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Abstract. Trajectory planning for flexible manipulators is a critical area of research in robotics. A trajectory
tracking controller can enhance the accuracy of the manipulator’s path and reduce vibrations. However, current
flexible manipulators remain largely in the research phase, with many studies revealing issues such as poor accu-
racy in dynamic modeling, weak tracking performance in controller design, and insufficient vibration suppression
capabilities. To address these challenges and improve the trajectory tracking performance of the manipulator, this
paper focused on vibration suppression and trajectory planning for a two-link flexible manipulator and proposed
a novel control method that integrates a modified adaptive particle swarm optimization algorithm (MAPSO)
with fuzzy proportional–derivative (PD) control to achieve effective trajectory tracking. Firstly, the dynamic
equations of the two-link flexible manipulator system were derived using the assumed modal method in con-
junction with Lagrangian dynamics. Next, a 3-5-3 hybrid polynomial algorithm based on MAPSO was proposed
to optimize the trajectory of the manipulator. Simulation results demonstrated that the optimization algorithm
significantly enhances efficiency. Specifically, the number of iterations required for the two joints was reduced
by 33 % and 54 %, respectively, when compared to the original algorithm. Additionally, this optimization led
to a total reduction in running time of 0.03 s. Subsequently, the MAPSO algorithm was utilized to enhance the
fuzzy PD controller based on the previously obtained optimal trajectory, leading to the development of a trajec-
tory tracking controller known as MAPSO-FuzzyPD. Simulation results indicated that the proposed algorithm
significantly reduced the maximum starting torque for both joints. Specifically, the maximum starting torque of
joint 1 was decreased by 61.3 % and 40.3 % when compared to PD control and fuzzy PD control, respectively.
Additionally, the maximum starting torque of joint 2 was reduced by 57.9 % and 42.1 % in comparison to the
same control methods. Finally, an experimental platform for the flexible manipulator was established, and the
experimental results further validated the effectiveness and feasibility of the algorithm proposed in this paper
concerning joint trajectory tracking.

1 Introduction

In recent years, flexible manipulators have been widely
adopted in aerospace, biomedical (Lee et al., 2012), and in-
dustrial applications (Yu et al., 2016). The trend in robotic
arm systems is towards lighter, more complex, and more pre-
cise designs, making the influence of component flexibility
increasingly significant. Traditional multi-rigid-body models

often fail to accurately capture the dynamic characteristics
of these flexible systems. Consequently, many researchers
are focusing on the dynamic behavior of flexible multi-body
systems. Meng et al. (2022) employed the assumed modal
method (AMM) to model a rigid–flexible two-link manipu-
lator. Similarly, Gao et al. (2019) utilized AMM to model a
two-link flexible manipulator, demonstrating that their dis-
crete model effectively mitigated data-related deficiencies,
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resulting in more stable outcomes. Sun et al. (2024a, b) com-
bined AMM with the Lagrangian method to characterize the
dynamics of a rigid–flexible coupled manipulator. Shen and
Fan (2024) integrated AMM with the finite-element method
(FEM) to investigate the dynamic characteristics of a flexible
arm system using Bessel interpolation. Additionally, several
scholars, such as Wang et al. (2010), Liu et al. (2017), Wang
et al. (2017), Shao et al. (2020), and Alandoli et al. (2021),
have employed FEM to derive dynamic equations by seg-
menting the arm into a finite number of elements. At this
stage, most research on flexible robotic arms focuses on mod-
eling in the horizontal plane, often neglecting the effects of
gravity. However, in many practical applications where the
robotic arm operates in a vertical plane, accounting for grav-
ity becomes essential. Thus, it is crucial to incorporate grav-
itational factors into the dynamic modeling of flexible ma-
nipulators. By implementing the modal truncation technique
within the assumed modal approach, the modal order of the
system can be condensed into a finite-dimensional structure.
This method effectively decreases the system’s degrees of
freedom and the quantity of equations required. Moreover, by
employing the Lagrangian method to determine the disparity
between the overall kinetic and potential energies of the sys-
tem, the intricate internal force terms that typically compli-
cate the computational procedure can be circumvented. This
simplification not only alleviates the complexity of solving
the dynamic equations but also streamlines the subsequent
formation of the control system. Consequently, this investi-
gation seeks to apply the assumed modal method and La-
grangian equations in delineating the deformation of a flexi-
ble arm and formulating the system’s dynamic model.

