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Abstract. We investigate the relationship between cutter errors and meshing characteristics of the variable hy-
perbolic circular-arc tooth trace (VH-CATT) cylindrical gears. Firstly, based on the tooth surface forming prin-
ciple, the tooth surface mathematical model with cutter errors is derived. Next, the mathematical models of tooth
contact analysis and load tooth contact analysis are developed to calculate the contact trace, load transmission
error, tooth surface load, and load distribution coefficient. Then, the equation of the tooth surface contact ellipse
and the formulas of the main curvature direction angle are derived. Finally, the influences of the cutter errors on
the contact ellipse, tooth surface contact trace, load transmission error, tooth surface load, and load distribution
coefficient are analyzed. The research shows that all of the cutter errors have a certain influence on the contact
ellipses, except for the translation error 1x. The rotation angle error γ and the translation error 1y make the
contact position deviate from the middle section; all the cutter errors have a certain influence on the actual mesh-
ing line, except for the translation error 1x and the tooth line radius error 1RT. The rotation angle error γ and
the tooth line radius error 1RT have a bigger influence on the maximum load; the cutter errors mainly affect
the load distribution coefficient of the single-tooth meshing area. Except for the tooth line radius error 1RT, all
cutter errors make the amplitude of the load transmission error increase. These research results are helpful for
the performance improvement and service life study of the VH-CATT cylindrical gears.

1 Introduction

Gear transmission is one of the main forms of mechani-
cal transmission and is widely used in the automotive, min-
ing, and aviation industries (Dongu et al., 2025; Wang et
al., 2025; Ke et al., 2025). Research shows that the machin-
ing accuracy of the gear transmission is crucial for the ser-
vice life, safety, reliability, and costs of operation and main-
tenance of the equipment (Dai et al., 2023). Generally, the
machining accuracy of gear transmission is directly affected
by the accuracy of gear-machining machine tools – for ex-
ample, the geometric errors and thermal deformation errors
of machine tools. The reference shows that the geometric
errors and thermal deformation errors of the machine tools
account for approximately 60 % to 70 % of the errors that
affect the machining accuracy of the machine tools (Yang

et al., 2024). Therefore, to improve the service life of the
mechanical transmission system and effectively control the
transmission performance of the system, it is of great sig-
nificance to study the machining accuracy of gears and to
identify the relationship between the machining accuracy of
gears and the quality of gear transmission performance (Ren,
2019).

Machine tools, cutting tools, and gear blanks are three im-
portant components of the gear machining, and the cutting
tools are in direct contact with the gear blanks. Due to the
existence of machine tool errors, thermal deformation errors,
etc., the actual movement trajectory of the cutting tool de-
viates from the theoretical movement trajectory. The actual
tooth surface obtained through machining has a certain devi-
ation compared with the ideal tooth surface, which directly
affects the machining quality of the gears (Sun, 2018). At
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present, lots of achievements have been made in the research
into the machine tool errors of the gear-machining system.
The main method is to convert the machine tool errors into
the pose errors of the cutting tool relative to the workpiece
based on the multi-body system theory. For example, Yao
and Hong (2022) proposed a modeling method for the map-
ping relationship between machine tool errors and gear er-
rors, and the research found that the profile deviation and
helix deviation are in a direct proportional relationship with
the deflection errors of the y and z axes. Yang et al. (2022)
proposed a full-process method for the spiral bevel gears di-
rectly aimed at free-form machine tools and analyzed the in-
fluence law of each of the axis motion errors of the machine
tool on the topological shape of the pinion tooth surface. Li
et al. (2023a) proposed a method for identifying the key geo-
metric errors of the machine tools based on the combination
of the tooth surface pose geometric error model and the Sobol
method. The research results show that this method can effec-
tively identify the key error items of large-scale gear hobbing
machines. Yang et al. (2019) analyzed the sensitivity of the
normal profile error of the gear skiving to various geometric
pose errors and presented the error correction method. Li et
al. (2023b) proposed and optimized a new tooth surface error
model of spiral bevel gear considering the error of the ma-
chine tool moving axis to obtain higher tooth surface accu-
racy and meshing efficiency based on the theory of the multi-
body dynamics system and the principle of gear meshing. Li
et al. (2023c) established the tool comprehensive error model
and the tooth surface error model to reveal the mapping rules
between the geometric errors and the tooth surface errors
of face gear. Song et al. (2022) established a mathematical
model of this type of gear pair to investigate the influence of
different machine tool setting errors on the mesh behavior of
small-module spiral bevel gear. Tang et al. (2022) proposed
an innovative geometric error compensation method for the
machining with non-rotary cutters based on two main points.
Rituraj et al. (2019) proposed a technique to study the oper-
ation of external gear machines (EGMs), accounting for two
common gear manufacturing errors: conicity and concentric-
ity. Yang et al. (2018) proposed a definition and calculation
process of tooth surface deviations along the tooth trace and
profile directions for beveloid gear to investigate the effects
of the machine tool adjustment errors on tooth surface devi-
ations and contact characteristics. The above-mentioned re-
search achievements provide a powerful guarantee for im-
proving the machining accuracy of gears and extending the
service life of mechanical equipment. At the same time, it
also provides a technical foundation for the research into the
relationships between the machining accuracy, transmission
performance, and service life of variable hyperbolic circular-
arc tooth trace (VH-CATT) cylindrical gears.

The VH-CATT cylindrical gear is a kind of cylindrical
gear, and it is similar to the herringbone gear. It combines
the advantages of the spur gear, helical gear, and herringbone
gear transmissions and has a promising application prospect.

