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 Supplementary Information 
S1 Modeling process of n rotary joint robotic arm 

The Lagrangian equation[20] for the attitude adjustment mechanism is given by: 

 𝑑𝑑
𝑑𝑑𝑑𝑑

𝝏𝝏𝝏𝝏
𝝏𝝏𝒒̇𝒒𝒊𝒊

− 𝝏𝝏𝝏𝝏
𝝏𝝏𝒒̇𝒒𝒊𝒊

= 𝑸𝑸𝒊𝒊     (𝑖𝑖 = 1,2) (1) 

where 𝑳𝑳(𝒒𝒒𝒊𝒊, 𝒒̇𝒒𝒊𝒊) = 𝑻𝑻 − 𝑼𝑼 is the difference between the kinetic energy T and the potential energy U of the attitude 5 

mechanism, the 𝒒𝒒𝒊𝒊 is the joint variable，𝒒̇𝒒𝒊𝒊 is the its angular velocity，𝑸𝑸𝒊𝒊 is the generalized force corresponding to the 

generalized coordinates.  

The kinetic energy, potential energy and generalized force of the attitude adjustment mechanism is given by:  

 𝑇𝑇 = 1
2
𝒒̇𝒒𝑇𝑇𝑀𝑀𝒒̇𝒒 (2) 

 𝑼𝑼 = ∑ 𝑚𝑚𝑖𝑖
2
𝑖𝑖=1 𝒈𝒈𝑻𝑻 ⋅𝟎𝟎 𝒑𝒑𝒄𝒄𝒄𝒄 (3) 10 

 𝑸𝑸 = 𝝉𝝉 + 𝑱𝑱𝑻𝑻𝑭𝑭 (4) 

where𝑴𝑴 = ∑ �𝑚𝑚𝑖𝑖𝑱𝑱𝑳𝑳
(𝒊𝒊)𝑻𝑻𝑱𝑱𝑳𝑳

(𝒊𝒊) + 𝑱𝑱𝑨𝑨
(𝒊𝒊)𝑻𝑻𝑰𝑰𝒊𝒊𝑱𝑱𝑨𝑨

(𝒊𝒊)�2
𝑖𝑖=1 ，g is the gravitational acceleration vector in the base coordinate system，

𝟎𝟎𝒑𝒑𝒄𝒄𝒄𝒄 is the center of mass vector from the coordinate origin to link i in the base coordinate system. 𝜏𝜏and𝐹𝐹denote the joint 

force vector and the contact force vector between the hand end and the environment, respectively. 

Substituting the kinetic energy, potential energy and generalized force of the attitude mechanism into the Lagrangian 15 

equation (3), the robot dynamics equations can be obtained as:  

 ∑ 𝑴𝑴𝒊𝒊𝒊𝒊
2
𝑗𝑗=1 𝒒̈𝒒𝑗𝑗 + ∑ ∑ ℎ𝑖𝑖𝑖𝑖𝑖𝑖2

𝑘𝑘=1
2
𝑗𝑗=1 𝒒̇𝒒𝒋𝒋𝒒̇𝒒𝒌𝒌 + 𝑮𝑮𝑖𝑖 = 𝑸𝑸𝒊𝒊 (5) 

where 𝑮𝑮𝒊𝒊 = ∑ 𝑚𝑚𝑗𝑗
2
𝑗𝑗=1 𝒈𝒈𝑻𝑻𝑱𝑱𝑳𝑳𝑳𝑳

(𝒋𝒋)
，ℎ𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑴𝑴𝒊𝒊𝒊𝒊

𝜕𝜕𝒒𝒒𝒌𝒌
− 1

2

𝜕𝜕𝑴𝑴𝒋𝒋𝒋𝒋

𝜕𝜕𝒒𝒒𝒊𝒊
， 𝑖𝑖 = 1,2𝑗𝑗 = 1,2. 

In practice, due to the difference between the mathematical model and the actual model, the model function of the robot 

can be expressed as follows: 20 

 �
𝑴𝑴(𝒒𝒒) = 𝑴𝑴𝟎𝟎(𝒒𝒒) + 𝜟𝜟𝜟𝜟(𝒒𝒒)
𝑪𝑪(𝒒𝒒, 𝒒̇𝒒) = 𝑪𝑪𝟎𝟎(𝒒𝒒, 𝒒̇𝒒) + 𝜟𝜟𝜟𝜟(𝒒𝒒, 𝒒̇𝒒)
𝑮𝑮(𝒒𝒒) = 𝑮𝑮𝟎𝟎(𝒒𝒒) + 𝜟𝜟𝜟𝜟(𝒒𝒒)

 (6) 

where𝑴𝑴𝟎𝟎(𝒒𝒒),𝑪𝑪𝟎𝟎(𝒒𝒒, 𝒒̇𝒒) and 𝑮𝑮𝟎𝟎(𝒒𝒒) is nominal values 𝜟𝜟𝜟𝜟(𝒒𝒒),𝜟𝜟𝜟𝜟(𝒒𝒒, 𝒒̇𝒒),𝜟𝜟𝜟𝜟(𝒒𝒒) is modeling matrix error. 

 

 

 25 
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S2 The principle of fitting unknown function f with S2 RBF neural network 

 In (12), 𝑓𝑓 is an unknown nonlinear function, and it is difficult to ensure the realization of the control law 𝑢𝑢. RBF 

network is one kind of neural network, which belongs to the forward type network and consists of 3-layer network, and its 

network structure is shown in Fig. 5: 30 

Figure S1 RBF neural network structure diagram 

 

Layer 1 𝑥𝑥 = [𝑥𝑥1, … , 𝑥𝑥𝑛𝑛]𝑇𝑇 is the input layer, which is the input to the network, and 𝑛𝑛 is the dimension of the input. 