Flexible manipulators are susceptible to vibrations and
other issues during operation, leading to significant degra-
dation in the positioning accuracy of the end effector. To ad-
dress this, trajectory tracking often employs active vibration
suppression control methods which aim to reduce or elim-
inate the structural vibration energy through active system
control. Sasaki et al. (2023) utilized reinforcement learn-
ing to control the vibrations of a vertical-plane double-link
flexible manipulator, designing a reward function to mini-
mize the gap between the manipulator’s end and the target
coordinates. While this approach effectively suppressed vi-
brations, discrepancies were observed between simulation
results and physical validation. He et al. (2021) developed
a reinforcement learning controller for a horizontal two-
link flexible manipulator using two neural networks: one
for behavioral learning and the other for reward evaluation.
Experimental verification demonstrated the controller’s ap-
plicability. Reinforcement learning had also been used by
Nageshrao et al. (2014) and Tang et al. (2014) to achieve con-
trol over target robotic arms. However, despite its promise,
reinforcement learning has limitations, including high com-
putational demands, extended training times, and requiring
significant human intervention and optimization. Fuzzy con-
trol, on the other hand, is a widely adopted method known for

its robustness and suitability for nonlinear systems. Numer-
ous researchers have explored its applications. For instance,
Alandoli et al. (2021) proposed a fuzzy logic control lin-
ear quadratic regulator (FLC-LQR) controller that combines
optimal and fuzzy control strategies for a single-link flex-
ible robotic arm, demonstrating effective vibration suppres-
sion and high robustness to uncertainties. Additionally, Beata
(2018) introduced a fuzzy controller in a computer model of
a rotating robotic arm joint with a localization control strat-
egy, aimed at enhancing system performance by replacing
traditional external controllers.

Traditional proportional–integral–derivative (PID) control
is known for its simplicity and ease of implementation; how-
ever, its accuracy can decline when applied to complex sys-
tems. Integrating fuzzy control technology can enhance the
capabilities of the original PID controller. Research by Ana-
vatti et al. (2006), Liu et al. (2014), Zhang et al. (2016),
and Chhabra et al. (2019) demonstrated the optimization
of PID controllers through fuzzy control, with experimen-
tal evidence supporting the superiority of this combined ap-
proach. Despite its advantages, fuzzy control has limitations,
particularly in its reliance on empirical design. The affil-
iation functions often require initial values that are deter-
mined through empirical and experimental methods. To ad-
dress these drawbacks, Zhang et al. (2019) proposed a novel
control scheme for a 3-degree-of-freedom robotic arm, utiliz-
ing a fuzzy proportional–derivative (PD) controller enhanced
by a backpropagation neural network (BPNNBF-PD). This
approach leverages the backpropagation neural network to
calibrate the affiliation functions and optimize the perfor-
mance of the fuzzy PD controller. In summary, while many
researchers have explored fuzzy control, most have not fully
mitigated its inherent drawbacks. Furthermore, there is a no-
table scarcity of studies focused on optimizing fuzzy PID
controllers specifically for flexible manipulator applications.

The research direction of this paper is the vibration sup-
pression trajectory planning and tracking control of a two-
link flexible robotic arm, and a control method combining
the improved particle swarm optimization algorithm with the
fuzzy PD control is proposed to reach the purpose of trajec-
tory tracking. Firstly, the dynamical equations of the robotic
arm are obtained by assuming the modal method and the La-
grangian method on the non-inertial system. Then, a 3-5-3
hybrid polynomial algorithm based on the modified adaptive
particle swarm optimization (MAPSO) is proposed to opti-
mize the trajectory of the robotic arm. Finally, the MAPSO
algorithm is utilized to modify the fuzzy PD controller on
the basis of the obtained optimal trajectory to construct the
MAPSO-FuzzyPD-based trajectory tracking controller, and
the feasibility and superiority of the proposed method are
demonstrated by theoretical and experimental analysis, re-
spectively.

The focus of this paper is on vibration suppression, trajec-
tory planning, and tracking control for a two-link flexible ma-
nipulator. A control method that combines an improved parti-
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Figure 1. The flexible manipulator model. (a) The physical model.
(b) The mathematical model.

cle swarm optimization algorithm with fuzzy PD control was
proposed to achieve effective trajectory tracking. Initially, the
dynamic equations of the manipulator were derived using the
modal method and the Lagrangian approach within a non-
inertial reference frame. Subsequently, a 3-5-3 hybrid poly-
nomial algorithm based on the MAPSO algorithm was intro-
duced to optimize the trajectory of the robotic arm. Finally,
the MAPSO algorithm was employed to refine the fuzzy PD
controller based on the optimal trajectory obtained, result-
ing in the development of the MAPSO-FuzzyPD trajectory
tracking controller. The feasibility and superiority of the pro-
posed method were validated through both theoretical and
experimental analyses.

2 Dynamic modeling of the flexible manipulator

2.1 Flexible manipulator model

The physical object of the flexible manipulator studied in this
paper is illustrated in Fig. 1a. This flexible robotic arm sys-
tem consists of two flexible connecting rods, and its mathe-
matical model is depicted in Fig. 1b. The parameters of the
flexible manipulator are shown in Table 1.

To facilitate the modeling of the system dynamics, the fol-
lowing assumptions were made:

1. The influence of joint flexibility was neglected, and only
the flexibility of the connecting rods was considered in
the vibration analysis and control studies.

Figure 2. Coordinate system of the 2-degree-of-freedom flexible
manipulator.

2. The analysis focused solely on the bending deformation
of the flexible connecting rods, while shear deforma-
tion and axial tensile/compressive deformation were ig-
nored.