At present, researchers have carried out a large number of
studies on the VH-CATT cylindrical gear and achieved abun-
dant research results, which mainly focus on the analysis
of the meshing performances (Ma et al., 2021; Liu and
Ma, 2022; Ma et al., 2024a, b, 2023a; Wei et al., 2024a; Wu
et al., 2023). The research content also involves the analy-
sis of the machine tool errors and transmission performance
of the VH-CATT cylindrical gear. However, the research is
not in-depth, and some fields have not been covered. The re-
search content regarding the machine tool errors is stated as
follows. Wei et al. (2024b) established the structure model
and coordinate system of the VH-CATT gear machine tool to
analyze the influence of different machine tool errors on the
geometric contact characteristics of the gear pair. However,
it does not involve gear dynamics, and it does not derive the
mathematical model of the tooth surface with errors. Liang et
al. (2023) established a machine tool coordinate system, de-
rived a motion transfer matrix to establish an error model for
the tooth surface, and derived the equation for the tooth sur-
face with an error term. Liang et al. (2022) also proposed a
Kriging model based on the glowworm swarm optimization
algorithm of scene understanding to study the relationship
between input parameters and output precision; this provides
an optimization strategy of gear-machining accuracy and a
theoretical basis for the promotion of the VH-CATT cylindri-
cal gear. Wu et al. (2020a) established a comprehensive error
model for the machining of CATT cylindrical gears based on
the topological structure model and transformation matrices.
Wu et al. (2020b) described the overall machine tool error
through the position errors of the gear blank and the cutter
head, as well as the shape error of the cutting tool, and de-
duced the tooth surface equation, including the machine tool
error, based on the meshing principle. Tian et al. (2019) com-
prehensively considered the errors of various components of
the machine tool and established an error analysis model of
the motion chain of the machining machine tool based on
the theory of multi-body dynamics. Ma et al. (2023b) ana-
lyzed the error sources of tooth-forming accuracy based on
the forming principle of the VH-CATT cylindrical gear to in-
vestigate the influences of the cutter errors on the tooth thick-
ness error and gear contact. According to current references,
the research on the meshing characteristics of the VH-CATT
cylindrical gears with cutter errors is not in-depth; it has not
yet covered the load transmission error (LTE), the load dis-
tribution on the tooth surface, the contact ellipse of the tooth
surface, etc. However, the geometric characteristics of the
VH-CATT cylindrical gears are complex. When there is an
error in the cutter, it will further aggravate the complexity
of the tooth surface geometric characteristics and then affect
the dynamic contact characteristics of the gear; it will bring
uncertainty into the service life of the VH-CATT cylindri-
cal gears. Therefore, it is important to study the relationship
study between cutter errors and meshing characteristics.

Therefore, a study of the meshing characteristics of the
VH-CATT cylindrical gears with cutter errors is proposed.
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In the present paper, in Sect. 1, a coordinate system for tooth
surface formation with cutter errors is established to derive
the tooth surface equation with cutter errors. In Sect. 2, the
tooth contact analysis model (TCA) and load tooth contact
analysis (LTCA) model are established, and the formulas of
the tooth surface contact ellipse and the main curvature direc-
tion angles are derived. In Sect. 3, the influences of the cutter
errors on the contact ellipses, the tooth surface contact trace,
and the loaded contact characteristics are analyzed. The re-
search results are helpful for the performance improvement
and service life study of the VH-CATT cylindrical gears.

2 Tooth surface mathematical model of the
VH-CATT cylindrical gear with cutter errors

In the processing of the VH-CATT cylindrical gears, due to
factors such as manufacturing errors, installation errors, ther-
mal deformation, and wear of the machining equipment, the
motion trajectory of the tooth-surface-forming cutter edge
will deviate from the theoretical position. That is, there are
forming errors on the tooth surface of the VH-CATT cylin-
drical gears obtained from processing. To study the influence
of the tooth-surface-forming errors of VH-CATT cylindrical
gears on the meshing performance, factors such as machine
tool manufacturing errors, installation errors, thermal defor-
mation, and wear are transformed into the cutter position er-
rors and the cutter edge geometric errors of the VH-CATT
cylindrical gear, which are collectively referred to as cutter
errors. On this basis, a mathematical model of the VH-CATT
cylindrical gear with cutter errors is established.

Figure 1 is a tooth surface formation diagram of the VH-
CATT cylindrical gear with cutter errors. In the figure,1α is
the pressure angle error, 1RT is the tooth line radius error,
1x is the translation error along the x axis, 1y is the trans-
lation error along the y axis,1z is the translation error along
the z axis, γ is the rotation error around the x axis, and β is
the rotation error around the y axis. Because the rotational
error of the cutter around the cutter spindle (z axis) is in the
rotational direction of the cutter during the gear processing,
it theoretically has no impact on the gear forming accuracy.

Moreover, O1x1y1z1 is the moving coordinate system of
the gear blank, which moves along with the gear blank;
O2x2y2z2 is the moving coordinate system of the cutter,
which moves along with the cutter; O3x3y3z3 is the station-
ary coordinate system of the cutter; Of xf yf zf is the sta-
tionary coordinate system of the gear blank; and O0x0y0z0
is the intermediate auxiliary coordinate system. O5x5y5z5
is the coordinate system of the cutter actual position, and
O6x6y6z6 is the static coordinate system of the cutter theoret-
ical position. The positional relationship between the origin
of O6x6y6z6 and that of O5x5y5z5 represents the translation
errors 1x, 1y, and 1z of the cutter position error along the
x, y, and z axes. O4x4y4z4 is the coordinate system when
there is a rotational angle error around the y axis at the cut-

ter theoretical position, representing the rotational position
error β of the cutter head around the y axis. The positional
relationship between O4x4y4z4 and O3x3y3z3 represents the
rotational position error γ around the x axis. RT is the tooth
line radius, R1 is the pitch circle radius, B is the gear width,
α is the pitch circle pressure angle, ω1 is the rotational speed
of the gear blank, θ is the spreading angle of the cutter head,
and φ1 is the involute angle of the tooth profile. u is the dis-
tance from any point on the cutter edge contour to the x axis
along the cutter edge. This is positive when the point is on the
positive semi-axis of the z axis and negative when the point
is on the negative semi-axis of the z axis.