Layer 2 is the hidden layer, whose output is 𝑺𝑺(𝒙𝒙)  =  [𝑺𝑺𝟏𝟏, . . . ,𝑺𝑺𝒎𝒎]𝑻𝑻, uses a Gaussian basis function as the affiliation 

function of the input layer which is:  35 

 𝑺𝑺𝒋𝒋(𝒙𝒙)  = 𝑒𝑒𝑒𝑒𝑒𝑒(−  ∥𝒙𝒙−𝒄𝒄∥
𝟐𝟐

2𝒃𝒃𝟐𝟐
) (7) 

where c is the coordinate vector of the center point of the Gaussian basis function of the implied layer. b is the width of 

the Gaussian basis function of the implied layer. And 𝑗𝑗 = 1,2, . . . ,𝑚𝑚. 

The weights of the RBF neural network are: 

 𝑾𝑾 =  [𝑾𝑾𝟏𝟏, . . . ,𝑾𝑾𝒎𝒎]𝑇𝑇 (8) 40 

Layer 3 is the output layer, and the output of the neural network is: 

 𝑦𝑦 = 𝑾𝑾𝑻𝑻𝑺𝑺(𝒙𝒙)  = 𝑾𝑾𝟏𝟏𝑺𝑺𝟏𝟏 + ⋯+ 𝑾𝑾𝒎𝒎𝑺𝑺𝒎𝒎 (9) 

RBF network is utilized to approximate 𝑓𝑓𝑖𝑖. The input to the network is taken as 𝑥𝑥 = [𝑒𝑒, 𝑒̇𝑒, 𝑒̈𝑒]𝑇𝑇, and the output is: 

 𝒇𝒇𝒊𝒊 = 𝑾𝑾𝒊𝒊
𝑻𝑻𝑺𝑺𝒊𝒊(𝒙𝒙) + 𝝓𝝓𝒊𝒊 (10) 

where 𝜙𝜙𝑖𝑖 is the approximation error of the network. 45 

 𝒇𝒇 = 𝑾𝑾𝑻𝑻𝑺𝑺(𝒙𝒙) + 𝝓𝝓 (11) 

S3 PRC controller design 

This article uses RBF neural network to fit the unknown function 𝑓𝑓, and its principle is described in S2 of Supporting 

Information. 

The multi-joint robot dynamics model of (12) is used: 50 

 𝒒̈𝒒 = 𝒇𝒇(𝒒𝒒, 𝒒̇𝒒) + 𝒈𝒈(𝒒𝒒)𝒖𝒖 + 𝒈𝒈(𝒒𝒒)𝑫𝑫(𝒕𝒕)  
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Defining 𝑝𝑝(𝑡𝑡) = 𝑒𝑒(𝑡𝑡)
𝜌𝜌(𝑡𝑡)

, 𝒙𝒙1 = 𝒒𝒒, 𝒙𝒙2 = 𝒒̇𝒒, system (12) can be rewritten as: 

 

⎩
⎪
⎨

⎪
⎧
𝒙̇𝒙1 = 𝒙𝒙2
𝒙̇𝒙𝟐𝟐 = 𝒇𝒇(𝒙𝒙, 𝒕𝒕) + 𝒈𝒈(𝒙𝒙1)𝒗𝒗(𝒖𝒖) + 𝒈𝒈(𝒙𝒙1)𝑫𝑫(𝒕𝒕)
𝒚𝒚 = 𝒙𝒙1
𝒇𝒇(𝒒𝒒, 𝒒̇𝒒) = −𝑴𝑴−1(𝒒𝒒)[𝑽𝑽(𝒒𝒒, 𝒒̇𝒒)𝒒̇𝒒 + 𝑮𝑮(𝒒𝒒)]
𝑴𝑴−1(𝒒𝒒) = 𝒈𝒈(𝒒𝒒)

 (12) 

Defining the error transformation function as (22): 

𝒛𝒛(𝒑𝒑) =
𝒑𝒑

𝟏𝟏 − 𝒑𝒑𝟐𝟐
 55 

where 𝒑𝒑 = 𝒑𝒑(𝑡𝑡). 

Assume that yd is the desired angle and yd has a second order derivative. 

Defining the tracking error as: 

 𝒆𝒆1 = 𝒚𝒚 − 𝒚𝒚𝑑𝑑 (13) 

The derivation of e yields: 60 

𝒆̇𝒆1 = 𝒚̇𝒚 − 𝒚̇𝒚𝑑𝑑 = 𝝆̇𝝆(𝒕𝒕)𝒑𝒑1 + 𝒛̇𝒛1𝝆𝝆(𝑡𝑡)
𝜕𝜕𝒑𝒑1
𝜕𝜕𝒛𝒛1

  

       (14) 

Defining the angular velocity tracking error as: 

 𝒆𝒆2 = 𝒙𝒙2 − 𝒙𝒙2𝑑𝑑 = 𝒙𝒙2 − 𝒚̇𝒚𝑑𝑑 (15) 

Substituting 𝑦̇𝑦 = 𝑥̇𝑥1 = 𝑥𝑥2 gives the result by shifting the terms: 65 

  

𝒛̇𝒛1 =
𝒙𝒙2 − 𝒚̇𝒚𝑑𝑑 − 𝝆̇𝝆(𝑡𝑡)𝒑𝒑1

𝝆𝝆(𝑡𝑡)𝜕𝜕𝒑𝒑1𝜕𝜕𝒛𝒛1

= ϒ1 + 𝑬𝑬1(𝒙𝒙2 − 𝒚̇𝒚𝑑𝑑) 

 (16) 

where 𝐸𝐸1 = 1

𝜌𝜌(𝑡𝑡)𝜕𝜕𝑝𝑝1𝜕𝜕𝑧𝑧1

，ϒ1 = −𝜌̇𝜌(𝑡𝑡)𝑝𝑝1𝐸𝐸1. 