3. The deformations of the end load and the joint motor
components of the robotic arm were considered small
enough to disregard their effects on the overall system,
treating them as mass points.

Based on the above assumptions, the coordinate system de-
picted in Fig. 2 was established. In this system,O–XY repre-
sents the inertial coordinate system, whileO1–X1Y1 andO2–
X2Y2 are the floating coordinate systems defined at the rotat-
ing joints of the flexible linkages L1 and L2, respectively.
And here, r1 denotes the position vector of the point corre-
sponding to the transverse coordinate x1 (0≤ x1 ≤ l1) of the
link L1 with respect to the origin O of the inertial system.
Similarly, r2 represents the position vector of the point cor-
responding to the transverse coordinate x2 (0≤ x2 ≤ l2) of
the link L2 with respect to the origin O of the inertial sys-
tem.

2.2 Dynamic modeling of the flexible manipulator

According to the assumed modal method, the vibration mode
function of the flexible manipulator (Tavasoli, 2018) could be
expressed as

wi(xi, t)=
∑n

i=1
8i(xi)qi(t) , (1)

where n is the number of retained modes, 8i(xi) is the nth-
order modal function of link i, qi(t) represents the corre-
sponding modal coordinate, and xi denotes the axial position
coordinate in the floating coordinate system of the link i.

Considering the two flexible connecting rods to be Euler–
Bernoulli beams, the transverse vibration equations of mo-
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Table 1. The main parameters of the flexible manipulator.

Title Parameters Values

Connecting rod L1 Arm’s length (l1) 500 mm

Section size (A1) External diameter d11: 35 mm.
Internal diameter d12: 32 mm

Moment of inertia (I1) 0.1150 kg m−2

End quality (m1) 1.38 kg

Connecting rod L2 Arm’s length (l2) 500 mm

Section size (A2) External diameter d21: 25 mm
Internal diameter d22: 22 mm

Moment of inertia (I2) 0.0252 kg m−2

End quality (m2) 0.303 kg

Density of flexible arms (ρ) 1760 kg m−3

Modulus of elasticity of flexible arms (E) 2.3× 1011 Pa

tion can be expressed as (Omidi and Mahmoodi, 2016)

EI
∂4w

∂4x
+ ρA

∂2w

∂t2
= 0. (2)

According to the characteristics of the beam, the boundary
conditions (Zhang et al., 2023) are defined as follows:
wi(0, t)= 0,
∂wi (0,t)
∂xi

= 0,

EiIi
∂2wi (li ,t)
∂2xi

= 0,

EiIi
∂3wi (li ,t)
∂3xi

=mend
∂2wi (li ,t)
∂2t

.

(3)

The frequency equation, modal function, and intrinsic fre-
quency of the beam are obtained by substituting Eq. (3) into
Eq. (1), leading to the following results:

1+ cosh
(
λj l
)

cos
(
λj l
)

=
mend

m
λj l

(
sin
(
λj l
)

cosh
(
λj l
)
− cos

(
λj l
)

sinh
(
λj l
))
, (4)

8i(xi)= cosh
(
λjxi

)
− cos

(
λjxi

)
−

cosh
(
λj l1

)
+ cos

(
λj l1

)
sinh

(
λj l1

)
+ sin

(
λj l1

) (sinh
(
λjx1

)
− sin

(
λjx1

))
, (5)

ωi = λ
2
i

√
(EiIi)/ (ρiAi) , (6)

where m is the mass of the flexible arm, mend is the mass of
the end of the flexible arm, and λj is the coefficient corre-
sponding to the j th natural frequency.

According to our team’s previous study, it is known that
the first-order modes of this flexible manipulator play a ma-
jor role in the deformation of the end elastic vibration. There-
fore, the first-order modes were taken into account to calcu-
late the dynamics model.

According to the geometric relationship, r1 and r2 can be
expressed as

r1 =

[
x1c1−w1 (x1, t)s1
x1s1+w1 (x1, t)c1

]
, (7)

r2 =

[
l1c1−w1 (l1, t)s1+ x2c12−w2 (x2, t)s12
l1s1+w1 (l1, t)c1+ x2s12+w2 (x2, t)c12

]
, (8)

where c1 = cosθ1, s1 = sinθ1, c12 = cos(θ1+ θ2), and s12 =

sin(θ1+ θ2).
To solve the kinetic equations, the Lagrangian method was

used, the expression of which is as follows:

d
dt

(
∂L

∂ṗ

)
−
∂L

∂p
=Q, (9)

where the Lagrangian function is given by L= T −U , T
being the total kinetic energy of the system and U the to-
tal potential energy of the system. p denotes the generalized
coordinate of the system, and Q is the generalized force in
generalized coordinates.

