated further
calculations.



Main parameters of the gear system.

Parameter Symbol  Unit Value
Number of teeth -1 / 19
22 48
Modulus m mm 2
Pressure angle o ° 20
Tooth width B mm 27
m kg 0.453416
Mass of gears my ke 2.893824
—1 8
Bearing stiffness 2 EE_I i; z 188
: . c1 Ns)ym~! 190 x 103

B d
carng campng ., (Nsym~! 2,06 x 103

The TVMS of the spur gear pair with friction was simulated
using the equations presented in Sect. 2.2. The true COF
is a dynamic, nonlinear, multivariable coupled function that
typically fluctuates sharply between 0.03 and 0.12. Conse-
quently, the COF was assumed to be ;¢ =0.1. The main pa-
rameters used in the TVMS calculations for the pinion and
gear are listed in Table 1.

Figure 4 shows the TVMS values for a healthy gear pair
under two distinct conditions: with and without friction.
When friction was considered, the stiffness values of the gear
mesh decreased. The stiffness changed drastically when ap-
proaching and exiting the procedure. This change in mesh-
ing stiffness was expected because as the meshing point
advances near the dividing circle node, the frictional force
changes direction, resulting in a significant decrease in the
meshing stiffness value. The vibration effect during mesh-
ing increased as the TVMS shifted. Furthermore, as the COF
increased, the stepwise variations in stiffness due to friction
became more evident.

The TVMS of the gear system was fitted using a high-
order Fourier transform. The FTTVMS was calculated using
the values of a; and b; listed in Table 2. The relative error in
the fundamental frequency was 0.2183 %.

Figure 5 shows the system FTTVMS for a COF of . =0.1.
Compared with DTVMS, FTTVMS reduced the original dis-
continuous characteristics while completely masking the step
characteristics of the TVMS induced by friction.

A new excitation source for the gear system was added,
considering the impact of friction on the TVMS. Specifi-
cally, the system produced new oscillations, the amplitude
of which increased with an increasing COF. The source was
the change in the direction of the friction in the pitch circle.
However, the response of the gear system remained domi-
nated by the excitation of alternating single gears because of
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Comparison of the results after conducting Fourier trans-
formation on the discontinuous TVMS.

the small step value of the frictional force compared with the
stiffness change in single- and double-gear meshing.

The excitation frequency €2, which reveals the rotational gear
speed, is a fundamental parameter determining the dynamic
behavior of the mechanical transmission system. Because
the speed of the gears is related to the external excitation
frequency, understanding the relationship between the speed
and system reaction requires an evaluation of the system dy-
namic response as the external excitation frequency varies.
Figure 6a shows the bifurcation diagram derived from
calculations considering DTVMS. Period-doubling and in-
verse period-doubling bifurcations occurred in the (0.956,
0.965) interval, and period-doubling bifurcations occurred in
the (0.965, 0.969) interval, causing the system to undergo
a double-period motion. A period-doubling bifurcation oc-
curred in the (0.969, 0.972) interval, and the system changed
from a two-fold period motion to a four-fold period motion.



Main parameters of the FTTVMS.

Parameter a; bj w;

0 551389969.15008163 — 18.95851473
1 —80623030.37648618  170383924.39971340

2 52831257.03310972  50101948.71687601

3 —16566615.85236051 4096127.29009680

4 —947604.80899010  49362239.63906795

5 25220815.25735204 9374581.72570183

6 —9365032.74553920 7050177.12380383

7 9975008.15302414  25262521.44132688

8 11864816.20382667  —1556571.87063929

Displacement bifurcation diagram
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A period-doubling bifurcation occurred again in the (0.972,
0.976) interval, and the system changed from a four-fold pe-
riod motion to an eight-fold period motion. The system ex-
hibited evident quasiperiodic motion in the (0.976, 0.979) in-
terval and then entered a chaotic-motion state, exhibiting a
four-fold periodic motion in the (0.986, 0.989) interval. The
system underwent an evolution process of period-doubling
bifurcation, quasiperiodicity, and chaos under different exci-
tation frequencies.