Substituting 𝒙𝒙2 = 𝒆𝒆2 + 𝒚̇𝒚𝑑𝑑 gives: 70 

 𝒛̇𝒛1 = ϒ1 + 𝑬𝑬1(𝒙𝒙2 − 𝒚̇𝒚𝑑𝑑) (17) 

The derivation of 𝑒𝑒2 is obtained: 

 𝒆̇𝒆2 = 𝒙̇𝒙2 − 𝒚̈𝒚𝑑𝑑 = 𝝆̇𝝆(𝑡𝑡)𝒑𝒑2 + 𝒛̇𝒛2𝝆𝝆(𝑡𝑡) 𝜕𝜕𝒑𝒑2
𝜕𝜕𝒛𝒛2

 (18) 

With (43)，it will be rewritten as: 

 𝒈𝒈(𝑥𝑥1)𝒗𝒗(𝑢𝑢) − 𝒈𝒈(𝑥𝑥1)𝒅𝒅(𝑡𝑡) + 𝒇𝒇(𝑥𝑥, 𝑡𝑡) − 𝒚̈𝒚𝑑𝑑 = 𝝆̇𝝆(𝑡𝑡)𝒑𝒑2 + 𝒛̇𝒛2𝝆𝝆(𝑡𝑡) 𝜕𝜕𝒑𝒑2
𝜕𝜕𝒛𝒛2

  75 

Shifting the terms gives: 
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 𝒛̇𝒛2 = 1

𝝆𝝆(𝑡𝑡)𝜕𝜕𝒑𝒑2𝜕𝜕𝒛𝒛2

· (𝒈𝒈(𝒙𝒙1)𝒗𝒗(𝒖𝒖) + 𝒈𝒈(𝒙𝒙1)𝑫𝑫(𝑡𝑡) + 𝒇𝒇(𝒙𝒙, 𝑡𝑡) − 𝒚̈𝒚𝑑𝑑 − 𝝆̇𝝆(𝑡𝑡)𝒑𝒑2)                                                     

   = ϒ2 + 𝑬𝑬2(𝒈𝒈(𝒙𝒙1)𝒗𝒗(𝒖𝒖) + 𝒈𝒈(𝒙𝒙1)𝑫𝑫(𝑡𝑡) + 𝒇𝒇(𝒙𝒙, 𝑡𝑡) − 𝒚̈𝒚𝑑𝑑)                                                             (19) 

where 𝑬𝑬2 = 1

𝝆𝝆(𝑡𝑡)𝜕𝜕𝒑𝒑2𝜕𝜕𝒛𝒛2

，ϒ2 = −𝝆̇𝝆(𝑡𝑡)𝒑𝒑2𝑬𝑬2. 

From Eq. (32), 𝜕𝜕𝒑𝒑
𝜕𝜕𝒛𝒛

= �1−𝒑𝒑2�
2

1+𝒑𝒑2
≤ 1 holds when−1 < 𝒑𝒑 < 1. It is obtained by combining Assumption 2: 80 

 𝑬𝑬1𝒈𝒈 = 𝒈𝒈

𝝆𝝆(𝑡𝑡)𝜕𝜕𝒑𝒑1𝜕𝜕𝒛𝒛1

≥ 𝒈𝒈
𝝆𝝆(0)

= 𝒈𝒈� > 0 (20) 

Take the Lyapunov function as:  

 𝑉𝑉1 = 1
2
𝒛𝒛1𝑇𝑇𝒛𝒛1 + 1

2𝜇𝜇1
𝒈𝒈�𝓵𝓵�𝟏𝟏𝑻𝑻𝓵𝓵�1 (21) 

where𝓵𝓵�1 = 𝓵𝓵1 − 𝓵𝓵�1，𝓵𝓵�1denotes the estimated value of 𝓵𝓵1, 𝓵𝓵�1 denotes the estimation error, and 𝜇𝜇1 > 0 denotes the design 

parameters.  85 

Differentiating 𝑉𝑉1 with respect to time yields: 

 𝑉̇𝑉1 = 𝒛𝒛1(ϒ1 + 𝑬𝑬1𝒙𝒙2 − 𝑬𝑬1𝒚̇𝒚𝑑𝑑) − 1
𝜇𝜇1
𝒈𝒈�𝓵𝓵�1𝓵𝓵�̇1 (22) 

The nonlinear function 𝐹𝐹1 is defined as: 

 𝑭𝑭1 = ϒ1 + 𝑬𝑬1𝒙𝒙2 − 𝑬𝑬1𝒚̇𝒚𝑑𝑑 + 1
2
𝒛𝒛1 (23) 

The unknown nonlinear function 𝐹𝐹1 is estimated using the RBF neural network system, denoted as follows: 90 

 𝑭𝑭1 = 𝑾𝑾1
𝑇𝑇𝑺𝑺1(𝒙𝒙, 𝑡𝑡) + 𝝓𝝓1(𝒙𝒙, 𝑡𝑡) (24) 

where 𝒙𝒙 = [𝒙𝒙1,𝒙𝒙2, 𝒚̇𝒚𝑑𝑑]𝑇𝑇. 