The total kinetic energy (T ) of this manipulator system
consisted of the kinetic energy (TG) generated by the motion
of the system itself and the kinetic energy (Ti) generated by
the elastic deformation of the flexible linkage. The kinetic
energy of the system could be defined as

T = TG+ Ti, (10)
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TG =
1
2
J0θ̇0

2
+

1
2
m0l

2
0 θ̇0

2
+

1
2
J1
(
θ̇0+ θ̇1

)2
+

1
2
m1
(
ṙ1|x1=l1

)2
+

1
2
J2
(
θ̇0+ θ̇1+ θ̇2

)2
+

1
2
m2
(
ṙ2|x2=l2

)2
, (11)

Ti =
1
2

∫ l1

0
ρ1A1ṙ1 · ṙ1dx1+

1
2

∫ l2

0
ρ2A2ṙ2 · ṙ2dx2. (12)

The total elastic potential energy (U ) of the manipulator sys-
tem can be expressed as the sum of the gravitational potential
energy (UG) and the elastic potential energy (Ui) due to de-
formation. Thus, we can write the following:

U = UG+Ui, (13)

UG = (m0+m1+m2)gL0s0

+ (m1+m2)gL1s01+m2gL2s012 , (14)

Ui =
1
2

∑2
n=1

∫ li

0
EiIi

(
∂2wi (xi, t)

∂x2
i

)2

dxi

=
1
2
K1q

2
1 +

1
2
K2q

2
2 , (15)

where

K1 = E1I1

∫ l1

0

(
∂281 (x1)
∂x2

1

)2

dx1,

K2 = E2I2

∫ l2

0

(
∂282 (x2)
∂x2

2

)2

dx2 .

The generalized coordinates are given as p =

(θ1,θ2,q1,q2)T , where θ1 and θ2 denote the rigidity
angles that the flexible linkage turns through and q1 and
q2 are the modal coordinates of the flexible linkage. And
the generalized force is Q= (τ1,τ2,0,0)T . Neglecting the
coupling terms for the productization and the difference cat-
egories in the trigonometric equation, the kinetic expression
is deduced as follows:

M× p̈+H (ṗ,p)+K×p+G= τ , (16)

where M denotes the mass matrix, H (p,ṗ) is the cross-
coupling matrix, and K denotes the stiffness matrix.

Figure 3. Illustration of the 3-5-3 schematic diagram of interpola-
tion function.

3 Time-optimal trajectory planning for flexible
manipulator

The manipulator has several possible paths to transition from
the starting point to the designated destination. It is crucial to
choose a seamless trajectory that guarantees system stabil-
ity and precise control. To achieve this, a 3-5-3 interpolating
polynomial is proposed to enhance the manipulator’s path,
ensuring a smooth and viable trajectory.

The resolution of interpolating polynomials poses a com-
plex challenge that necessitates adherence to specific con-
straints. As a solution, a customized adaptive particle swarm
optimization technique, denoted as MAPSO, has been in-
troduced to enhance the optimization process of the 3-5-3
polynomial algorithm. This advancement aims to generate a
time-optimal trajectory curve, thereby focusing on the effi-
cient utilization of time resources.

3.1 3-5-3 mixed polynomial interpolation

The study employs the 3-5-3 hybrid polynomial interpolation
technique to address the challenge of trajectory planning for
the manipulator’s end effector traversing various path points.
Figure 3 illustrates the segmented polynomial interpolation
diagram associated with this approach.

Any four known path points are selected in the motion tra-
jectory for trajectory optimization design, which are noted
as the start point S1(0,θ0), the path point S2(t1,θ1), the path
point S3(t2,θ2), and the termination point S4(t3,θ3), respec-
tively. The trajectory is partitioned into three distinct seg-
ments by the specified path delineations, incorporating third-,
fifth-, and third-degree polynomials successively.

1. Trajectory planning using cubic polynomials in the first
stage (0 to t1) is as follows:
θ1(t)= a10+ a11t1+ a12t

2
1 + a13t

3
1 ,

θ̇1(t)= a11+ 2a12t1+ 3a13t
2
1 ,

θ̈1(t)= 2a12+ 6a13t1.

(17)
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2. Within the second stage (t1 to t2), a fifth-degree polyno-
mial is used for trajectory planning:

θ2(t)= a20+ a21t2+ a22t
2
2 + a23t

3
2 + a24t

4
2 + a25t

5
2 ,

θ̇2 = a21+ 2a22t2+ 3a23t
2
2 + 4a24t

3
2 + 5a25t

4
2 ,

θ̈2 = 2a22+ 6a23t2+ 12a24t
2
2 + 20a25t

3
2 .

(18)

3. Trajectory planning using cubic polynomials in the third
stage (t2 to t3) is as follows:
θ3(t)= a30+ a31t3+ a32t

2
3 + a33t

3
3 ,

θ̇3 = a31+ 2a32t3+ 3a33t
2
3 ,

θ̈3 = 2a32+ 6a33t3.

(19)

At the initiation point S1 and the conclusion point S4, as-
sign zero values to their velocities and accelerations. The
intermediate points S2 and S3 serve as connectors for the
multi-segment interpolating polynomials, demanding con-
sistent displacements, velocities, and accelerations at the
boundary of these two points (Li, 2023).

The constraints are incorporated into Eqs. (17)–(19) and
organized into matrix form as follows:

a= A−1θ , (20)

where a represents the coefficient matrix, θ denotes the com-
bination matrix of four path points, and A refers to the poly-
nomial matrix with respect to time t .

