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This paper introduces a new 6-degree-of-freedom (6-DOF) compliant parallel manipulator featur-
ing a 6-prismatic, spherical, spherical (6-PSS) configuration, leaf spring compliant joints and manufacture error
identification techniques, which collectively enhance motion accuracy, motion range and dynamic performance.
The 6-PSS configuration allows actuators to be mounted on the base frame rather than on the moving parts of the
manipulator, thereby improving their dynamic performance. The use of leaf spring compliant joints offers supe-
rior accuracy over traditional rigid joints due to the absence of backlash and provides a relatively large motion
range compared to typical compliant joints with lumped compliance. The kinetostatic models of these compliant
joints have been derived and closely align with the finite-element model, exhibiting an average difference of
approximately 5.5 %. Additionally, a kinematic model of the whole manipulator has been formulated and, based
on it, a manufacture error identification model has been established to identify the manufacture errors, which
is crucial for improving the motion accuracy. The Levenberg—Marquardt optimization algorithm is utilized to
solve the identification model, with the results verified through finite-element analysis. The proposed 6-DOF
compliant parallel manipulator shows great promise for applications in precision engineering, such as optical

guidance and chip packaging.

Six-degree-of-freedom (6-DOF) manipulators play an im-
portant role in various engineering fields owing to their dex-
terous motion capabilities. They are utilized in diverse ap-
plications, encompassing the assembly of engines, wings
and satellites (Gonzalez and Asada, 2017), precise position-
ing and packaging of chips (Jeong et al., 2007) and high-
precision operations for minimally invasive surgery (Ma et
al., 2019). As the relevant application sectors evolve, the
demand for 6-DOF manipulators in terms of accuracy, mo-
tion range, dynamic performance and lightweight design will
continue to grow (Wu and Niu, 2024; Fang et al., 2023). Typ-
ically, 6-DOF manipulators employ either serial or parallel
configurations (Campos et al., 2008; Alizade et al., 2007).
The serial configuration features motion chains connected in
sequence to form an open chain and offers a wide working

range and high dexterity in handling complex tasks (He et
al., 2010). However, this configuration suffers from lower dy-
namic performance and load capacity, with a consequent re-
duction in motion accuracy due to the accumulation of errors.
In contrast, the parallel configuration, with motion chains
arranged in parallel between the base and the moving plat-
form, possesses a relatively high load capacity, dynamic per-
formance and motion accuracy (Hou et al., 2019; Jin et al.,
2015; Tsai, 1999). In conclusion, 6-DOF manipulators with
parallel configurations outperform their serial counterparts in
both motion accuracy and dynamic performance. Hence, this
paper focuses on the design of a 6-DOF manipulator utilizing
a parallel configuration, here referred to as a 6-DOF parallel
manipulator.

Traditional 6-DOF parallel manipulators with rigid joints
often face challenges in preserving accuracy due to factors
like friction, wear and backlash of joints. In contrast, 6-DOF



compliant parallel manipulators utilize elastic deformation
of materials to transfer force and displacement. These ma-
nipulators require no lubrication, suffer less friction, and ex-
hibit no backlash, thus achieving higher motion resolution
and accuracy. Consequently, they are widely used in preci-
sion engineering fields (Howell, 2013). For instance, Du et al.
(2014) applied a three-axis compliant circular notch joint to a
high-precision 6-DOF manipulator for inter-satellite optical
communication, achieving sub-micrometer resolution and a
sub-millimeter pointing range with micro-radian repeatabil-
ity. Xu et al. (2021) employed slender beam compliant joints
in a 6-DOF manipulator designed for the optical alignment of
optoelectronic devices. Similarly, Dan and Rui (2016) used
slender beam compliant joints to design a 6-DOF compli-
ant parallel manipulator for micro-positioning applications,
where its working precision could be further improved by
reducing the workspace. For ultra-high-precision engineer-
ing applications, Qi et al. (2023) designed a 6-DOF com-
pliant parallel manipulator and introduced a novel modeling
method aimed at addressing the challenges of establishing
the relationship between the input voltage and output po-
sition. Yang et al. (2019) utilized a 6-DOF compliant ma-
nipulator for high-precision spatial system isolation, demon-
strating its excellent accuracy and vibration isolation per-
formance through simulation and experimentation. There-
fore, while 6-DOF compliant parallel manipulators demon-
strate significant promise in precision engineering, ongoing
improvements in their accuracy, motion range and dynamic
performance are crucial for advancing precision engineering
technologies. Building on the above statements, it is advanta-
geous to design a 6-DOF parallel manipulator with compliant
joints, referred to as a 6-DOF compliant parallel manipulator,
to further the enhance accuracy, expand the motion range,
and improve the dynamic performance.

During the manufacturing process of 6-DOF compliant
parallel manipulators, the existence of fabrication and as-
sembly errors causes slight deviations between theoretical
and actual geometric parameters. These deviations propagate
along each chain to the moving platform, leading to devia-
tions in its actual motion trajectory from the ideal one and
reducing the motion accuracy. Kinematic calibration can re-
solve this issue by incorporating manufacture error identi-
fication modeling and dimension measurement, solving the
manufacture error identification model and compensating
for manufacture errors. Numerous scholars have researched
manufacture error identification modeling. For example, De-
navit and Hartenberg (1955) proposed the classical D-H dif-
ferential matrix method, establishing a kinematic relation-
ship between the moving platform and base through coor-
dinate transformations among the joints. Nahvi et al. (1994)
adopted the closed-loop vector method to establish the man-
ufacture error identification model for a parallel mechanism,
which is widely applied in error identification modeling for
such parallel mechanisms due to its clear and concise ex-
pression. In contrast to these linear modeling methods, non-

linear optimization algorithms can directly identify geomet-
ric parameter errors. Aliciet al. (2006) employed a parti-
cle swarm optimization algorithm, inputting dimension mea-
surement data into a manufacture error estimation function to
accurately identify manufacture errors in geometric dimen-
sions. In this paper, selecting an appropriate manufacture er-
ror identification modeling method is pivotal for accurately
identifying manufacture errors, considering that compliant
joints are involved.