To establish the tooth surface mathematical model, the cut-
ter equation with errors in O2x2y2z2 is written as follows:

erd2 =−
(
eRT±

mπ

4
± usin eα

)
i2+ ucos eαk2, (1)

where eRT=RT+1RT, eα=α+1α, and “±” represents
the tool cutter edge outside and inside.

The cutter equation with errors inO3x3y3z3 could be writ-
ten as follows:

erd3 = −
(
eRT±

mπ

4
± usin eα

)
cosθi3

+

(
eRT±

mπ

4
± usin eα

)
sinθj3+ ucos eαk3. (2)

According to Eq. (2), the normal vector of tool surface
with errors is expressed as follows:

en3 =
∂erd3
∂u
×
∂erd3
∂θ

=−cos eα cosθi3± cos eα sinθj3∓ sin eαk3. (3)

The relative speed with errors evdg in O3x3y3z3 can be
expressed as follows:

evdg
=

(
eωd3 ×

erd3 +
evd

)
−

(
eω

g
3×

erd3 +
eE3×

eω
g
3

)
, (4)

where eωd3 is the rotation angular speed with cutter errors,
with eωd3 = 0; evd is the translation speed with cutter errors,
with evd =ω1R1i3; and eω

g
3 is the rotation angular speed

with cutter errors of the gear blank. The specific expression
of eωg

3 is as in Eq. (5), and eE3 is the expression ofO3 toO1.
The specific expression of eE3 is as in Eq. (6).

eω
g
3 = ω1 cosγ j3+ω1 sinγ k3 (5)

eE3 =
[
−cosβ

(
1x+ eRT+R1ϕ1

)
− sinβ (R1+1z)

]
i3

+
[
− (1x+ eRT+R1ϕ1) sinβ sinγ −1y cosγ

+ (R1+1z) sinγ cosβ
]
j3

+
[
−1y sinγ + sinβ cosγ (1x+ eRT+R1ϕ1)

− cosγ cosβ (R1+1z)
]
k3

(6)
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Figure 1. Tooth surface formation diagram of the VH-CATT cylindrical gear with cutter errors.

Combining Eqs. (2), (4), (5), and (6), evdg can be calcu-
lated.

According to the gear meshing principle (Litvin, 2008),
the common normal line of the contact point between the
cutter edge’s revolving surface and the gear tooth surface is
perpendicular to the relative velocity at this point, as shown
in Eq. (7). Based on this condition, the meshing conditions
eu can be solved.

en3 ·
ev

dg
3 = 0 (7)

According to the gear geometry, the expression of the con-
tact point between the cutter and the gear blank in O1x1y1z1
is the tooth surface equation. By means of the coordinate
transformation from O3x3y3z3 to O1x1y1z1, the tooth sur-
face equation can be expressed as follows:

er
g
1 =

eMe
13r

d
3 . (8)

According to the spatial geometric positional relationships
among various coordinate systems, the expression of eM13 is
as in Eq. (9).

eM13 =cos(ϕ1 +β) sinγ sin(ϕ1 +β) −cosγ sin(ϕ1 +β) (eRT +R1ϕ1 +1x)cosϕ1 − (R1 +1z) sinϕ1
sin(ϕ1 +β) −sinγ cos(ϕ1 +β) cosγ cos(ϕ1 +β) (eRT +R1ϕ1 +1x) sinϕ1 + (R1 +1z)cosϕ1

0 −cosγ −sinγ −1y
0 0 0 1


(9)

Combining Eqs. (2), (7), (8), and (9), the tooth surface
equation with cutter errors can be expressed as follows:



ex1 =−
(
eRT±

mπ
4 ± usin eα

)
cosθ cos(ϕ1+β)

+
[(
eRT±

mπ
4 ± usin eα

)
sinθ sinγ − ucos eα cosγ

]
sin(ϕ1+β)+ (eRT+R1ϕ1+1x)cosϕ1− (R1+1z) sinϕ1

ey1 =−
(
eRT±

mπ
4 ± usin eα

)
cosθ sin(ϕ1+β)

+
[
ucos eα cosγ −

(
eRT±

mπ
4 ± usin eα

)
sinθ sinγ

]
cos(ϕ1+β)+ (eRT+R1ϕ1+1x) sinϕ1+ (R1+1z)cosϕ1

ez1 =−
(
eRT±

mπ
4 ± usin eα

)
sinθ cosγ − ucos eα sinγ −1y

en3 ·
ev

dg
3 = 0

. (10)