3.2 Trajectory optimization based on MAPSO

The adaptive particle swarm optimization (APSO), as de-
tailed by Zhang and Fu (2020), represents an optimization al-
gorithm that leverages collective intelligence. Its fundamen-
tal concept involves emulating the social dynamics observed
in bird flocks, facilitating efficient pursuit of optimal solu-
tions through group-based collaborative search mechanisms.

The velocity and position formulation of the adaptive par-
ticle swarm optimization algorithm is as follows:
vi,j (t + 1) = ω · vi,j (t)+ c1r1

∣∣pbi(t)− xi,j (t)
∣∣

+ c2r2
∣∣gbi(t)− xi,j (t)

∣∣ ,
xi,j (t + 1)= xi,j (t)+ vi,j (t + 1).

(21)

In this context, vi,j (t) represents the velocity of the ith par-
ticle during the j th interpolation process after t iterations,
while it also signifies the position reached by the ith particle
during the same process. ω denotes the inertia weight; c1 and
c2 are the individual and population learning factors, respec-
tively; and r1 and r2 are random numbers within the interval
[0,1]. pbi(t) indicates the individual best value found by the
ith particle during the current search process, whereas gbi(t)
represents the global best value discovered by all particles in
the same process.

However, the inertia weight, as well as the individual and
population factors in the APSO algorithm, is a fixed value.

This rigidity can lead to issues such as falling into local op-
tima and a lack of adaptability to the search environment.
To address these limitations, this paper proposes an enhance-
ment to the APSO algorithm by optimizing the three param-
eters: inertia weight (ω), individual learning factor (c1), and
population learning factor (c2). This results in the develop-
ment of the MAPSO algorithm, which aims to improve the
algorithm’s flexibility and effectiveness in navigating the so-
lution space.

3.2.1 Inertia weight (ω)

Transformation of constant inertia weights into nonlinear in-
ertia weight functions using segmented tangent function:

ω = (ωmax−ωmin) · tan
(

0.875
(

1−
iter

itermax

)k)
+ωmin,

iter< 0.6 · itermax,

ω = 0.2+ 0.1 · rand( ) ,
iter> 0.6 · itermax,

(22)

where ωmax is the maximum value of inertia weight, taking
the empirical value of 0.9. ωmin is the minimum value of in-
ertia weight, taking the empirical value of 0.2. itermax is the
number of iterations, and k is the control factor (generally
taking 0.6).

3.2.2 Individual learning factor (c1) and group learning
factor (c2)

A trigonometric function is used for dynamic adaptive ad-
justment, which closely combines the values of the two learn-
ing factors with the current iteration times of the particle. The
function’s representation is detailed as follows:
c1 = cmax− (cmax− cmin) · sin2

(
π
2 ·

iter
vmax

)
,

c2 = cmin+ (cmax− cmin) · sin2
(
π
2 ·

iter
itermax

)
.

(23)

The optimization of the interpolation time for the 3-5-3 hy-
brid polynomial is achieved through the application of the
MAPSO algorithm. Subsequently, the total time consumed
by each joint, denoted as t1, t2, and t3, in executing the three-
segment interpolation trajectory is aggregated to derive the
fitness function for an individual joint. This fitness function
is mathematically expressed as follows:

minf = T =
tf∑
t0

t =

1∑
i=0

(ti+1− ti) . (24)

3.2.3 Process of MAPSO

The precise procedures of the enhanced optimization algo-
rithm are illustrated in Fig. 4.
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1. Define the scope of particle attributes such as positions
and velocities, the population magnitude denoted as m
and the upper limit of iterations and establish the ini-
tial positions and velocities for each particle within the
populace.

2. Log the most extreme values and present positions of
the individual optimal and global optimal entities.

3. Utilize the N 3D temporal vectors derived from the ini-
tialization in Eq. (20) to determine the coefficients for
each segmenting function. Subsequently, apply them to
Eqs. (17) to (19) to compute the three-segment motion
path, velocity, and acceleration for each articulation.

4. Determine the compliance of the velocity and acceler-
ation exhibited by the three-segment trajectories per-
taining to every joint of the robotic arm with the pre-
scribed kinematic limitations. Should all three-segment
trajectories adhere to the stipulated constraints, incorpo-
rate the duration of the three-segment trajectories into
Eq. (24) for the computation of the fitness metric while
documenting the prevailing positional data. Conversely,
should the velocity or acceleration of any of the three-
segment trajectories surpass the established constraints,
assign a significantly elevated fitness value to the cur-
rent particle to guarantee its exclusion during subse-
quent iterations.

5. Update the weight ω and learning factors c1 and c2 ac-
cording to Eqs. (22) and (23), and incorporate them into
the initial APSO equations to adjust the positions and
velocities of the particles.

6. The sub-iteration loop is executed by assessing the fit-
ness values of the individual pole and the global pole
from which the particle exhibiting the highest fitness is
chosen, representing the optimal pole.