With (39) and (40), (38) can be described as: 

 𝑉̇𝑉1 = 𝒛𝒛1𝑊𝑊1
𝑇𝑇𝑺𝑺1(𝑥𝑥, 𝑡𝑡) + 𝒛𝒛1𝝓𝝓1(𝒙𝒙, 𝑡𝑡) − 1

𝜇𝜇1
𝒈𝒈�𝓵𝓵�1𝓵𝓵�̇1 −

1
2
𝒛𝒛1𝑇𝑇𝒛𝒛1 (25) 

Using Young's inequality, it can be obtained that: 95 

 𝒛𝒛1𝑾𝑾1
𝑇𝑇𝑺𝑺1 ≤

𝒛𝒛1
𝑇𝑇𝑺𝑺1

𝑇𝑇𝑾𝑾1
𝑇𝑇𝑾𝑾1𝑺𝑺1𝒛𝒛1
4𝑇𝑇

+ 𝑇𝑇 (26) 

 𝒛𝒛1𝝓𝝓1(𝒙𝒙, 𝑡𝑡) ≤ 1
2
𝒛𝒛1𝑇𝑇𝒛𝒛1 + 1

2
𝝓𝝓1
𝑇𝑇𝝓𝝓1(𝒙𝒙, 𝑡𝑡) (27) 

where 𝜏𝜏ℎ > 0 is a design parameter. 

with 

𝑉̇𝑉1 ≤
𝒛𝒛1𝑇𝑇𝑺𝑺1𝑇𝑇𝑾𝑾1

𝑇𝑇𝑾𝑾1𝑺𝑺1𝒛𝒛1
4𝑇𝑇

+ 𝑇𝑇 +
1
2
𝒛𝒛1𝑇𝑇𝒛𝒛1 +

1
2
𝝓𝝓1
𝑇𝑇𝝓𝝓1(𝑥𝑥, 𝑡𝑡) −

1
𝜇𝜇1
𝒈𝒈�𝓵𝓵�1𝓵𝓵�̇1 −

1
2
𝒛𝒛1𝑇𝑇𝒛𝒛1 100 

=
𝒛𝒛1𝑇𝑇𝑺𝑺1𝑇𝑇𝑾𝑾1

𝑇𝑇𝑾𝑾1𝑺𝑺1𝒛𝒛1
4𝑇𝑇

+ 𝑇𝑇 +
1
2
𝝓𝝓1
𝑇𝑇𝝓𝝓1(𝑥𝑥, 𝑡𝑡) −

1
𝜇𝜇1
𝒈𝒈�𝓵𝓵�1𝓵𝓵�̇1 

According to Assumption 1 (𝜔𝜔1and 𝜀𝜀1are unknown), in order to improve the robustness of the system to faults, the 

upper and lower bounds of the fault parameters are defined as: 
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 𝝎̱𝝎𝟏𝟏 = 𝒊𝒊𝒊𝒊𝒊𝒊(𝑬𝑬𝟏𝟏𝒈𝒈𝟏𝟏𝝎𝝎) , 𝝑𝝑𝟏𝟏 = 𝟏𝟏
𝝎̱𝝎𝟏𝟏

，𝝃𝝃𝟏𝟏 = 𝒔𝒔𝒔𝒔𝒔𝒔(𝑬𝑬𝟏𝟏𝒈𝒈𝟏𝟏𝜺𝜺𝟏𝟏) (28) 

The following Lyapunov function is utilized: 105 

   

 𝑽̄𝑽𝟏𝟏 = 𝑽𝑽𝟏𝟏 + 𝟏𝟏
𝟐𝟐𝒍𝒍𝟏𝟏
𝝎̱𝝎𝟏𝟏𝝑𝝑�𝟏𝟏𝑻𝑻𝝑𝝑�𝟏𝟏 + 𝟏𝟏

𝟐𝟐𝒓𝒓𝟏𝟏
𝝃𝝃�𝟏𝟏𝑻𝑻𝝃𝝃�1 (29) 

where 𝑣𝑣 > 0, 𝑟𝑟1 > 0 are design parameters.𝜗̃𝜗1 = 𝜗𝜗1 − 𝜗̂𝜗1,𝜉𝜉1 = 𝜉𝜉1 − 𝜉𝜉1represent estimation errors. 𝜗̂𝜗1and 𝜉𝜉1are estimates of 

𝜗𝜗1and 𝜉𝜉1, respectively.  

Differentiating 𝑉̄𝑉1 with respect to time yields: 110 

 𝑽̇̄𝑽𝟏𝟏 = 𝑽̇𝑽𝟏𝟏 −
𝟏𝟏
𝒍𝒍𝟏𝟏
𝝎̱𝝎𝟏𝟏𝝑𝝑�𝟏𝟏𝝑𝝑�̇𝟏𝟏 −

𝟏𝟏
𝒓𝒓𝟏𝟏
𝝃𝝃�𝟏𝟏𝝃𝝃�̇𝟏𝟏 (30) 

Defining ℓ1 = ||𝑊𝑊1||2

ℎ�
 with: 