3 TCA model, LTCA model, and contact ellipses

Figure 2 shows the meshing and contact situation of the VH-
CATT cylindrical gear pair. In the figure, Opxpypzp is the
coordinate system of the driving gear, Ogxgygzg is the coor-
dinate system of the driven gear, and M point is the contact
point of the tooth surface. n is the common normal vector
of the contact point. Since the tooth surface is a continuous
tangent, the driving gear and driven gear have the same posi-
tion vector and common normal vector at the meshing point
in the same coordinate system. If Opxpypzp is taken as a
fixed coordinate system, the same position vector and com-
mon normal vector at the meshing point can be expressed as
in Eq. (11). Eq. (11) is also called the TCA model.{

r1
p (θ1,ϕ1,ψ1)= r2

p (θ2,ϕ2,ψ2)
n1
p (θ1,ϕ1,ψ1)= n2

p (θ2,ϕ2,ψ2)
(11)

Here, ψ1 is the meshing angle of the driving gear, ψ2 is the
meshing angle of the driven gear, θ1 is the spreading angle
of the driving gear, φ1 is the tooth profile involute angle of
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the driving gear, θ2 is the spreading angle of the driven gear,
φ2 is the tooth profile involute angle of the driven gear, r1

p

is the driving-gear tooth surface, r2
p is the driven-gear tooth

surface, n1
p is the driving-gear tooth surface normal vector,

and n2
p is the driven-gear tooth surface normal vector.

Solving Eq. (11), we can obtain the trajectory and geo-
metric transmission error during the gear meshing process.
Equation (12) is the expression of the geometric transmis-
sion error φTE.

ϕTE = ϕ2 (ϕ1)−ϕ2 (ϕ10)−
z1

z2
(ϕ1−ϕ10) (12)

Here, φ10 is the initial angular displacement of the driving
gear, φ2(φ10) is the initial angular displacement of the driven
gear, z1 is the teeth number of the driving gear, and z2 is the
teeth number of the driven gear.

In Fig. 2, the red contact ellipse around pointM is the real
contact area of the tooth surface under load, a is the major
axis of the contact ellipse, and b is the minor axis of the con-
tact ellipse. Point M is at the center of the contact ellipse.
According to Ma et al. (2021), the contact ellipse’s major
axis a and minor axis b can be calculated based on Eqs. (13)
to (18), and the meanings of parameters in the equation can
be found in Ma et al. (2021).

a =
∣∣δ/A ∣∣1/2 b =

∣∣δ/B ∣∣1/2 (13)

A=
1
4

[
kI∑− kII∑ − (g2

I − 2gIgII cosσ + g2
II

)1/2
]

(14)

B =
1
4

[
kI∑− kII∑+ (g2

I − 2gIgII cosσ + g2
II

)1/2
]

(15)

ki∑ = ki1+ ki2 (i = I, II)gi = ki1− k
i
2 (i = I, II) (16)

sin2α(1)
=

gII sin2σ(
g2

I − gIgII cos2σ + g2
II
)1/2 (17)

cos2α(2)
=

gI− gII cos2σ(
g2

I − gIgII cos2σ + g2
II
)1/2 (18)

For an ideal gear pair, the contact ellipse’s major axis is in
the direction of the tooth line, and the meshing point is lo-
cated at the mid-section of the tooth width. However, when
there is a form error on the tooth surface, there may be a cer-
tain angle between the major axis of the contact ellipse and
the direction of the tooth trace; the position of the meshing
point may deviate from the mid-section of the tooth width,
which will affect the meshing performance of the gear pair.
The following content is used to derive the calculation for-
mula for the angle between the contact ellipse’s major axis
and the direction of the tooth trace.

As shown in Fig. 3, this represents a spatial surface, de-
noted as r (θ,φ). M is a certain point in space. eθ and eφ are
the tangent lines of the two coordinate curves on the surface.

T is the direction of an infinitesimal displacement for a point
along the surface, and it is one of the main directions of the
surface. µ is the angle from eθ to T , and ν is the angle from
eθ to eφ . According to Fig. 3, the following relationships ex-
ist:

cosν = eθ · eϕ, (19)

sinν =
∣∣eθ × eϕ

∣∣ . (20)

According to Litvin (2008), the normal curvature equation
at point M on the surface is as in Eq. (21).

Kn =
rθθ ·n

r2
θ sin2ν

sin2µ

+ 2
rθϕ ·n

|rθ |
∣∣rϕ∣∣sin2ν

sin(ν−µ) sinµ

+
rϕϕ ·n

r2
ϕsin2ν

sin2 (ν−µ) (21)

Here, r represents the tooth surface equation, the subscript θ
denotes the partial derivative with respect to θ , and the sub-
script φ denotes the partial derivative with respect to φ.

Taking the derivative of Eq. (21) with respect to µ and
setting it to be equal to 0, Eq. (22) can be obtained.

tanµ=

rϕϕ ·n

r2
ϕsin2ν

sin22ν− 2 rθϕ ·n

|rθ ||rϕ|sin2ν
sinν

rθθ ·n

r2
θ sin2ν

− 2 rθϕ ·n

|rθ ||rϕ|sinν +
rϕϕ ·n

r2
ϕsin2ν

cos2ν
(22)

Solving Eq. (22) can bring about two solutions, µ1 and
µ2; these two solutions represent the two main directions of
the surface curvature. Moreover, there is a 90° difference be-
tween µ1 and µ2, which indicates that the main curvature
directions are perpendicular to each other. Calculations indi-
cate that the main curvature directions are in the same direc-
tion as eθ and eφ when there is no error, namely, µ1 ≈ 0 and
µ2 ≈ 0.5π .

Figure 4 shows the relationship between the main curva-
tures of the tooth surfaces of the driving and driven gears. k(1)

1
is one of the main curvatures of the driving gear’s tooth sur-
face, k

(1)
2 is the second main curvature of the driving gear’s

tooth surface, k
(2)
1 is one of the main curvatures of the driven

gear’s tooth surface, k
(2)
2 is the second main curvature of the

driven gear’s tooth surface, and the angle from k
(1)
1 to k

(2)
1 is

the directed angle σ .
According to Fig. 4, there is a relationship, as shown in

Eq. (23).