This paper introduces a new 6-DOF manipulator with a
parallel configuration, leaf spring compliant joints and man-
ufacture error identification technologies capable of achiev-
ing high precision, a relatively large motion range and high
dynamic performance. The main contributions and novelties
of this paper include (1) proposing a new 6-DOF compliant
parallel manipulator featuring a 6-prismatic, spherical, spher-
ical (6-PSS) configuration and leaf spring compliant joints,
which ensures high precision, high load capacity, large mo-
tion ranges and superior dynamic performance, and (2) iden-
tifying manufacture errors of the proposed 6-DOF compliant
parallel manipulator to further improve motion accuracy. In
addition to these innovations, this paper also undertakes the
following tasks: (1) deriving the forward and inverse kine-
matic models of the entire manipulator using the closed-loop
vector method and Newton iteration method and (2) estab-
lishing kinetostatic models of the complex compliant joints
using the matrix displacement method.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the synthesis of the 6-DOF parallel manip-
ulators with compliant joints. Section 3 establishes the kine-
matic model of the 6-DOF compliant parallel manipulator.
Section 4 constructs and validates the kinetostatic model of
the compliant joints. Section 5 identifies the manufacture er-
rors in the geometric parameters. The main conclusions of
this paper are drawn in Sect. 6.

In this section, the configuration of the 6-DOF compliant par-
allel robot is synthesized. The advantages and disadvantages
of common 6-DOF parallel configurations and compliant
joints are analyzed, selecting the optimal configuration based
on the design requirements. A 3D model of the 6-DOF com-
pliant parallel manipulator is established, and a preliminary
motion simulation using the finite-element method (FEM) is
conducted to validate the rationality of the design.

The main configurations employed in parallel mechanisms
are illustrated in Fig. 1. In the 6-revolute, universal, spherical
(6-RUS) configuration as shown in Fig. 1a, the revolute pairs
are directly actuated by rotary actuators that are mounted on
the base frame, enhancing the dynamic performance. How-
ever, its large size is a disadvantage for miniaturization and



/] \/MP \ /[\M{ \\ oSN e
H Ny /) [
I {/ /RN

> & 7 -, 7 77, Z
2727777777 7557 0077777779777 000005, et

7o (I

@ o © //////(;)////// /////(/c;/

Schematic overview of the five configurations of 6-DOF
parallel manipulators, with MP as the moving platform: (a) 6-RUS
configuration, (b) 6-SPS configuration, (¢) 6-PSS configuration (or-
thogonal), (d) 6-PSS configuration (lateral drive), and (e) 6-PSS
configuration (vertical drive).

is lightweight. In a typical configuration, such as the 6-
spherical, prismatic, spherical (6-SPS) depicted in Fig. 1b,
actuators are positioned on the legs, which increases the mass
of the moving parts and decreases the response speed. To
address these issues, actuators can be fixed to the base in a
6-PSS configuration. This configuration encompasses three
main types: orthogonal drives, circumferential lateral drives
and circumferential vertical drives. The orthogonal config-
uration, depicted in Fig. lc, forms a cubic shape, dividing
the six legs into three groups, with each group’s translational
joints mounted vertically on the base. This design stream-
lines assembly and demonstrates isotropic characteristics of
motion and force transmission. It also allows decoupling of
deformations under actuation forces, making it suitable for
multi-axis force sensor structures. However, the circumfer-
ential lateral drive type illustrated in Fig. 1d possesses a large
base area, resulting in a less compact structure. In contrast,
the vertical drive type, as shown in Fig. le, reduces the over-
all size, decreases the mass of the moving parts, and miti-
gates additional load on the mechanism, thereby enhancing
its response speed. Therefore, this paper adopts 6-PSS paral-
lel configurations based on circular vertical drives for inno-
vative design.

A schematic diagram of the mechanism based on the cir-
cular vertical-drive 6-PSS parallel configuration is shown in
Fig. 2a, primarily comprising a base, a moving platform,
translational joints, spherical joints, and six legs, with the
base rigidly connected to the ground. Each leg, denoted as
A; B;, connects the upper and lower spherical joints. The
upper spherical joint centers A; are arranged along a circle
termed the upper joint circle, while the lower spherical joints
connect to the translational joints fixed on the base, form-
ing a circle at their centers B; that is referred to as the lower
joint circle. As shown in Fig. 2b, the six upper joint points A;
form a symmetrical hexagon with equal long and short sides
divided into three groups spaced 120° apart. The distribution
of the lower joint points mirrors that of the upper ones. The
lines connecting the upper and lower joint points form two
symmetrical hexagons spaced 180° apart. In addition, it can
be seen from Fig. 2¢ that the lines connecting the origin of
the base Op, the origin of the moving platform O4 and the
spherical joint A; and B; form a closed-loop vector. The con-
figuration parameters of the parallel manipulator include the

Op

Schematic diagram of the 6-PSS configuration:
(a) schematic diagram of the configuration, (b) top view of the joint
distribution and (c) vector diagram of the chain.

distribution radius of the moving platform’s joint points r4
(i.e., the radius of the upper joint circle), the distribution ra-
dius of the base joint points rp (i.e., the radius of the lower
joint circle), the central angles of the upper and lower joint
point distributions 84 and 63, the leg length L and the overall
height of the mechanism H.