7. If the termination criterion is not met, step 3 will be ini-
tiated, and the iteration will cease once the termination
criterion is fulfilled.

3.3 Simulation analysis

The origin of the coordinate system was established at the
joint motor 1, which controlled the flexible link L1. Initially,
both flexible rods were aligned parallel to the ground. Four
specific path points within the reachable space of the two
flexible links were identified and are detailed in Table 2.

The initial total duration was established to be 6 s, with in-
dividual intervals of 2 s each. Utilizing MATLAB, a simula-
tion was conducted to determine the convergence count and
time for both the standard APSO algorithm and the novel
MAPSO algorithm detailed in this study, as illustrated in
Fig. 5.

Figure 4. The process of the improved adaptive particle swarm op-
timization algorithm.

As shown in Fig. 5, comparing to the standard APSO al-
gorithm, when the MAPSO algorithm optimized the target
trajectories of the two flexible arms, the number of iterations
of joint 1 decreased from 52 to 35, while the number of it-
erations of joint 2 decreased from 48 to 23. Meanwhile, the
convergence time of the MAPSO algorithm was also better
than that of the standard APSO algorithm. The specific com-
parison results regarding the number of global convergences
and convergence times are presented in Table 3.

The time taken for each trajectory segment optimized by
the MAPSO algorithm had been compared with the time re-
quired by the conventional setting method, as presented in
Table 4.
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Table 2. The target trajectory point parameter information of the flexible manipulator.

Control points (Si , i = 1 to 4) Coordinates of control points (xt ,yt ) Angle of joint 1 (θ1) [rad] Angle of joint 2 (θ2) [rad]

S1 (starting point) (1000, 0) 0 0
S2 (path point 1) (923.0678, 381.9104) 0.3491 0.0873
S3 (path point 2) (703.8806, 704.0296) 0.6981 0.1745
S4 (endpoint) (385.0977, 913.5447) 1.0472 0.2618

Table 3. Comparative analysis of two algorithms.

Joint (i) The standard APSO algorithm The MAPSO algorithm

The number of The convergence The number of The convergence
iterations time [s] iterations time [s]

1 52 1.622 35 1.607
2 48 0.427 23 0.426

Figure 5. Process of convergence of joints: (a) joint 1 and
(b) joint 2.

As indicated in Table 4, the maximum values of the two
joints for each segment trajectory were considered the overall
running time for that segment: t1= 0.6855 s, t2= 0.2354 s,
and t3= 0.6845 s. Consequently, the total running time of
the robotic arm, t , was calculated to be 1.6054 s. This
represented a reduction of 4.3946 s compared to the pre-
optimization 3-5-3 segmented polynomial trajectory plan-
ning.

The variation curves of angular displacement, angular ve-
locity, and angular acceleration for the action of interpolating
polynomials optimized by the MAPSO algorithm are illus-
trated in Fig. 6.

The simulation results demonstrated that the two joints
of the flexible manipulator can accurately navigate through
each path point when driven by the MAPSO algorithm. Ad-
ditionally, the velocities and accelerations of the joints ad-
hered to the specified boundary constraints while achieving
a time-optimal path. However, it is noteworthy that the val-
ues of the joints’ velocities and accelerations were relatively
high. Specifically, the maximum velocity for joint 1 was
1.56 rad s−1, while for joint 2, it was 0.393 rad s−1. The max-
imum accelerations recorded were 4.458 rad s−2 for joint 1
and 1.110 rad s−2 for joint 2. The graph clearly illustrates sig-
nificant fluctuations during the intermediate stages, charac-
terized by sharp changes in acceleration, which are attributed
to the optimization of the MAPSO algorithm based on run-
time.

4 Trajectory tracking strategy based on
MAPSO-FuzzyPD

The studies indicated that while the MAPSO algorithm fa-
cilitates quicker attainment of target positions for the ma-
nipulator, it simultaneously elevated the speed and acceler-
ation during operation, leading to increased vibrations. Con-
sequently, it was essential to investigate vibration suppres-
sion techniques in trajectory tracking to mitigate the adverse
effects of these vibrations on the robotic arm system. Im-
plementing effective vibration control strategies will enhance
the overall stability and performance of the manipulator, en-
suring smoother operation and improved accuracy in task ex-
ecution.

After trajectory planning, it is essential to employ algo-
rithms and other methods to ensure that the robotic arm ac-
curately follows the intended path (Chen et al., 2022). To
address the inaccuracies in the dynamics model and reduce
jitter in the tracking system, this paper proposed a MAPSO-
FuzzyPD controller. This controller was designed with ro-
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Table 4. Comparative table of time spent on each trajectory segment.

Joint Total First trajectory Second trajectory Third trajectory
time [s] time [s] time [s] time [s]

General set points 6 2 2 2
1 1.6052 0.6855 0.2354 0.6845
2 0.4259 0.1591 0.1 0.1668

Figure 6. Improved algorithm 3-5-3 joint variation parameters under the action of hybrid polynomial interpolation. (a) Angular displacement,
(b) angular velocity and (c) angular acceleration.

bustness to counteract the uncertainties affecting joint tra-
jectory tracking control. By integrating the MAPSO algo-
rithm with a Fuzzy-PD control strategy, the proposed ap-
proach aimed to enhance the tracking performance of each
joint in the manipulator, ensuring smoother and more precise
execution of the planned trajectory.