µII1 = µI1+ σ + γθ1−θ2 (23)

Here, µII1 is the angle from the direction of k
(2)
1 to eθ2, µI1 is

the angle from the direction of k
(1)
1 to eθ1, and γθ1−θ2 is the

angle from eθ2 to eθ1.

cosγθ1−θ2 =
r1θ · r2θ

|r1θ | |r2θ |
(24)

https://doi.org/10.5194/ms-16-475-2025 Mech. Sci., 16, 475–491, 2025



480 D. Ma et al.: Meshing characteristics of VH-CATT cylindrical gears

Figure 2. TCA model and tooth surface contact ellipse.

Figure 3. Spatial surface.

Figure 4. Tooth surfaces main curvature relationship between the
driving and driven gears.

Then, the main curvature direction angles of the driving
and driven gears’ tooth surfaces for the VH-CATT cylindri-
cal gear can be expressed using Eq. (25). It is specified that

the counter-clockwise direction is taken as positive, while the
clockwise direction is taken as negative.

σ = µII1− (µI1+ γθ1−θ2) (25)

LTCA is an important technical means for the dynamic
performance analysis of gears. It can be used to obtain tooth
surface loads, load distribution coefficients, LTE, etc. Fur-
thermore, it is widely applied to the meshing dynamics anal-
ysis of various types’ gears. Equation (26) is the deformation
compatibility equation at any contact point j .(

n∑
k=1

fjk +

n∑
k=1

fj ′k′

)
Fk +wj = sz+ dj (26)

Here, dj is the remaining gap of the tooth surface if dj = 0
and Fj > 0 or if dj > 0 and Fj = 0, and fjk and fj ′k′ are the
flexibility coefficients of the driving gear and driven gear,
respectively. wj is the tooth surface gap of the j point, Fk is
the load at the k point, and sz is the normal displacement of
the driven gear under external load.

According to Ma et al. (2024a), based on the condi-
tions of deformation coordination, force balance, and non-
embedding, the following mathematical model is established
to describe the equilibrium state of tooth contact under load:
f =min

[
1
2

(
P TS

)
P
]

wm =−SmFm+ sze+dm,m= I, II

T =
n∑
i=0

(diInIFiI+diIInIIFiII)

S.t : dj > 0
(
dj = 0

)
‖Fj > 0

(
Fj = 0

)
, sz ≥ 0,Fj ≥ 0

, (27)

where P is the tooth surface load, P = [FI,andFII].
j = 1,2,3, . . .,2n. I and II represent the first and second pairs
of teeth, respectively. S is the flexibility matrix of the tooth
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contact point, S= [SI 0;0 FII]. F is the load matrix of the
tooth contact point. w is the initial clearance matrix. d is the
residual clearance matrix. nI and nII are the unit normal vec-
tors of the first and second pairs of teeth. diI and diII are the
matrixes composed of the rotation radius of discrete points
on the contact line. e is the unit diagonal matrix.

Based on Eq. (27), the calculation formulas of the LTE
ϕLTE and load distribution coefficients Lm can be expressed
as in Eq. (28) and (29).

ϕLTE =
3600× 180× sz

∣∣ng
(
r2c×n

y

2
)∣∣

π |r2c|
+ϕTE (28)

Lm =

n∑
j=1

Fjm
/
P (m= I,II) (29)

Here, r2c is the vector from the rotation center of the driven
gear to the contact point of the tooth surface, n

y

2 is the unit
vector of the driven gear rotation axis direction, and ng is the
unit vector of the common normal direction of the VH-CATT
cylindrical gear system.

4 Influence of the cutter errors on the contact
ellipses

Figures 5, 6, 7, 8, 9, and 10 show the influence of the cutter
errors on the contact ellipses. The main parameters are as fol-
lows: modulusm= 8 mm, pressure angle α= 20°, gear num-
bers z1= 29 and z2= 41, and tooth line radiusRT= 200 mm.
Figure 5 shows the influence of 1RT on the contact ellipse;
1RT is equal to 5 and 10 mm. Observing Fig. 5, the con-
tact ellipse’s major axis increases with an increase in 1RT,
but1RT has no influence on the contact ellipse’s minor axis.
The reason for this is that the tooth line radius increases, the
tooth surface clearance decreases, and the contact ellipse’s
major axis increases. However, changes in the tooth line ra-
dius do not affect the curvature characteristics of the tooth
surface in the direction of the tooth profile. Therefore, the
contact ellipse’s minor axis remains unchanged.

Figure 6 shows the influence of 1α on the contact ellipse;
1α is equal to −2, −1, 1, and 2°. Observing Fig. 6, the con-
tact ellipse’s major axis decreases with an increase in 1α
and gradually increases from the tooth root to the tooth top
when 1α is less than zero; the contact ellipse’s major axis
increases with an increase in the 1α and gradually increases
from the tooth root to the tooth top when 1α is greater than
zero. The contact ellipse’s minor axis decreases with an in-
crease in 1α when 1α is less than zero; the contact ellipse’s
minor axis increases with an increase in 1α when 1α is
greater than zero.

Figure 7 shows the influence of γ on the contact ellipse;
γ is equal to 0.1, 0.3, and 0.5°. Observing Fig. 7, the change
law of the contact ellipse’s major axis is relatively complex.
The contact ellipse’s major axis increases with an increase in

Figure 5. Influence of 1RT on the contact ellipse.