Compliant spherical joints can be classified into two main
types: lumped compliance and distributed compliance. Com-
pared to lumped-compliance compliant spherical joints,
those with distributed compliance offer a larger range of mo-
tion, less stress concentration and a lower risk of fatigue dam-
age. Figure 3 displays five design schemes for distributed-
compliance compliant spherical joints. In Fig. 3a (Hao et al.,
2024), the compliant spherical joint comprises three I-shaped
leaf springs evenly spaced around a circle, which, due to ro-
tational symmetry, minimizes parasitic and coupling move-
ments associated with the three principal rotations. However,
this design suffers from limited supporting stiffness. Fig-
ure 3b (Rommers et al., 2021) shows a compliant spherical
joint formed by three nested tetrahedral elements, each dif-
fering in size and shape to ensure the coincidence of the ro-
tation center. The design in Fig. 3c (Rommers et al., 2021)
includes tetrahedral elements configured as two arms set at
a specific angle, with each arm made up of four tetrahedral
elements in series, thereby extending the motion range and
preventing collisions. The extended lines of all the tetrahe-
dral element edges intersect at a distant rotation center. Both
compliant joints can be manufactured through 3D printing,
which simplifies the manufacturing but constrains the motion
range. The compliant spherical joint in Fig. 3d (Parvari et al.,
2018) consists of two identical open chains connected in par-
allel, featuring coincident curvature centers and orthogonal
minimum rotational stiffness axes. Each open chain com-
prises three identical circular compliant beams, symmetri-
cally arranged relative to the curvature center of the beam
and providing fully isotropic behavior. However, this design
has a larger volume and is not compact enough, which is dis-
advantageous for miniaturization. The compliant spherical
joints described above have limitations, e.g., a small motion
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Compliant spherical joints: (a) I-shaped leaf spherical
joint, (b) tetrahedral nested spherical joint, (c¢) tetrahedral series
spherical joint, (d) annular leaf spherical joint and (e) folded leaf
spring spherical joint.

Folded leaf springs in parallel stacking (the M end at-
tached to the intermediate body and the E end to the base).

range, insufficient supporting stiffness and a bulky design.
To address these issues, Naves et al. (2019) proposed a large-
range compliant spherical joint based on stacked folded leaf
springs, as shown in Fig. 3e. This design maintains high sup-
port stiffness over a £ 30° tip tilt around the x and y axes
and a 10 ° tip tilt around another axis. It mainly consists of
a base, folded leaf springs and an intermediate body. As illus-
trated in Fig. 4, the compliant spherical joint comprises two
sets of folded leaf springs stacked in parallel around a circle
that are symmetrical about a plane perpendicular to the rota-
tion axis. To prevent collisions between the leaf springs, one
set is rotated a certain angle T around the symmetry axis. This
design means that each set of folded leaf springs contributes
only half of the motion, reducing the stress level in the bend-
ing section and increasing the support stiffness. Each set of
three folded leaf springs has a fold line inclined at a certain
angle 6, intersecting at one point to ensure the coincidence
of the instantaneous rotation center. Each folded leaf spring
connects at its ends to the base and the intermediate body,
with the overall height of the compliant spherical joint de-
noted as /.

To ensure that the motion direction of the actuator re-
mains consistent and supports the weight of the mechanism,
a compliant translational joint is designed to constrain the
motion of the actuator. Figure 5 illustrates four common
parallelogram compliant translational mechanisms: the ba-
sic parallelogram mechanism (BPM), compound basic paral-
lelogram mechanism (CBPM), double-parallelogram mech-
anism (DPM) and compound double-parallelogram mecha-
nism (CDPM). Compared to the other designs, the BPM is
prone to undesired translational parasitic motions. In con-
trast, the CBPM, formed by mirroring two BPMs, does not
produce parasitic motion; however, its main stiffness in-
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Common parallelogram compliant translational joints.
OT stands for the output stage. (a) Basic parallelogram mechanism
(BPM), (b) compound basic parallelogram mechanism (CBPM),
(c) double-parallelogram mechanism (DPM) composed of two
BPMs in embedded series and (d) compound double-parallelogram
mechanism (CDPM) composed of two DPMs in mirror symmetry.
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Geometric parameters of the compliant joints: (a) geo-
metric parameters of the compliant spherical joint and (b) geometric
parameters of the compliant translational joint.

creases significantly as translational motion progresses due
to the load-strengthening effect that restrains the parasitic
motion. In addition, the DPM and CDPM offer a large mo-
tion range. They introduce an uncontrollable secondary mod-
ule that reduces off-axis translational stiffness and can lead
to dynamic issues. Consequently, the compliant translational
joint in this paper is designed based on the CBPM, compris-
ing leaf springs and connecting rigid-body blocks featuring a
hexahedral shape and symmetry.

The geometric dimensions of the compliant spherical joint
and the compliant translational joint used in this paper are
shown in Fig. 6. Twenty-four leaf springs are divided into
four groups, distributed on four sides of the hexahedron,
forming a closed “S” shape with each group of connecting
blocks. Following the completion of all the configuration
syntheses, the 3D model of the 6-DOF compliant parallel
manipulator is obtained, as shown in Fig. 7a. To validate the
design rationality of the proposed 6-DOF compliant parallel
manipulator, the motion simulation is conducted using the
COMSOLS.3 software, with the results presented in Fig. 7b.
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Three-dimensional model of the 6-DOF manipulator and preliminary motion simulation results: (a) 3D model of the 6-DOF
compliant parallel manipulator and (b) simulation results of the 6-DOF motion of the 6-DOF compliant parallel manipulator.

To analyze the designed 6-DOF compliant parallel manip-
ulator, kinematic modeling is required. In this section, the
closed-loop vector method is used for inverse kinematics
analysis of the 6-DOF compliant parallel manipulator, while
the Newton iteration method is employed to solve the for-
ward kinematics problems. In addition, by establishing the
relationship between input displacement and output displace-
ment, a foundation is provided for subsequent manufacture
error identification of the manipulator.

After establishing the configuration of the 6-DOF parallel
manipulator and defining the moving coordinate system O 4—
X aYaZ4 and the fixed coordinate system Op—XpYpZp (as
shown in Fig. 2), the position, orientation and motion rela-
tionship of each component within the fixed coordinate sys-
tem can be described through the transformation relationship
between the moving and fixed coordinate systems.