4.1 Fitting of joint angular displacements

The input for the trajectory tracking control consists of the
joint angular displacements calculated in Sect. 3. To enhance
the accuracy, smoothness, and stability of the controller’s
output as well as to prevent potential issues during the so-
lution process, the angular displacement curve is further re-
fined.

A higher-order polynomial function was used to fit and
optimize the angular displacements of the two joints, and the
joint path points in Table 2 were added as constraints to ob-
tain a smoother target trajectory curve. The errors in the fit-
ted curves of angular displacements of the two joints with the
original 3-5-3 interpolation are shown in Fig. 7.

Given that polynomials of a degree higher than nine were
susceptible to overfitting, the analysis indicated that seventh-
and eighth-degree polynomials yield smaller fitting errors.
Additionally, the 3-5-3 mixed polynomials exhibit odd func-
tion properties, which may not be ideal for this application.

Figure 7. Fitting error in the nth-order polynomial fitted to the an-
gular displacements of the two joints: (a) joint 1 and (b) joint 2.
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Therefore, this paper selected the fitting curve of the seventh-
degree polynomial as the final target curve. This choice bal-
anced complexity and accuracy, ensuring a smooth trajectory
while minimizing the risk of overfitting.

4.2 Fuzzy PD-based trajectory tracking controller

The integral component of PID control serves to eliminate
steady-state error. However, it can also amplify noise and in-
terference within the system. This amplification often leads
to slow response times and unstable outputs, which can cause
noticeable jitter in the operation of flexible robotic arms. To
address these issues, this paper employed a fuzzy PD con-
troller for trajectory tracking control. The fuzzy PD con-
troller not only compensates for errors in trajectory tracking
but also enhances control accuracy and increases the robust-
ness of the system. The control block diagram for the fuzzy
PD controller is illustrated in Fig. 8, demonstrating its appli-
cation in improving trajectory tracking performance.

In Fig. 8, e(t) is the joint angle following error, ec(t) is the
rate of change in the following error of the joint angle, and
1KP and 1KD are the supplementary parameters corrected
by the fuzzy controller. At this time, the fuzzy PD controller
has two inputs, e and ec, and two outputs, 1KP and 1KD .
1KP and 1KD are corrected by the fuzzy controller in real
time by the action of the fuzzy rules, and the outputs are con-
nected and externalized to the PD controller, which is com-
bined with the given initial values of the PD parameters,KP0
and KD0, and then finally applied to the robotic arm system.
The fuzzy PD parameter self-tuning controller expression is
obtained as follows:{
KP =KP0+1KP ,

KD =KD0+1KD.
(25)

In this study, the triangular membership function was se-
lected for the fuzzy control solution. Drawing from PD pa-
rameter tuning experiences and manual testing, the input
variable domains for e and ec were defined to be within
[−0.5,0.5], while the output variable domains for 1KP
and 1KD were set to [−15,15]. The triangular member-
ship function employs the center of gravity method, resulting
in seven fuzzy sets: negative large (NB), negative medium
(NM), negative small (NS), zero (ZO), positive small (PS),
positive medium (PM), and positive large (PB). Based on ex-
pert knowledge and relevant literature regarding the regula-
tion of these variables, as well as the fundamental principles
of control quantity adjustment, the fuzzy rules governing the
control of 1KP and 1KD parameters have been compiled
and are presented in Tables 5 and 6. These rules facilitate ef-
fective tuning of the fuzzy PD controller, ensuring improved
trajectory tracking performance.

Table 5. The fuzzy rule control table of 1KP .

U
E

NB NM NS ZO PS PM PB

NB PS PS ZO ZO ZO PB PB
NM NS NS NS NS ZO NS PM
NS NB NB NM NS ZO PS PM

EC ZO NB NM NM NS ZO PS PM
PS NB NM NS NS ZO PS PS

PM NM NS NS NS ZO PS PS
PB PS ZO ZO ZO ZO PB PS

Table 6. The fuzzy rule control table of 1KD .

U
E

NB NM NS ZO PS PM PB

NB PB PB PM PM PS PS
NM PB PB PM PM PS ZO
NS PM PM PM PS ZO NS

EC ZO PM PS PS ZO NS NM
PS PS PS ZO NS NS NM

PM ZO ZO NS NM NM NM
PB ZO NS NS NM NM NB

4.3 MAPSO-based fuzzy PD trajectory tracking
controller

While the fuzzy controller effectively adjusts the parame-
ters of the PD controller, the initial parameters KP 0 and
KD0 must still be determined manually through experiments,
which can lack rigor. To address this, this paper employed
an improved adaptive particle swarm optimization (MAPSO)
algorithm, known for its straightforward principles, strong
learning capabilities, and ease of convergence. The proposed
approach combined the MAPSO algorithm with fuzzy PD
control to formulate a MAPSO-FuzzyPD controller. This
design first optimized the initial values of the proportional
and derivative parameters, followed by fine-tuning these val-
ues using the fuzzy controller. This combination enhanced
the overall control performance and robustness of the sys-
tem. The improved schematic block diagram illustrating this
methodology is presented in Fig. 9.