Figure 6. Influence of 1α on the contact ellipse.

γ in the area close to the tooth root and decreases with an
increase in γ in the area close to the tooth top; the contact
ellipse’s major axis gradually decreases from the tooth root
to the tooth top. As for the contact ellipse’s minor axis, the
contact ellipse’s minor axis increases with an increase in the
γ , but the range of change is not significant.

Figure 8 shows the influence of β on the contact ellipse; β
is equal to −2, −1, 1, and 2°. Observing Fig. 8, the contact
ellipse’s major axis increases with an increase in β when β is
less than zero and decreases with an increase in β when β is
greater than zero; the contact ellipse’s major axis gradually
increases from the tooth root to the tooth top. The contact
ellipse’s minor axis increases with an increase in β when β
is less than zero and decreases with an increase in β when β
is greater than zero, but the range of change is not significant.

Figure 9 shows the influence of 1y on the contact ellipse;
1y is equal to 1 and 2 mm. Observing Fig. 9, the contact
ellipse’s major axis decreases with an increase in 1y, and
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Figure 7. Influence of γ on the contact ellipse.

Figure 8. Influence of β on the contact ellipse.

the magnitude of change in the contact ellipse’s major axis is
relatively large in the area close to the tooth top; the contact
ellipse’s major axis gradually decreases from the tooth root
to the tooth top. The contact ellipse’s minor axis increases
with an increase in 1y, except in the area close to the tooth
top.

Fig. 10 shows the influence of 1z on the contact ellipse;
1z is equal to 2, 1, 1, and 2 mm. Observing Fig. 10, the
contact ellipse’s major axis increases with an increase in 1z
when 1z is less than zero and decreases with an increase in
1z when 1z is greater than zero. 1z has no influence on the
contact ellipse’s minor axis.

As for the translation error 1x, according to Ma et
al. (2023b), the translation error 1x has no impact on the
structure characteristics of the VH-CATT cylindrical gear.
The 3D model of the VH-CATT cylindrical gear with the
translation error 1x is rotated by an angle compared to the
ideal 3D model. When the 3D model of the VH-CATT cylin-

Figure 9. Influence of 1y on the contact ellipse.

Figure 10. Influence of 1z on the contact ellipse.

drical gear with the translation error 1x is rotated in the op-
posite direction by the same angle, the two models will com-
pletely overlap. That is, theoretically, the translation error1x
also has no impact on the contact ellipses, and so it will not
be discussed in detail.

5 Influence of the cutter errors on the tooth surface
contact trace

The tooth line radius has an important influence on the con-
tact form of the VH-CATT cylindrical gear. Theoretically,
when the tooth line radius of the driven gear is larger than
that of the driving gear, the VH-CATT cylindrical gear’s con-
tact form is a “bridge-type” contact; that is, the actual con-
tact point is at the edge of the tooth width. However, Ma et
al. (2019) show that the tooth thickness gradually decreases
from the middle section to the tooth width edge, and the
tooth surface clearance gradually increases for the VH-CATT
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cylindrical gear. However, the tooth thickness also increases
with an increase in the tooth line radius. That is, when the de-
crease in the amplitude of the tooth thickness from the mid-
dle section to the end face is greater than the increase in the
amplitude of the tooth thickness caused by the tooth line ra-
dius error, the gear contact occurs in the middle section of the
tooth width. Otherwise, the contact occurs at the edge of the
tooth width. According to Litvin (2008), the mathematical
model of the edge contact is as in Eq. (30).

x1
p (θ1,ϕ1,ψ1)= x2

p (θ2,ϕ2,ψ2)

y1
p (θ1,ϕ1,ψ1)= y2

p (θ2,ϕ2,ψ2)

z1
p (θ1,ϕ1,ψ1)= z2

p (θ2,ϕ2,ψ2)

∂r1
p

∂θ1
(θ1,ϕ1,ψ1) ·n2

p (θ2,ϕ2,ψ2)= 0

(30)

Figure 11 shows the tooth surface contact position when
there is a tooth line radius error1RT. Figure 12 shows the ac-
tual tooth surface contact trace with1RT. It can be seen from
the figures that, when1RT is equal to 5 and 10 mm,1RT has
no effect on the contact position; when 1RT is equal to 15
and 20 mm, the contact points are a series of points on the
two edges of the tooth width, and the gear contact form be-
comes “bridge-type” contact. When 1RT is equal to 5 and
10 mm, the meshing line is a straight line in the middle sec-
tion. When 1RT is equal to 15 and 20 mm, the meshing line
is two straight lines at the edge of the gear width. Through
calculation analysis, it can be seen that the length of the ac-
tual meshing line does not change when the contact position
is in the middle section of the tooth width.

Figure 13 shows the tooth surface contact position when
there is a pressure angle error 1α, and Fig. 14 shows the ac-
tual tooth surface contact trace with 1α. Observing Fig. 13,
no matter how the pressure angle error changes, the posi-
tion of the tooth surface contact point is always in the mid-
dle section of the tooth width. However, it can be seen from
Fig. 14 that the actual tooth surface contact trace with1α has
changed. When 1α is greater than 0, the length of the actual
meshing line decreases, and, otherwise, the actual meshing
line increases.

The reason for this is as follows: when 1α is greater than
0, the tooth thickness of the gear root increases, and the tooth
thickness of the gear top decreases. To ensure normal contact
between the driving gear and the driven gear, the driving gear
needs to rotate over a larger angle in the initial meshing stage
and a smaller angle in the disengaging meshing stage. When
1α is less than 0, the variation rule is opposite. The rotation
angle is small at the beginning of contact and large when
disengaging from meshing. However, the turning radius of
the contact point in the disengaging meshing stage is larger
than that in the initial meshing stage. According to dl=rdθ ,
it can be seen that the actual meshing line is longer when1α
is less than 0.