The position of the moving platform origin O 4 in the fixed
coordinate system is denoted as Bp,=(x, ¥, 2), and the ori-
entation of the moving platform relative to the base is de-
noted as B 94 = (o, B, y). Here, o represents the rotation
angle of the coordinate system { O4 } around the X p axis.
represents the rotation angle around the Yp axis. y represents
the rotation angle around the Zp axis. The coordinate rota-
tion matrices of the moving coordinate system relative to the
three axes of the fixed coordinate system are denoted as Ry,
Ry and Rz, respectively. Following the three rotations, the
rotation matrix of the moving coordinate system relative to
the fixed coordinate system is represented by BR 4, as shown
in Eq. (1).

cosy —siny 0 ]
BRA =RzRyRxy =| siny cosy O
0 0 I
cosp 0 sinf 1 0 0 ]
0 1 0 0 cosa —sina (D)
—sin 0 cosp 0 sinae cosa

From Fig. 2c, the position vector of the upper joint point in
the fixed coordinate system Op—XpYpZp is given by

BA, =BR4A; +BPy, )

where BA; is the position vector of the upper joint point A;
in the fixed coordinate system Op—XpYpZp and A; is the
position vector of the upper joint point A; in the moving co-
ordinate system Os—XaYAZ4.

The length of each leg can be obtained through the closed-
loop vector as follows:

Li="A; — (®B; + Aliq;) ="R4A; + P4
— (®Bi + Aliq;), 3)

where L; is the vector of the leg of the ith chain, Al; is the
extension amount of the ith actuator, BBi is the position vec-
tor of the lower joint point B; in the fixed coordinate system
Op—XpYpZp, and ¢; is the unit vector in the direction of the
extension of the ith actuator.

Thus, the extension amount of the actuator is as follows:

Al =P A,3) = /L2 — (BA; (1) = BB, (1))

—(BA; (2)—BB; (2))" —h, )

where L; is the length of the leg and / is the initial height of
the actuator.

To obtain the numerical solution of the forward kinematics
problem, assuming the extension amount of the actuator is



known, i.e., Al = [Al] Aly Al Aly Als]T, the position BP 4
= (x, v, z) and orientation B, = (@, B, y) of the moving
platform are solved. Denote the six unknowns as

x=[xyzyBal’ =[x x2x3x4x5x6]". (5)

From Eq. (4), the following six nonlinear equations can be
obtained.

Si(x1x2x3x4x5%6) =0
fr(x1x2x3x4x5x6) =0

(6)
.f6 (x1x2x3x4x5%x6) =0
Let F =[fi f> f3 f4 f5 f6]". Eq. (6) can be rewritten as
F(x)=0. ™

The derivative of the vector function F (x), represented as
F’(x), is the Jacobian matrix of F as shown in Eq. (8).

2 Afiw) 2 f1x)
dx] dxg
oht  apl)  apt
Fa=| ™ ™ e ®)
x| axp Jdxg

The solution of the nonlinear equation set using the Newton
iteration method is given in Eq. (9):

w &) — 0 _ (x(k))ilp (x(k)> k=01, 9)

where F’(x)~! is the inverse of the Jacobian matrix F’(x).

The proposed 6-DOF compliant parallel mechanism incor-
porates two types of joints: compliant spherical joints and
compliant translational joints. The development process of
the analytical kinetostatic models for these joints is detailed
in Sect. 4.1 and 4.2, respectively. The validity of these ana-
lytical models is subsequently confirmed by the FEM as pre-
sented in Sect. 4.3.

To obtain the relationship between the driving load and dis-
placement response of the mth folded leaf spring, the folded
leaf spring is discretized into two leaf springs labeled s; and
s2. The terminal nodes of s; are defined as nodes j; and ki,
with the local coordinate systems { ji} and {k;} established
at these nodes. Similarly, this discretization approach is ap-
plied to 57, as depicted in Fig. 8a.

As shown in Fig. 8b, considering a single leaf spring to be
the object of study, its nodes j and k are subjected to driving
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Structural discretization and element analysis: (a) dis-
cretization of the folded leaf spring structure and (b) local coor-
dinate system and reference coordinate system of the leaf spring,
together with the actuation load and displacement response of the
leaf spring.
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Compliant spherical joint coordinates.

loads f, producing displacement responses d represented as
vectors as follows:

f = [ftx,j fty,j ftz,j frx,j fry,j frz,j ftx,kfty,k
ftz,kfrx,kfry,kfrz,k]T’ (10)

d =[dix jdry jdyz jdrx, jdry, jdrz, jdix kdiy
T
dtz,kdrx,kdry,kdrz,k] s (11)

where f;x ; denotes the force at node j in the direction of the
X axis, frx,j denotes the torque at node j around the x; axis,
d;x,;j denotes the translational displacement of node j in the
x direction, and d,, ; denotes the rotational displacement of
node j around the x; axis, with the rest following similarly.
The node-driving loads f and node displacement responses d
satisfy the following relationship:

fi=Ki-d;, (12)

where K is the stiffness matrix of the element.

The local coordinate systems {J; } and { K1} of leaf spring
s1 are rotated to the local coordinate system {J5}. The driv-
ing load f§ and displacement response df of the s; leaf
spring in a local coordinate system {J,} are as follows:

f$=R°-K; -RT.d¢, (13)
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where R€ is the rotation matrix as detailed in Eq. (14):

R;? o 0 o
0 R® 0 O R¢ 0

¢ = | — 7

R 0 0 R} O |: 0 Rf ] (14)
0 0 0 R§

where R and Ry, are the rotation matrices rotated from the
local coordinate system { j; } and {k; } to the local coordinate
system { j»}, as detailed in Egs. (15) and (16):

COS < yj1,Xj2 >
€Oos < Yj1, Yj2 >
COS < yj1,%j2 >

Cos < zj1, Xj2 >
cos <zji,y2 > |, (15)

Cos < Zjls ij >

COS < Xji, yj2 >

. COS < Xj1, Xj2 >
R =
COS < Xj1,Zj2 >

COS < Yki1,Xj2 >
€Os < YkI, Yj2 >
COS < Yk1,Zj2 >

Rp = | cos <xki, Y >

COS < Xk1,Zj2 >

COS < Zk1, Yj2 >

COS < Xk1,Xj2 >
COS < Zk1,Zj2 >

€Oos < zk1, Xj2 > i|
)

(16)

where < x;1, xj2 > denotes the angle between the x axis of
{j1} and the x axis of { j»}, and similarly for the others.