 𝑉̇̄𝑉1 ≤
𝓵𝓵�𝟏𝟏𝒈𝒈�𝒛𝒛𝟏𝟏

𝑻𝑻𝑺𝑺𝟏𝟏
𝑻𝑻𝑺𝑺𝟏𝟏𝒛𝒛𝟏𝟏

4𝑇𝑇
+ 𝑇𝑇 + 1

2
𝒛𝒛1𝑇𝑇𝒛𝒛1 + 1

2
𝝓𝝓1
𝑇𝑇𝝓𝝓1(𝑥𝑥, 𝑡𝑡) − 1

𝜇𝜇1
𝒈𝒈�𝓵𝓵�𝟏𝟏𝓵𝓵�̇𝟏𝟏 −

1
𝑙𝑙1
𝝎̱𝝎𝟏𝟏𝝑𝝑�𝟏𝟏𝝑𝝑�̇𝟏𝟏 −

1
𝑟𝑟1
𝝃𝝃�𝟏𝟏𝝃𝝃�̇𝟏𝟏   ≤ 𝓵𝓵�𝟏𝟏𝒈𝒈�𝒛𝒛𝟏𝟏

𝑻𝑻𝑺𝑺𝟏𝟏
𝑻𝑻𝑺𝑺𝟏𝟏𝒛𝒛𝟏𝟏

4𝑇𝑇
+ 𝑇𝑇 + 1

2
𝝓𝝓1
𝑇𝑇𝝓𝝓1(𝒙𝒙, 𝑡𝑡) −

1
𝜇𝜇1
𝒈𝒈�𝓵𝓵�𝟏𝟏𝓵𝓵�̇𝟏𝟏 −

1
𝑙𝑙1
𝝎̱𝝎𝟏𝟏𝝑𝝑�𝟏𝟏𝝑𝝑�̇𝟏𝟏 −

1
𝑟𝑟1
𝝃𝝃�𝟏𝟏𝝃𝝃�̇𝟏𝟏 (31) 

Designing adaptive laws for: 115 

 𝓵𝓵�̇𝟏𝟏 = 𝝁𝝁𝟏𝟏𝒛𝒛𝟏𝟏
𝟐𝟐𝑺𝑺𝟏𝟏

𝑻𝑻𝑺𝑺𝟏𝟏
4𝑇𝑇

− 𝜞𝜞𝟏𝟏𝓵𝓵�𝟏𝟏 (32) 

 𝝃𝝃�̇𝟏𝟏 = 𝑟𝑟1𝒛𝒛𝟏𝟏 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �
𝒛𝒛𝟏𝟏
𝑎𝑎1
� − 𝑏𝑏1𝝃𝝃�𝟏𝟏 (33) 

 𝝑𝝑�̇𝟏𝟏 = −𝑐𝑐1𝝑𝝑�𝟏𝟏 (34) 

where 𝑎𝑎1 > 0,𝑏𝑏1 > 0,𝑐𝑐1 > 0 are design parameters. 

Substituting (31)~(34) with (31), it can be obtained: 120 

𝑉̇̄𝑉1 ≤ 𝑇𝑇 +
1
2
𝝓𝝓1
𝑇𝑇𝝓𝝓1 +

𝛤𝛤1𝒈𝒈�
𝜇𝜇1

𝓵𝓵�𝟏𝟏𝓵𝓵�𝟏𝟏 +
𝝎̱𝝎𝟏𝟏𝑐𝑐1
𝑙𝑙1

𝝑𝝑�𝟏𝟏𝝑𝝑�𝟏𝟏 + 𝝃𝝃𝟏𝟏 �|𝒛𝒛𝟏𝟏| − 𝑧𝑧1 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �
𝒛𝒛𝟏𝟏
𝑎𝑎1
��  +

𝑏𝑏1
𝑟𝑟1
𝝃𝝃�𝟏𝟏𝝃𝝃�𝟏𝟏 

   ≤ 𝑇𝑇 + 1
2
𝝓𝝓1
𝑇𝑇𝝓𝝓1 + 𝛤𝛤1𝒈𝒈�

𝜇𝜇1
𝓵𝓵�𝟏𝟏𝓵𝓵�𝟏𝟏 + 𝝎̱𝝎1𝑐𝑐1

𝑙𝑙1
𝝑𝝑�𝟏𝟏𝝑𝝑�𝟏𝟏 + 0.2785𝑎𝑎1𝝃𝝃1 + 𝑏𝑏1

𝑟𝑟1
𝜉𝜉1𝜉𝜉1                                                (35) 

Using Young's inequality, it can be obtained that: 

 𝓵𝓵�𝟏𝟏𝓵𝓵�𝟏𝟏 = �𝓵𝓵𝟏𝟏 − 𝓵𝓵�𝟏𝟏�𝓵𝓵�𝟏𝟏 ≤ − 1
2
𝓵𝓵�𝟏𝟏𝑻𝑻𝓵𝓵�1 + 1

2
𝓵𝓵𝟏𝟏𝑻𝑻𝓵𝓵𝟏𝟏 (36) 

 𝝑𝝑�𝟏𝟏𝝑𝝑�𝟏𝟏 = �𝝑𝝑𝟏𝟏 − 𝝑𝝑�𝟏𝟏�𝝑𝝑�𝟏𝟏 ≤ − 1
2
𝝑𝝑�1𝑇𝑇𝝑𝝑�1 + 1

2
𝝑𝝑1𝑇𝑇𝝑𝝑1 (37) 125 

 𝝃𝝃�𝟏𝟏𝝃𝝃�𝟏𝟏 = �𝝃𝝃𝟏𝟏 − 𝝃𝝃�𝟏𝟏�𝝃𝝃�𝟏𝟏 ≤ − 1
2
𝝃𝝃�1𝑇𝑇𝝃𝝃�1 + 1

2
𝝃𝝃1𝑇𝑇𝝃𝝃1 (38) 

Substituting (36)~(38) with (35), and using Young's inequality and Lemma 1, (52) can be further derived as: 