The dynamic response of the system was calculated us-
ing the FTTVMS. Figure 6b shows the graph correspond-
ing to the case of using the FTTVMS. The periodic-motion
characteristics and bifurcation points of the system exhibited
significant differences compared with the original data. The
bifurcation point at which the system changed from two-fold
periodic to four-fold periodic motion changed from 0.969 to
0.974, and the evolution time from periodic to chaotic motion
decreased. The chaotic motion of the system exhibited sig-
nificant quasiperiodic changes in the range of (0.979, 0.984),
and the four-period motion range generated in the chaotic
motion of the system increased from 0.003 to 0.008.
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A comparative analysis of the bifurcation diagrams
showed that the discontinuous characteristics of the TVMS
were masked by the Fourier transform. Considering the time-
varying and discontinuous characteristics of the TVMS, the
bifurcation points of the system undergo significant changes.
Although the system response calculated using the FTTVMS
reflects to some extent the periodic-motion characteristics of
the system, the determination of bifurcation points may re-
sult in significant errors compared with those of the actual
gear system. Therefore, discontinuous TVMS has theoretical
and practical significance for determining the motion state of
gear systems, particularly high-speed ones.

To better observe the evolution of the dynamic characteris-
tics of the system with a change in pinion speed 71, Poincaré
mapping was performed at the moment of gear disengage-
ment by considering the Poincaré section each time the tra-
jectory left the meshing surface. Its greatest advantage lies in
its ability to determine the exact number of times the trajec-
tory leaves the meshing and contact surfaces. This mapping
means that at each iteration, the pinion and gear disengage;
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the corresponding mathematical expression is
JT:{(y,j),G)eRZXS,(t:Tn,neN+)}. (24)

As shown in Fig. 7, the Poincaré points were visualized in a
phase diagram generated by solving for 100 steady-state peri-
ods. Figure 7a and b show the results obtained using DTVMS
and FTTVMS, respectively. When the external excitation fre-
quency was set to 2 =0.992, the system stiffness was ob-
tained via Fourier transformation, leading to a significant de-
viation in the predicted system response.

Furthermore, the dynamic meshing force of the system
was calculated. As illustrated in Fig. 8, the peak value of
the dynamic meshing force determined using DTVMS was
higher than that obtained using FTTVMS. These results
highlight the critical engineering and practical implications
of accounting for discontinuous TVMS to comprehensively
analyze and accurately predict the dynamic behavior of gear
systems.

In Fig. 9, the red areas indicate the disengagement state.
When the system was in the P-1 or P-2 motion, the TVMS
obtained using the Fourier transform fit the calculation re-
sults using the DTVMS. However, as the speed increased
(i.e., the excitation frequency increased) and the system en-
tered a multi-period response state, the response derived us-
ing the FTTVMS fitting differed significantly. The phase dia-
grams in Fig. 9c and d show the response characteristics with
a TVMS discontinuity, revealing that the system response pe-
riod derived through Fourier fitting did not converge.

The dynamic response of the system for the quasiperiodic-
and chaotic-motion states is shown in Fig. 10, which re-

veals that, in contrast to the periodic motion, the system-
level detachment time increased during the quasiperiodic-
and chaotic-motion stages. Furthermore, its chaotic reaction
became more chaotic when discontinuous TVMS was con-
sidered. Its external excitation frequency was low at low
speeds, and P-1 motion was observed. The dynamic proper-
ties of a system can be accurately predicted using the Fourier
fitting approach. However, its stable periodic motion became
more complicated as the rotational speed increased.