The stiffness matrix K{ of the s; leaf spring in the local
coordinate system { j»} is given in Eq. (17):

K¢ =R°-K; -R°T, (17

by partitioning the nodal driving loads f¢ and displacement
responses d of the s leaf spring in the local coordinate sys-
tem { j» } and those of the s, leaf spring, as shown in Egs. (18)
and (19):

=l L

e _ J — 1,1 1,2 . 1,j , 18

=l 7 1=l W (9
| S || Ko Ko dy

f2_|: fox | | Koz Kog dyx | (19

Considering that k1 and j, are common nodes, the following
relationship can be obtained:

Txtf2;=0, (20)
d?,k=d2,j- (21)
Combining Eqs. (18)—(21) yields (Eq. 22)

—1
dyj=—(K{ ,+Ka1)" - (KS;-dS;+Kop-day).  (22)

Egs. (13) and (14) provide the basis for deriving Egs. (23)
and (24):

dj=Rj"-dS;, (23)
dix=RY -d5 . (24)

https://doi.org/10.5194/ms-16-143-2025

149

Figure 10. Discretization of the compliant translational joint.

Combining Egs. (21)—(24) leads to Eq. (15):
fij= (Klyl ~Kio RY (K + K1) KS 5 R?) :
cdyj—Kio RY - (K, +Ko) Koo do 25)
Combining Egs. (19) and (22) leads to Eq. (26):
faox=-Kas- (K?,4 +K2,1)_1K?,3 ‘Ry-dy

-1
+ <K2,4 - Ko (Ki 4 +Koi) - Koo)-dok. (26)

Therefore, the relationship between the driving loads and dis-
placement responses of the single folded leaf spring j; node
and k> node can be obtained as follows:

2]
fax
- —1
K1 —Ki» RY- (K‘I’A +K2,1)
—1
KS, RS —Kio R (K?’4 +K2’1)

-1
- Ko 2 —Kops- (KTA + Kz,l)

-1
K5 RS — Ko (K, +Ko 1)
Koo +Ko 4

dij |_| Ki K d
Lo -l & la] 7
For the mth folded leaf spring, assigning node j; as j and
node k7 as k leads to the relationship shown in Eq. (28):

a K K? ] [ d® . ]
m,j — m,1 m,2 | . m,j . (28)
[ ?n,k] [Kfn,a K4 mk

Mech. Sci., 16, 143—-156, 2025




Material Selecting
Linear elastic material: Selected.
Material parameters: Al 6061-T6, £=72 GPa, p=2872 kg/m". v=0.33.

!

Constraints
* Fixed constraint: Lower base surface (compliant spherical joint); rigid bodies b6 and
b8 (compliant translational joint).

Loading
* Loading position: Origin of coordinates {Os} (compliant spherical joint); center of mass o
rigid bodies bl and b3 (compliant translational joint).
* Loading type: Torque around X-axis (Myx), Y-axis (My) and Z-axis (Mz) is applied to the|
spherical joint respectively. Forces along the Y-axis are applied to the translational joint.

v

Meshing
*  Mesh type: Free tetrahedral element.
* Element size: The average cell quality is 0.6886.

!

Solving

* Research type: Steady-state study.
¢ Parametric : The scanning range for Mx, My and Mz is from —0.2 N-m to 0.2 N-m witt
a step size of 0.02 N-m. The scanning range for Fz is from =2 N to 2 N with a step size of 0.2

N. l

Postprocessing
* Curve drawing: To plot the curve, use MATLAB.

A flowchart for FEM numerical analysis.

A reference coordinate system { O} is established at the
center of the upper surface of the compliant spherical joint.
One end of the folded leaf spring is attached to the base and
designated as the j end, while the opposite end is connected
to the intermediate body and referred to as the k end. When
the driving load Fj is applied at the origin of the coordinate
system {Os}, the resultant displacement response is ds. At
this point, for the mth folded leaf spring, the displacement
responses dfn’j at the j node can be expressed as

dfn,j - Ts,m : Rs,m 'dSs (29)

where T ,, and Ry ;,, are the coordinate shift matrix and ro-
tation matrix, respectively, as detailed in Eqgs. (30) and (31):

1 0 0 0 —Zs,m Ys,m
01 0 Zs,m 0 Xs,m
00 1 —ysm Xem 0
Tom = 0 0 O 1 0 0 ’ (30)
0 0 O 0 1 0
0 0 O 0 0 1
S A
R = TR B N S R €3 D)
0 B G e

where (Xs m, Ys.m» Zs.m) represents the coordinates of the ori-
gin of the local coordinate system {j} of the mth folded
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Relationship between input load and output displace-
ment: (a) the moment around the x axis is applied to the compli-
ant spherical joint. (b) The moment around the y axis is applied to
the compliant spherical joint. (¢) The moment around the z axis is
applied to the compliant spherical joint. (d) The force around the
y axis is applied to the compliant translational joint.

leaf spring in the reference coordinate system {Os} and
< xjmxs > denotes the angle between the x axis of the lo-
cal coordinate system {j} of the mth folded leaf spring and
the x axis of the reference coordinate system { Og}, with the
same applying to the others.