𝑉̇̄𝑉1 ≤ − 1
2𝜇𝜇1

𝛤𝛤1𝒈𝒈�𝓵𝓵�𝟏𝟏𝑻𝑻𝓵𝓵�1 −
1
2𝑙𝑙1
𝝎̱𝝎𝟏𝟏𝑐𝑐1𝝑𝝑�1𝑇𝑇𝝑𝝑�1 −

1
2𝑟𝑟1

𝑏𝑏1𝝃𝝃�1𝑇𝑇𝝃𝝃�1  + 1
2𝜇𝜇1

𝛤𝛤1𝒈𝒈�𝓵𝓵𝟏𝟏𝑻𝑻𝓵𝓵𝟏𝟏 + 1
2𝑙𝑙1
𝝎̱𝝎𝟏𝟏𝑐𝑐1𝝑𝝑1𝑇𝑇𝝑𝝑1 + 1

2𝑟𝑟1
𝑏𝑏1𝝃𝝃1𝑇𝑇𝝃𝝃1 + 𝑇𝑇 + 1

2
𝝓𝝓1
𝑇𝑇𝝓𝝓1 +

0.2785𝑎𝑎1𝜉𝜉1                                                                                                                                                                              (39) 

From Eq. (35), 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= �1−𝑝𝑝2�
2

1+𝑝𝑝2
≤ 1 holds when−1 < 𝑝𝑝 < 1. It is obtained by combining Assumption 2:  130 
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𝜌𝜌(𝑡𝑡)𝝏𝝏𝒑𝒑𝟐𝟐𝝏𝝏𝒛𝒛𝟐𝟐

≥ 𝒈𝒈
𝜌𝜌(0)

= 𝒈𝒈� > 0 (40) 

Take the Lyapunov function as:  

 𝑉𝑉2 = 1
2
𝒛𝒛2𝑇𝑇𝒛𝒛2 + 1

2𝜇𝜇2
𝒈𝒈�𝓵𝓵2𝑻𝑻𝓵𝓵2 (41) 

Differentiating 𝑉𝑉2 with respect to time yields: 

 𝑉̇𝑉2 = 𝒛𝒛𝟐𝟐[ϒ𝟐𝟐 + 𝑬𝑬𝟐𝟐(𝒈𝒈(𝒙𝒙𝟏𝟏)𝒗𝒗(𝒖𝒖) + 𝒈𝒈(𝒙𝒙𝟏𝟏)𝑫𝑫(𝑡𝑡) + 𝒇𝒇(𝒙𝒙, 𝑡𝑡) − 𝒚̈𝒚𝒅𝒅] − 1
𝜇𝜇2
𝒈𝒈�𝓵𝓵�𝟐𝟐𝓵𝓵�̇𝟐𝟐 (42) 135 

The nonlinear function 𝐹𝐹2 is defined as: 

 𝐹𝐹2 = ϒ𝟐𝟐 + 𝑬𝑬𝟐𝟐[𝒈𝒈(𝒙𝒙𝟏𝟏)𝑫𝑫(𝑡𝑡) + 𝒇𝒇(𝒙𝒙, 𝑡𝑡) − 𝒚̈𝒚𝒅𝒅] + 1
2
𝒛𝒛𝟐𝟐 (43) 

The unknown nonlinear function 𝐹𝐹2 is estimated using the RBF neural network system, denoted as follows: 

 𝐹𝐹2 = 𝑾𝑾𝟐𝟐
𝑻𝑻𝑺𝑺𝟐𝟐(𝒙𝒙, 𝑡𝑡) + 𝝓𝝓𝟐𝟐(𝒙𝒙, 𝑡𝑡) (44) 

where  𝒙𝒙 = [𝒙𝒙𝟏𝟏,𝒙𝒙𝟐𝟐, 𝒚̈𝒚𝒅𝒅]𝑇𝑇. 140 

Substituting (44) with (42), it is obtained by: 

 𝑉̇𝑉2 = 𝒛𝒛𝟐𝟐𝑾𝑾𝟐𝟐
𝑻𝑻𝑺𝑺𝟐𝟐(𝒙𝒙, 𝑡𝑡) + 𝒛𝒛𝟐𝟐𝝓𝝓𝟐𝟐(𝒙𝒙, 𝑡𝑡) + 𝒛𝒛𝟐𝟐𝑬𝑬𝟐𝟐𝒈𝒈(𝒙𝒙𝟏𝟏)𝒗𝒗(𝒖𝒖) − 1

𝜇𝜇2
𝒈𝒈�𝓵𝓵�𝟐𝟐𝓵𝓵�̇𝟐𝟐 −

1
2
𝒛𝒛2𝑇𝑇𝒛𝒛2 (45) 

Using Young's inequality, it can be obtained that: 

 𝒛𝒛𝟐𝟐𝑾𝑾𝟐𝟐
𝑻𝑻𝑺𝑺𝟐𝟐 ≤

𝒛𝒛2
𝑇𝑇𝑺𝑺2

𝑇𝑇𝑾𝑾2
𝑇𝑇𝑾𝑾2𝑺𝑺2𝒛𝒛2
4𝑇𝑇

+ 𝑇𝑇 (46) 