Although the proportion of gear separation was small,
the reciprocating motion of meshing and demeshing exac-
erbated the system shock and vibration. To investigate the
adverse effects of different dynamic responses on the disen-
gagement characteristics of the system, the disengagement
proportions of period 1, period 2, period 4, period 8, the
quasiperiod, and chaos (Fig. 11) were compared and ana-
lyzed under different dynamic responses. Figures 9 and 10
show that gear disengagement occurred periodically during
periodic motion, whereas gear disengagement was not pe-
riodic under quasiperiodic and chaotic motions. To obtain
more accurate results, we used 100000 time periods after re-
moving the transient to calculate the detachment proportion
of the aperiodic response (quasiperiodic or chaotic).

As shown in Fig. 11, the proportion of disengagement time
during the movement of P-1 was 16.8 %, and the propor-
tions of disengagement time during P-2 and the quasiperi-
odic movement were 58.5 %, 58.6 %, 58.6 %, and 58.8 %.
The proportion of disengagement time after the saddle junc-
tion forks of the system during the P-1 movement increased
significantly, which intensified the impact and vibration of
the system. However, in the subsequent period-doubling bi-
furcation, the proportion of disengagement time did not in-
crease significantly. During the chaotic response (Fig. 10),
the proportion of gear disengagement time in the system was
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68.1 %, showing a significant increase. The disconnection ra-
tio of the period-doubling and chaotic responses was rela-
tively large, and the numerical value showed no significant
difference; however, the disconnection ratio of the chaotic
response was significantly larger than that of the period-1 re-
sponse, seriously threatening the reliability and security of
the system.

In general, the disengagement ratio of a system is affected
by variations in its dynamic responses. When gear disengage-
ment occurred, the quasiperiodic response disengagement ra-
tio surpassed the P-1 response, whereas the disengagement
time ratios of the gears in multiple periods were not no-
ticeably modified. Under the chaotic-motion condition, the
meshing state of the gears became more complex, which
rapidly increased the gear disengagement ratio. Even if the
system is stable during operation, a dynamic response with

multiple periods is highly dangerous and should be given
more consideration.

A three-DOF dynamic model of a gear-bearing system with
backlash was constructed, considering the effect of friction
on the TVMS and dynamic meshing force. The TVMS fluc-
tuation law was examined for various COFs, and the sys-
tem response of FTTVMS with an external excitation fre-
quency was investigated using Fourier transform, along with
the TVMS gained with the friction and alternating single and
double teeth of gears. The numerical solution was obtained
using the Runge—Kutta method, and bifurcation, phase, and
Poincaré diagrams were combined to investigate the impact
of frequency on the gear system bifurcation features. Fur-
thermore, the disengagement ratios of gear systems in var-
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ious operational scenarios were investigated. The following
conclusions were drawn.

In the TVMS, friction served as a new excitation source,
and the direction of the frictional force was reversed at the
pitch circle, resulting in a step decrease in stiffness. This phe-
nomenon became more pronounced as the COF increased.
The alternating meshing of single and double teeth had a
greater impact on the stiffness than the switching value gen-
erated by the frictional force.

The Fourier method was used to maintain stiffness, and
discontinuous stiffness was found to have a significant im-
pact on the periodic-motion characteristics of the system. As
the external excitation frequency (speed) increased, the sys-
tem transitioned from period-doubling bifurcation to chaos,
and the discontinuous stiffness caused the system to become
chaotic earlier. In particular, during high-speed operation, the
influence of friction on the meshing vibrations of gear pairs
could not be ignored.

The impacts of various dynamic reactions on the detach-
ment ratio of the gear system varied. The disengagement
time ratio of gears with distinct multiple periods was not
significantly different; however, when only gear separation
occurred, the disengagement ratio of the quasiperiodic re-
sponse was greater than that of the period-1 response. Under
the chaotic-motion condition, the meshing state of the gears
became more complex, which readily increased the propor-
tion of gear disengagement.

The continuous TVMS derived from the Fourier trans-
form method can significantly reduce the simulation calcu-
lation time. However, the results are influenced by fitting ac-
curacy and can only represent the periodic-motion changes
occurring in high-speed gear transmission systems. Conse-
quently, the calculation method presented in this paper offers

improved guidance for the design of high-speed gear trans-
mission systems.
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