Figure 15 shows the tooth surface contact position when
there is a rotational angle error γ around the x axis, and
Fig. 16 shows the actual tooth surface contact trace with a ro-
tational angle error γ around the x axis. As can be seen from
the figures, the position of the tooth surface contact point de-
viates from the middle section of the tooth width as the rota-
tional angle error γ around the x axis increases, and it grad-
ually moves away from the middle section of the tooth width
from the gear root to the gear top. The larger the rotational
angle error γ around the x axis is, the greater the deviation
degree of the position of the tooth surface contact point is.
The reason for this is that, when there is a rotational angle
error γ around the x axis, the width of the tooth groove in
the z-axis positive semi-axis direction of the gear decreases.
Moreover, the larger the rotational angle error γ around the
x axis is, the smaller the width of the tooth groove is. That
is, the clearance between the tooth surfaces at the far end of
the tooth width in the z-axis positive semi-axis direction de-
creases, causing the tooth surface contact point to gradually
move away from the middle section of the tooth width from
the gear root to the gear top. At the same time, the calcu-
lations show that the length of the actual meshing line de-
creases slightly with an increase in the rotational angle error
γ around the x axis.

Figure 17 shows the tooth surface contact position when
there is a rotational angle error β around the y axis, and
Fig. 18 shows the actual tooth surface contact trace with rota-
tional angle error β around the y axis. It can be seen that the
contact position of the tooth surface is entirely in the mid-
dle section of the tooth width. At the same time, the cal-
culations show that the lengths of the actual meshing lines
change slightly with an increase in the rotational angle error
β around the y axis.

Figure 19 shows the tooth surface contact position when
there is a translation error 1y along the y axis, and Fig. 20
shows the actual tooth surface contact trace with the transla-
tion error 1y along the y axis. Observing Fig. 19, the posi-
tion of the tooth surface contact point deviates from the mid-
dle section as the translation error 1y increases, and its con-
tact form will evolve into edge contact at one side of the tooth
width within the range of the finite tooth width. The reason
for this is that the translation error 1y causes tooth surface
translation. When there is an error in the positive direction of
the y axis, the tooth thickness in the negative direction of the
tooth width increases, and the contact point moves towards
the negative direction of the tooth width. Conversely, when
there is an error in the negative direction of the y axis, the
tooth thickness in the positive direction of the tooth width
increases, and the contact point moves towards the positive
direction of the tooth width. Moreover, the larger the trans-
lation error 1y is, the greater the increase in tooth thickness
is, and the farther the deviation of the contact point position
is. At the same time, due to the change in the contact posi-
tion, the meshing trajectory of the gear pair changes, and the
length of the actual meshing line also changes. It can be seen

https://doi.org/10.5194/ms-16-475-2025 Mech. Sci., 16, 475–491, 2025



484 D. Ma et al.: Meshing characteristics of VH-CATT cylindrical gears

Figure 11. Influence of 1RT on the tooth surface contact position.

Figure 12. Influence of 1RT on the tooth surface contact trace.

that the farther the deviation position is, the shorter the actual
meshing line is.

As for the translation error 1x along the x axis, this has
no impact on the 3D model of the VH-CATT cylindrical gear.
That is, theoretically, the translation error1x also has no im-
pact on the tooth surface contact trace, and so it will not be
discussed in detail. As for the translation error 1z along the

z axis, the translation error1z along the z axis is actually the
positive and negative modification of the VH-CATT cylin-
drical gear. Its influence on the gear contact position and the
length of the actual meshing line is similar to that of the rota-
tional angle error β around the y axis, and so it also will not
be discussed in this section.

6 Influence of the cutter errors on the loaded
contact characteristics

Based on the LTCA model, the tooth surface load distri-
bution, the maximum tooth surface load, the LTE, and the
load distribution coefficient have been calculated. Figure 21
shows an example of the load distribution on the tooth sur-
face, where Fig. 21a is the tooth surface load distribution of
the ideal gear pair, and Fig. 21b is the tooth surface load dis-
tribution of the gear pair with the translation error=1y. Ob-
serving Fig. 21, the load distribution on the tooth surface of
an ideal gear pair is in the middle section of the tooth width.
For a gear pair with a translation error 1y, the tooth sur-
face load deviates from the middle section of the VH-CATT
cylindrical gear. The calculation result is consistent with the
research conclusion regarding the tooth surface contact trace
of the VH-CATT cylindrical gear pair with a translation error
1y; the research on the load distribution law of the tooth sur-
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Figure 13. Influence of 1α on the tooth surface contact position.

Figure 14. Influence of 1α on the tooth surface contact trace.

face caused by the cutter errors was completed in the early
stage, and the details can be found in Ma et al. (2023b).

Figure 22 shows the influence of cutter errors on the tooth
surface maximum load. Observing Fig. 22, the maximum

load of the tooth surface decreases as a whole when there
is a tooth line radius error1RT; the reason for this is that the
contact area of the tooth surface increases. The maximum
load of the tooth surface decreases in the single-tooth mesh-
ing area when there is a rotational angle error γ . The max-
imum load of the tooth surface increases in the single-tooth
meshing area during the meshing-in process and decreases
in the single-tooth meshing area during the meshing-out pro-
cess when there is a pressure angle error 1α. The maximum
load of the tooth surface increases slightly as a whole when
there is a translation error 1z. The translation error 1y has
little influence on the maximum load of the tooth surface.