 𝒛𝒛𝟐𝟐𝝓𝝓𝟐𝟐(𝒙𝒙, 𝑡𝑡) ≤ 1
2
𝒛𝒛2𝑇𝑇𝒛𝒛2 + 1

2
𝝓𝝓2
𝑇𝑇𝝓𝝓2(𝑥𝑥, 𝑡𝑡) (47) 145 

with 

𝑉̇𝑉2 ≤
𝒛𝒛2𝑇𝑇𝑺𝑺2𝑇𝑇𝑾𝑾2

𝑇𝑇𝑾𝑾2𝑺𝑺2𝒛𝒛2
4𝑇𝑇

+ 𝑇𝑇 + 𝒛𝒛𝟐𝟐𝑬𝑬𝟐𝟐𝒈𝒈(𝒙𝒙𝟏𝟏)𝒗𝒗(𝒖𝒖) +
1
2
𝒛𝒛2𝑇𝑇𝒛𝒛2 +

1
2
𝝓𝝓2
𝑇𝑇𝝓𝝓2(𝑥𝑥, 𝑡𝑡) −

1
𝜇𝜇2
𝒈𝒈�𝓵𝓵�𝟐𝟐𝓵𝓵�̇𝟐𝟐 −

1
2
𝒛𝒛2𝑇𝑇𝒛𝒛2 

                                 = 𝒛𝒛2
𝑇𝑇𝑺𝑺2

𝑇𝑇𝑾𝑾2
𝑇𝑇𝑾𝑾2𝑺𝑺2𝒛𝒛2
4𝑇𝑇

+ 𝑇𝑇 + 𝒛𝒛𝟐𝟐𝑬𝑬𝟐𝟐𝒈𝒈(𝜔𝜔𝒖𝒖 + 𝜺𝜺) + 1
2
𝝓𝝓2
𝑇𝑇𝝓𝝓2(𝒙𝒙, 𝑡𝑡) − 1

𝜇𝜇2
𝒈𝒈�𝓵𝓵�𝟐𝟐𝓵𝓵�̇𝟐𝟐 (48) 

According to Assumption 1 (𝜔𝜔2and 𝜀𝜀2are unknown), the upper and lower bounds of the fault parameters are defined as: 

 𝝎̱𝝎2 = 𝑖𝑖𝑖𝑖𝑖𝑖(𝑬𝑬𝟐𝟐𝒈𝒈𝜔𝜔) , 𝝑𝝑2 = 1
𝝎̱𝝎𝟐𝟐

 (49) 150 

 𝝃𝝃2 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝑬𝑬𝟐𝟐𝒈𝒈𝜀𝜀2) (50) 

Take the Lyapunov function as:  

 𝑉̄𝑉2 = 𝑉𝑉2 + 1
2𝑙𝑙2
𝝎̱𝝎2𝝑𝝑�2𝑇𝑇𝝑𝝑�2 + 1

2𝑟𝑟2
𝝃𝝃�2𝑇𝑇𝝃𝝃�2 (51) 

where 𝑙𝑙2 > 0 , 𝑟𝑟2 > 0  are design parameters. 𝝑𝝑�𝟐𝟐 = 𝝑𝝑𝟐𝟐 − 𝝑𝝑�𝟐𝟐 , 𝝃𝝃�𝟐𝟐 = 𝝃𝝃𝟐𝟐 − 𝝃𝝃�𝟐𝟐  represent estimation errors. 𝝑𝝑�𝟐𝟐  and  𝝃𝝃�𝟐𝟐  are 

estimates of  𝝑𝝑𝟐𝟐 and  𝝃𝝃𝟐𝟐 , respectively.  155 

Differentiating 𝑉̄𝑉2 with respect to time yields: 

 𝑉̇̄𝑉2 = 𝑉̇𝑉2 −
1
𝑙𝑙2
𝜔̱𝜔2𝝑𝝑�𝟐𝟐𝝑𝝑�̇𝟐𝟐 −

1
𝑟𝑟2
𝝃𝝃�𝟐𝟐𝝃𝝃�̇𝟐𝟐 (52) 
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whereℓ2 = ||𝑊𝑊2||2

𝑔𝑔�
. Intermediate control laws can be designed as: 

                                                                        𝒖̄𝒖 = 𝑘𝑘2𝒛𝒛2 + 𝒛𝒛2𝓵𝓵�2𝑺𝑺2
𝑇𝑇𝑺𝑺2

4𝑇𝑇
+ 𝝃𝝃�2 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �

𝒛𝒛2
𝑎𝑎2
�                            (53) 

Substituting (70) within (69) yields: 160 

 𝑉̇̄𝑉2 ≤ 𝒛𝒛𝟐𝟐𝑬𝑬𝟐𝟐𝒈𝒈𝜔𝜔2𝒖𝒖 + 𝓵𝓵�𝟐𝟐𝒈𝒈�𝒛𝒛𝟐𝟐
𝑻𝑻𝑺𝑺𝟐𝟐

𝑻𝑻𝑺𝑺𝟐𝟐𝒛𝒛𝟐𝟐
4𝑇𝑇

+ 𝑇𝑇 + 1
2
𝝓𝝓2
𝑇𝑇𝝓𝝓2 −

𝜔̱𝜔2
𝑙𝑙2
𝝑𝝑�𝟐𝟐𝝑𝝑�̇𝟐𝟐 + 𝒛𝒛𝟐𝟐𝒖̄𝒖 − 𝑘𝑘2𝒛𝒛2𝑇𝑇𝒛𝒛2 −

𝓵𝓵�𝟐𝟐𝒈𝒈�𝒛𝒛𝟐𝟐
𝑻𝑻𝑺𝑺𝟐𝟐

𝑻𝑻𝑺𝑺𝟐𝟐𝒛𝒛𝟐𝟐
4𝑇𝑇

+ 𝝃𝝃2 �|𝒛𝒛2| − 𝒛𝒛2 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �
𝒛𝒛2
𝑎𝑎2
�� −

1
𝜇𝜇2
𝒈𝒈�𝓵𝓵�𝟐𝟐𝓵𝓵�̇𝟐𝟐 + 1

𝑟𝑟2
𝝃𝝃�2 �𝑟𝑟2𝒛𝒛𝟐𝟐 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �

𝒛𝒛𝟐𝟐
𝑎𝑎2
� − 𝝃𝝃�̇𝟐𝟐�  

Designing adaptive laws for: 

 𝓵𝓵�̇2 = 𝜇𝜇2𝒛𝒛2
𝑇𝑇𝑺𝑺2

𝑇𝑇𝑺𝑺2𝒛𝒛2
4𝑇𝑇

− 𝛤𝛤2𝓵𝓵�2 (54) 

 𝝃𝝃�̇2 = 𝑟𝑟2𝒛𝒛2 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �
𝒛𝒛2
𝑎𝑎2
� − 𝑏𝑏2𝝃𝝃�2 (55) 165 

 𝝑𝝑�̇2 = 𝑙𝑙2𝒛𝒛2𝒖̄𝒖 − 𝑐𝑐2𝝑𝝑�2 (56) 

where 𝑎𝑎2 > 0, 𝑏𝑏2 > 0, 𝑐𝑐2 > 0 are design parameters. 