Assuming that the intermediate body of the compliant
spherical joint is fixed, the displacement of the k£ node of the
mth folded leaf spring becomes 0. Substituting Eq. (29) into
Eq. (28) and setting d;, ; = 0 yields Eq. (32):

mi =Ko 1 Tsm - Rom - ds. (32)

m,j

Transforming the loads at node j of the mth folded
leaf spring to the reference coordinate system {Os} gives
Eq. (33):

fm = Ro,m . To,m . f’;ln,jv (33)

where T, , and R, ;, are the coordinate translation and rota-
tion matrices as detailed in Eqs. (34) and (35):

Tom =Tq .. (34)
R =R!,. (35)

Given that there are three folded leaf springs connected to the
base, as depicted in Fig. 9, Eq. (36) can be established:

3
Fs=Y fu (36)
m=1

Combining Egs. (32) to (36) leads to Eq. (37):
F,=K;-d;. (37



Since the upper and lower folded leaf springs of the compli-
ant spherical joint are symmetrical about the plane perpen-
dicular to the rotation axis and each set of folded leaf springs
contributes half of the motion, the overall displacement re-
sponses d, of the compliant spherical joint are as follows:

d.=2d,. (38)

The compliant translational joint is discretized into compli-
ant leaf springs and rigid bodies, as shown in Fig. 10. The
rigid bodies are numbered b1, by, ..., bg, and the compliant
leaf springs are labeled s1, s2, ..., s24. The end nodes of each
leaf spring s, are defined as j, and k,,, with the local coordi-
nate systems {j,} and {k,} established at these nodes. The
local coordinate system directions for sy, 2, §3, S4, S5, S6, $13,
S14, 515, S16, 517 and s1g are consistent, as are those for s7, sg,
59, 810,511,512, 519, $20, 521, 522, 523 and 524. FOHOWing a sim-
ilar methodology to that used in the kinetostatic modeling of
the compliant spherical joint, element analysis is conducted
post discretization, though the details are not reiterated here.
Since compliant leaf springs are connected to rigid bodies,
nodes j, and k, of s, are moved to the centroids J, and K,
of the rigid bodies to form the extended compliant leaf spring
Sy, turning the rigid body into a concentrated mass before
transforming it to the global coordinate system { Og}.

The relationship between the driving loads F of the leaf
spring S, in the global coordinate system { O, } and the nodal
displacement responses Dj is

FE=RS-TS-KE-TS -RY DS, (39)

where T2 and R§ are the coordinate translation and rotation
matrices, respectively, defined as

TS .
= ™ , (40)
"l Ti,k}
T RE
R (; 0 0
0 RS, 0 0
R} = n.j : 41
§ 0 0 R, 0 “h
0 0 0 R}

with Ti,j and T,gl’k representing the coordinate translation

matrices as shown in Egs. (42) and (43) and Ri i and Rﬁ "
representing the coordinate rotation matrices as shown in
Egs. (44) and (45):

1 0 0 0 0 O
0 1 0 0 0 O
0 0 1 0O 0 O
g __
Tn,j - 0 Zn,j _yn,j 1 0 0 ) (42)
—Zn,j 0 Xn,j 01 0
Ynj  —Xnj 0 0 0 1

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 O
T = RENCE)
g 0 Znk —Ynk 1 0 0
—Zn.k 0 xxk 0 1 0
Ynk  —Xnk 0 0 0 1
c0s<xj",xg>cos<yjf‘,xg>cos<zjf’,xg>
Rij: cos<xj",yg>cos<yjﬂ,yg>cos<z]f’,yg>
| cos<xj",zg>cos<yj71,zg>cos<z]f’,zg>
(44)
cos<x§,xg>cos<y”,xg>cos<z",xg>
g _
Rn’k_ cos<xl§1,yg>cos<y]§,yg>cos<z%,yg> s
oS < X}/, zg > €OS < Y}/, 2g > COS < 7, Zg >
(45)

where < x{'xg > denotes the angle between the x axis of the
local coordinate system {j,} and the x axis of the global
coordinate system { O, }, and similarly for the others.

Consequently, the stiffness matrix K3 of the leaf spring s,
in the global coordinate system is represented as

KE=RE.TE K, TS RET, (46)

Similarly, by partitioning the nodal loads and displacements
of s, in the global coordinate system, we obtain

2 g g g
F,% — |: Fn,] :| — |: Kn,l Kn,2 ] |: Dn,] :| (47)

g g g 2
Fn,K Kn,3 Kn,4 Dn,K

Fi’ yand FE’K are the nodal loads. Di’ ;and DE’K are the nodal
displacements. K% Ki,z’ Ki.s and Ki’ 4 are the partitioned

n, 1’
matrices of the stiffness matrix K5 in the global coordinate

system.
For each rigid body b,,,
N
ZFE,J/KZQ;, (48)
n=1

where N is the total number of compliant leaf springs con-
nected to b, and ¢, is the external force on node w of the
rigid body.

Selecting each rigid body node of the compliant structure
for study, we establish the equation set.

o] ry Ty Tio &

e I Iljz FI'” r Iy Ts gz
3 | _ 12 3 15 3
¢y | 7| T3 T Ty Ty T &4 (49)
Ls L7 I Ts és
&7 T | %S r; &



Parameters of the compliant mechanism.