Figure 23 shows the influence of cutter errors on the load
distribution coefficients. Observing Fig. 23, the cutter er-
rors mainly affect the load distribution coefficient of the
single-tooth meshing area. The load distribution coefficient
decreases in the single-tooth meshing area, and the double-
tooth meshing area decreases when there is a rotational angle
error γ or translation error 1y. The load distribution coeffi-
cient increases in the meshing-in single-tooth meshing area
and decreases in the meshing-out single-tooth meshing area
when there is a pressure angle error1α. The translation error
1z and tooth line radius error 1RT have little influence on
the load distribution coefficient.
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Figure 15. Influence of γ on the tooth surface contact position.

Figure 16. Influence of γ on the tooth surface contact trace.

Figure 24 shows the influence of cutter errors on the LTE,
and Fig. 25 shows the amplitude of the LTE. Observing
Fig. 24, the cutter errors mainly affect the LTE of the single-
tooth meshing area, except for the tooth line radius error
1RT. In the single-tooth meshing area during the meshing-
in process, LTE increases when there is a rotational angle
error γ , a translation error1y, a tooth line radius error1RT,
and a pressure angle error 1α. LTE decreases slightly when
there is a translation error 1z. In the single-tooth meshing
area during the meshing-out process, LTE increases when
there is a rotational angle error γ , a translation error 1y,
and a tooth line radius error 1RT. LTE decreases slightly
when there is a translation error 1z and a pressure angle er-
ror1α. However, observing Fig. 25, except for the tooth line
radius error 1RT, all cutter errors make the amplitude of the
LTE increase, especially the rotational angle error γ and the
pressure angle error 1α. Therefore, research shows that rea-
sonably changing the tooth line radius can effectively reduce
the noise of the VH-CATT cylindrical gear transmission sys-

tem, while other cutter errors will increase the vibration of
the VH-CATT cylindrical gear transmission system.

7 Conclusion

This paper discusses the meshing characteristics of a VH-
CATT cylindrical gear with cutter errors. Firstly, a coordinate
system for tooth surface formation with cutter errors is es-
tablished, and the tooth surface equation with cutter errors is
derived. Next, a TCA model and an LTCA model of the VH-
CATT cylindrical gear pair are established, and the equation
of the tooth surface contact ellipse and the formulas of the
main curvature direction angles are derived. Then, the influ-
ences of the cutter errors on the contact ellipses, the tooth
surface contact trace, and the loaded contact characteristics
are analyzed. The main conclusions can be expressed as fol-
lows:

1. The contact ellipse’s major axis increases with an in-
crease in1RT, but1RT has no influence on the contact
ellipse’s minor axis. The contact ellipse’s major axis de-
creases with an increase in 1α when 1α is less than
zero and increases when 1α is greater than zero. The
contact ellipse’s minor axis has the same variation law
for 1α. The contact ellipse’s major axis increases with
an increase in γ in the area close to the tooth root and
decreases in the area close to the tooth top, and γ has
little influence on the contact ellipse’s minor axis. The
contact ellipse’s major axis increases with an increase
in β when β is less than zero and decreases when β is
greater than zero, and the contact ellipse’s minor axis
has the same variation law for β. The contact ellipse’s
major axis decreases with an increase in 1y, and the
variation of the contact ellipse’s minor axis is the op-
posite of this. The contact ellipse’s major axis increases
with an increase in 1z when 1z is less than zero and
decreases when 1z is greater than zero. 1z has no in-
fluence on the contact ellipse’s minor axis. 1x also has
no impact on the contact ellipses.
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Figure 17. Influence of β on the tooth surface contact position.

Figure 18. Influence of β on the tooth surface contact trace.

2. 1RT has no influence on the contact position within a
certain range, but the contact form evolves from point
contact to bridge contact when 1RT is too large. 1α
also has no influence on the contact position, but the
actual meshing line increases or decreases. γ and 1y
make the contact position deviate from the middle sec-
tion. 1y has a relatively large impact on the actual
meshing line. 1x has no influence on the contact posi-
tion and the actual meshing line, the rotation angle error
β does not change the contact position, and the influ-
ence of 1z is similar to this.

3. 1RT makes the maximum load of the tooth surface de-
crease, γ makes the maximum load of the tooth sur-
face in the single-tooth meshing area decrease, and 1α
makes the maximum load of the tooth surface in the
meshing-in single-tooth meshing area increase; it is the
opposite in the meshing-out single-tooth meshing area,
whereby 1z makes the maximum load of the tooth sur-
face increase slightly, and 1y has a small influence
on the maximum load of the tooth surface. The tooth-
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Figure 19. Influence of 1y on the tooth surface contact position.

Figure 20. Influence of 1y on the tooth surface contact trace.

surface-forming errors mainly affect the load distribu-
tion coefficient of the single-tooth meshing area.

4. The cutter errors mainly affect the LTE of the single-
tooth meshing area, but except for the tooth line radius
error1RT. In the meshing-in single-tooth meshing area,
the LTE increases when there are γ , 1y, 1RT, and 1α
values. The LTE decreases slightly when there is a 1z
value. In the meshing-out single-tooth meshing area, the
LTE increases when there are γ , 1y, and 1RT values.
The LTE decreases slightly when there are 1z and 1α
values. Except for the tooth line radius error 1RT, all
cutter errors make the amplitude of the LTE increase.
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Figure 21. Example of the load distribution on the tooth surface.

Figure 22. Tooth surface maximum load.

Figure 23. Load distribution coefficients.

Figure 24. Load transmission error.

Figure 25. Amplitude of load transmission error.
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