Substituting Eq. (54) ~ (66) it can be obtained: 

𝑉̇̄𝑉2 ≤ 𝒛𝒛𝟐𝟐𝑬𝑬𝟐𝟐𝒈𝒈𝜔𝜔2𝒖𝒖 + 𝑇𝑇 + 1
2
𝝓𝝓2
𝑇𝑇𝝓𝝓2 + 𝛤𝛤2𝒈𝒈�

𝜇𝜇2
𝓵𝓵�𝟐𝟐𝓵𝓵�𝟐𝟐 − 𝝎̱𝝎𝟐𝟐𝝑𝝑�𝟐𝟐𝒛𝒛𝟐𝟐𝒖̄𝒖 + 𝝎̱𝝎2𝑐𝑐2

𝑙𝑙2
𝝑𝝑�𝟐𝟐𝝑𝝑�𝟐𝟐 + 𝒛𝒛𝟐𝟐𝒖̄𝒖 − 𝑘𝑘2𝒛𝒛2𝑇𝑇𝒛𝒛2 + 𝝃𝝃𝟐𝟐 �|𝒛𝒛𝟐𝟐| − 𝑧𝑧2 𝑡𝑡𝑡𝑡𝑡𝑡ℎ �

𝒛𝒛2
𝑎𝑎2
�� + 𝑏𝑏2

𝑟𝑟2
𝝃𝝃�𝟐𝟐𝝃𝝃�𝟐𝟐
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𝒖𝒖 = (𝒈𝒈−1)(−𝑭𝑭1 − 𝑭𝑭2 −
𝒛𝒛2𝝑𝝑�2

2𝒖̄𝒖2

�𝒛𝒛2
𝑇𝑇𝝑𝝑�2

𝑇𝑇𝒖̄𝒖𝑇𝑇𝒖𝒖𝝑𝝑�2̄ 𝒛𝒛2+𝜎𝜎2
2
)                                                             (57) 

where 𝜎𝜎2 > 0 is a design parameter, which serves to avoid the singular value problem.  

Using Young's inequality, it can be obtained that: 

 𝓵𝓵�𝟐𝟐𝓵𝓵�𝟐𝟐 = �𝓵𝓵𝟐𝟐 − 𝓵𝓵�𝟐𝟐�𝓵𝓵�𝟐𝟐 ≤ − 1
2
𝓵𝓵�𝟐𝟐𝑻𝑻𝓵𝓵�2 + 1

2
𝓵𝓵2𝑇𝑇𝓵𝓵2 (58) 

 𝝑𝝑�𝟐𝟐𝝑𝝑�𝟐𝟐 = �𝝑𝝑𝟐𝟐 − 𝝑𝝑�𝟐𝟐�𝝑𝝑�𝟐𝟐 ≤ − 1
2
𝝑𝝑�2𝑇𝑇𝝑𝝑�2 + 1

2
𝝑𝝑2𝑇𝑇𝝑𝝑2 (59) 175 

 𝝃𝝃�𝟐𝟐𝝃𝝃�𝟐𝟐 = �𝝃𝝃𝟐𝟐 − 𝝃𝝃�𝟐𝟐�𝝃𝝃�𝟐𝟐 ≤ − 1
2
𝝃𝝃�2𝑇𝑇𝝃𝝃�2 + 1

2
𝝃𝝃2𝑇𝑇𝝃𝝃2 (60) 

Substituting (58)~(60) with (57), and using Young's inequality and Lemma 1: 

 𝑉̇̄𝑉2  ≤ −𝑘𝑘2𝒛𝒛2𝑇𝑇𝒛𝒛2 −
1
2𝜇𝜇2

𝛤𝛤2𝒈𝒈�𝓵𝓵�𝟐𝟐𝑻𝑻𝓵𝓵�2 −
1
2𝑙𝑙2
𝜔̱𝜔2𝑐𝑐2𝝑𝝑�2𝑇𝑇𝝑𝝑�2 −

1
2𝑟𝑟2

𝑏𝑏2𝝃𝝃�2𝑇𝑇𝝃𝝃�2 + 1
2𝜇𝜇2

𝛤𝛤2𝒈𝒈�𝓵𝓵𝟐𝟐𝑻𝑻𝓵𝓵2 + 1
2𝑙𝑙2
𝝎̱𝝎𝟐𝟐𝑐𝑐2𝝑𝝑2𝑇𝑇𝝑𝝑2 + 1

2𝑟𝑟2
𝑏𝑏2𝝃𝝃2𝑇𝑇𝝃𝝃2 + 𝑇𝑇  + 1

2
𝝓𝝓2
𝑇𝑇𝝓𝝓2 +

𝝎̱𝝎𝟐𝟐𝝈𝝈𝟐𝟐 + 0.2785𝑎𝑎2𝝃𝝃2                                                                                              (61) 
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