Parameter  Value Parameter  Value Parameter  Value

E 720x1010Pa b, 15 mm I 80 mm
I 0.33 r 19 mm 1 0.40 mm
G 2.71x1010Pa 1, 3043 mm  hy 11.20 mm
hy 69.92 mm wy 4 mm h3 12.20 mm
0 30° wy 8 mm th 0.50 mm
© 86° w3 5.86 mm T 96°

o 137°

&, is the nodal displacement of w. The matrix elements ',
are as follows.

r =K}, +K5, +Kj, +K§,

Iy =Kj, +Kg, +Kj | +Kj,
+Kiy | +Kiy  +Kis  +Kig |
;= K%3,4 + K%4,4 + K%9,1 + K%O,]
I, =K}, +K5,+K5, +K,
+Ko, +K5 4 + K5, + K5,
Is=Kj, +Kj +KS, +Kg,
+K§, + Ko, +Ki 4 +Kiy

I7 =K5, + K, +K}; , + K,
+K5,  + K5, K5 K,

s =K +Kg3T16 =Ko 5 + K5 5

To=Kj7,+Kg,I17 =K ; +Kjy 5

Lo = K%,z + K§,2r18 = K%s,z + K%é,z

[ =K, + Ky ,Tio=Kis 3 +Kig 5

T2 =Kj; 3 +Kj, ;T2 = K5 5 +Kj

Ti3= K%,s + K§,3r21 = K§,2 + Kzgt,z

Ty =K§, +Kjg , T = K5, ; +K5, 5

L5 = K%9,2 + K§0,2r23 = K%l,z + ng,z (50)

In this compliant structure, external forces act on rigid bodies
b1 and b3, satisfying the following relations:

$o=84=85=¢7;=0, (5D
&i=r1s (52)
&3= [ (53)

Substituting Egs. (51)—(53) into Eq. (54) yields

§1= My (£2- MMy f1).
E3 =My (f1 —Mp-§). (54)

The relevant parameters are as follows.

M, =-TI7'- Ty

M3 =T6+M;7-Mj

M, =-T5' Ty

My =Mg+M;7-My;

M; = —171 -T1gMy5 = —Mf41 -Mp

My =-T7"-TyMje=-M;, M3
Ms=-T2+T14s-Mj+T13-M3

M7 =Moo +M;i; -Mjs

Meg=T14-My+T5-My (55)

Mg =M +Mi1 - M

M; =Ty -M;+T2 -Mj
Mig=T1+Tg-Mi7+T10-Mis
Mg=T4+T2 -My+Ty»n -My

My =Tg -Mig+Tio-Mig

Mg = —M; ' ToMy; =T12-My7+Tis-Mis
Mo = —M5_1 T

My =T3+T12-Mig+Tis-Mie

M = —M; ' - MgMaps = Maj — Ma - My -Mjg
M2 =T13+M7-My

To validate the accuracy of the kinetostatic analysis model
for the compliant joints, FEM simulations are conducted. The
specific process is illustrated in Fig. 11, with the structural
parameters detailed in Table 1.

To elucidate the relationship between the input load and
the output displacement of the compliant spherical joint un-
der various loading conditions, Fig. 12a depicts the relation-
ship between the input load and output displacement of the
compliant spherical joint in a moment around the x axis.
Similarly, Fig. 12b and c display the results for moments



Structural parameters of the 6-DOF compliant manipulator.

Parameter  Value Parameter  Value Parameter  Value

rA 111.80 mm rB 152.73 mm 04 66.87°

6p 47.92° L 229.31 mm H 360.54 mm

The 42 error parameters randomly generated by MATLAB.
Parameter Chain number
1 2 3 4 5 6

Ay 0.038 —-0.070 —-0.079 —0.083 —0.064 0.010
Ay 0.050 0.065 0.092 —-0.020 -0.047 —-0.071
Ay —0.010 0.018 —-0.099 —-0.048 —0.071 0.071
By —0.083 0.099 0.055 0.060 —0.073 0.024
By —0.054 —0.084 0.063 —-0.014 0.074 —-0.030
B, 0.083 —0.011 0.074 0.082 0.016 0.013
L —0.113 0.058 —0.179 —-0.141 —0.065 0.062
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The results of the error identification: panels (a)—(f) are
the six chains.

around the y and z axes, respectively. From the figure, it can
be concluded that the average error between the results of the
static model and the FEM simulation is less than 5.6 %. Fig-
ure 12d shows the results under load along the y axis, with a
high curve overlap and a maximum error of 4.4 %.

Based on the analytical kinematic model derived in Sect. 4,
this section presents an error identification model for the
6-DOF compliant parallel manipulator using the closed-
loop vector method and conducts simulations. Iterative so-
lutions are performed using the least-squares method and the
Levenberg—Marquardt optimization algorithm based on ran-
domly generated error parameters and pose data. Simulation
results are compared with the random error parameters to
verify the accuracy of the error identification model.

For kinematic modeling of the 6-DOF parallel manipulator,
only the coordinates of the upper joint points (A;x, Ay, Aiz),
lower joint points (B;x, By, B;;) and leg lengths L; are re-
quired for solving. Typically, the pose errors of the moving
platform are primarily caused by these parameters, and kine-
matic calibration involves error identification and compensa-
tion for these 42 parameters. Let u; = [A;x, Ajy, Aiz, Bix,
Biy’ Biz]T-

Initially, a residual equation must be constructed. Given
an input displacement d,, let X, be the actual pose of the
moving platform and le the theoretical pose obtained from
the forward kinematic model, leading to the residual equation
fp=Xp—-X,,. (56)
While constructing the residual equation in this manner
is straightforward and intuitive, it involves forward kine-
matic computations, leading to low computational efficiency.
Hence, constructing the residual equation based on input dis-
placement is preferred. Let Al;, be the actual input displace-
ment for the ith actuator and Al; » be the theoretical input dis-



placement solved using the inverse kinematic model (Eq. 7).
Where structural errors exist, theoretical and actual input dis-
placements will deviate; the deviation disappears only when
the theoretical and actual structural parameters are identical.
Thus, the residual function for the ith input displacement at
the pth pose is

fip = fip i) = Aliy — AL, (57)
The residual functions for the six chains are combined as

F@)=1[fi1 fo1-fip- fomlomu1s (58)

where u = [u; us... ug]’, with m being the total number of
poses.

Based on the least-square principle, the residual function
fip from Eq. (59) forms the evaluation function

p=1i

6
iy (59)
=1
A smaller value of the evaluation function e indicates a re-
duced disparity between the input displacement calculated
using the inverse kinematic model and the actual input dis-
placement, suggesting that the solved structural parameter u
is closer to their actual values.

Optimization of the residual equation necessitates the con-
struction of the Jacobian matrix, which is composed of first-
order partial derivatives arranged in a specific configuration.
This matrix represents the best linear approximation of a
differentiable equation at a given point, often indicating the
search direction for optimization algorithms. Equation (6) is
rewritten as

T
L? = (®RaA; + 8P — (B + Aliq;))
(®RaA; + 5Py — (B; + Aliq;)). (60)
Differentiating both sides of Eq. (35) yields

2L;dL; =2(PRaA; + PPy — B, — Alig;)"

(BRadA; — dB; —dAliq; — Al;dg;)

=2v; (P°RadA; — dB; —dAlig; — Alidg;), 61)
where d represents a small change in a variable. Assuming

that the driving direction of the actuator is sufficiently pre-
cise, let dg; = 0. From Eq. (61), we obtain

v?RA v; L;
dAl; = dA; — —dB; — —dL;. (62)
viq; viq; viq;

Organized in matrix form, this is

) dA;
dAl; =[ uReow L ] dB; |. (63)
iqi iqi iqi dLl

Combining the six closed-loop kinematic chains results in
dAl = Jdu, (64)

where dAl = [dAlidALAALAALdAIsdAL]T € RO! s
the input displacement residual calculated from Eq. (57),
du=[dAdB{dL;---dAsdBedLs]T € R***! includes joint
point errors and leg length errors, and J is the Jacobian ma-
trix. Specifically,

- R _
1 RA Vg Ly
V19| viq] V191 0 0
0 0 0 0
vBR
2 A v
LO 0 0 v2qy V242
2 0 0 0
= T (65)
0 0 0 0 0
0 "sBRA v6 Le
L V646 v6q6 V646 -

Solving the error identification model is a complex nonlin-
ear least-square problem. The Gauss—Newton method, de-
rived from the classical Newton method, is often employed
to solve such problems. It replaces the computationally inten-
sive and difficult-to-calculate Hessian matrix in the Newton
method with the first-order derivative term J7 J. It enhances
the computational efficiency and is widely used in data fit-
ting, parameter estimation and machine learning. Its iterative
formula is

ultD = 4 ® — (T~ gTdal, (60)

where, if J7J is non-invertible or ill-conditioned, the
search direction’s magnitude becomes very large, prevent-
ing the algorithm’s progression. To overcome this issue, the
Levenberg—Marquardt method, which introduces a damping
coefficient matrix a I into the ill-conditioned matrix, is used
to avoid excessively large search direction magnitudes. The
specific formula is

u D =u® _ JTy+ gD Jdx, (67)

where ay, is the damping coefficient and I is the identity ma-
trix.

For error identification simulation, errors are added to the
ideal structural parameters u to simulate actual conditions.
The ideal structural parameters are shown in Table 2. Us-
ing MATLAB2023a, 36 random deviation parameters rang-
ing from —0.1 to 0.1 mm are generated and integrated as de-
viations into the joint point coordinates. Solving for the joint
point coordinates with these added errors results in six leg
length errors. These 42 error parameters (Table 3) serve as a
target for error identification. Additionally, 40 sets of poses
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Three-dimensional printing of compliant joints: (a) the
compliant translational joint, (b) translational motion of the compli-
ant translational joint, (c) the compliant spherical joint and (d) tilt
motion of the compliant spherical joint.

are randomly generated as the input sample set for the er-
ror identification model, with position variations from —20
to 20 mm and angular variations from —15 to 15°. The sim-
ulation is conducted according to the steps mentioned above,
without considering the measurement noise. However, con-
sidering the precision of the existing measurement instru-
ments, errors may occur during pose measurement. There-
fore, in the simulation process, random measurement noise
is introduced into the 40 sets of configurations, ranging from
—0.1 to 0.1 ym and from —0.5 to 0.5 um, respectively. The
simulation results are shown in Fig. 13. The results indicate
that, when there is no measurement error in the pose sam-
ples, the error identification model can accurately solve all
structural error parameters, with a maximum identification
accuracy of up to 10~ mm. Even with added measurement
noise within the range from —0.1 to 0.1 um, the error model
still reliably identifies the structural error parameters, with a
maximum identification accuracy of up to 10~> mm. How-
ever, with the introduced measurement noise spanning from
—0.5 to 0.5 um, notable discrepancies arise in the identifica-
tion of certain structural deviation parameters. This indicates
that the precision of the pose measurement impacts the error
identification model, necessitating control of measurement
errors within a certain range.

This paper introduces a new 6-DOF compliant parallel ma-
nipulator featuring a 6-PSS configuration. This design strate-
gically mounts six actuators directly on the base, reducing
the moving mass, enhancing the response speed, and con-
tributing to superior dynamic performance. To further en-
hance the motion accuracy, the manipulator employs com-

pliant joints instead of traditional rigid-body joints to miti-
gate issues related to friction and backlash. Notably, this ma-
nipulator incorporates leaf spring compliant joints with dis-
tributed compliance, broadening the motion range relative to
compliant joints with lumped compliance. Kinetostatic mod-
eling of these compliant joints employs the matrix displace-
ment method, aligning closely with FEM analysis results,
which show an average discrepancy of 5.5 %. Comprehen-
sive kinematic modeling of the entire manipulator has been
conducted, providing both forward and inverse kinematic so-
Iutions. Subsequent analyses delve into manufacture error
identification, encompassing the development and resolution
of a manufacture error identification model validated through
FEM simulations and accounting for measurement noise and
errors. Future work will optimize the geometric dimensions
of the 6-DOF compliant parallel manipulator based on its
kinematic and dynamic models, followed by manufacturing
and experimental testing of the manipulator system. The ad-
vanced features of the proposed 6-DOF compliant parallel
manipulator, such as its high precision and relatively large
motion range, render it ideally suited for critical applications
in precision engineering fields like chip manufacturing and
packaging.

At present, this work has completed 3D printing of com-
pliant joints, as shown in Fig. 14.
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