The optimized process of the improved adaptive particle
swarm optimization algorithm discussed in Sect. 3.2.3, along
with the modified structure diagram of the fuzzy PD con-
troller, is illustrated in Fig. 10 for the fuzzy PD control sys-
tem based on MAPSO.

The simulation model built using Simulink is shown in
Fig. 11.
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Figure 8. Fuzzy PD control block diagram.

Figure 9. Block diagram of MAPSO-based fuzzy PD controller structure.

4.4 Simulation analysis of MAPSO-FuzzyPD controller

To validate the effectiveness of the control strategy proposed
in this paper, a numerical simulation analysis was conducted.
The population size (N ) was set to 30, the maximum num-
ber of iterations (itermax) was 100, and the dimension count
was 4. representing the proportional control of two joints,
along with the initial values of differential parameters, which
were bounded within a range of ±[200,200,125,125]. The
initial calculation of proportional and differential values was
performed using the MAPSO algorithm, with corresponding
code written for continuous iteration to obtain the optimal
values based on the fitness function. These optimal values
were then stored in the MATLAB workspace. Simulation
was conducted using the trajectory tracking controller estab-
lished in Fig. 11. During the trajectory tracking process, the
PD control section automatically retrieved the optimal ini-
tial values of KP0 and KD0 from the workspace, incorpo-
rating fuzzy control for real-time adjustments. The results of
the simulation, specifically the error between the theoretical
and actual tracking angles of the two joints, are illustrated in
Fig. 12.

The illustration in Fig. 12 demonstrates that the enhanced
fuzzy PD controller exhibits superior performance in real-
time tracking of joints 1 and 2 when contrasted with both
the PD and the fuzzy PD controllers. Notably, it effectively
aligns the joint trajectories with the desired targets, eliminat-
ing initial oscillations observed during trajectory tracking.

The angular velocity tracking and control torque curves
for the three control strategies are shown in Fig. 13.

As shown in Fig. 13, the improved Fuzzy PD controller
effectively eliminated velocity and moment oscillations dur-
ing the initial phase compared to previous control strate-
gies. Specifically, the MAPSO-FuzzyPD controller reduced
the maximum tracking velocity for joint 1 from 0.22 to
0.14 rad s−1, with the duration of this peak velocity being
shortened to just 0.01 s. For joint 2, the maximum tracking
velocity decreased from 0.067 to 0.04 rad s−1, also with a
duration reduction to 0.01 s. Regarding torque, the variation
range of the starting torque for joint 1 was significantly im-
proved, now fluctuating between −1.1 and 12.4 N m. This
represented a reduction of 61.3 % compared to the maximum
starting torque observed with the PD controller and a 40.3 %
decrease compared to the fuzzy PD controller. For joint 2, the
starting torque variation was reduced to between −3.8 and
0.52 N m, which was 57.9 % less than the maximum start-
ing torque of the PD controller and 42.1 % less than that of
the fuzzy PD controller. These results highlighted the en-
hanced stability and performance of the MAPSO-FuzzyPD
controller during the onset phase, leading to smoother oper-
ation with reduced oscillations.

The simulation results clearly demonstrated the superior-
ity of the MAPSO-FuzzyPD control strategy.

5 Experimentation and analysis

The physical platform of the 2-degree-of-freedom flexible
manipulator built in this paper was mainly composed of three
parts: mechanical system, electrical system, and control sys-
tem, as shown in Fig. 14. The electrical system comprised
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Figure 10. The fuzzy PD control system based on MAPSO.

several key components: articulated motor 1 (HT8115-J9),
articulated motor 2 (HT8108-J9), a motor power supply, and
an acceleration sensor (Weite Intelligent six-axis accelerom-
eter gyroscope WT61C-TTL). The control system consisted
of a PC host and an STM32 control board, which work to-
gether to manage and execute the control algorithms. This
setup allowed for precise coordination of the motors and
monitoring of system performance through the acceleration
sensor, enabling effective control and feedback mechanisms
essential for optimal operation.

The control strategy involved developing a control pro-
gram for the articulated motors using MDK5. This program
was then uploaded to the STM32 control board via an ST-
LINK, facilitating communication between the PC host and
the lower computer. Once the commands were received, the
STM32 control board parsed them and executed the neces-
sary arithmetic operations using its internal processor. Based
on these calculations, it determined the appropriate control
signals for each joint motor. These control signals were sub-

sequently transmitted to the respective joint motors through
the controller area network (CAN) bus, ensuring precise and
coordinated movement of the articulated system. This setup
allowed for real-time control and adjustment, enhancing the
overall responsiveness and performance of the system.

The experiment employed the optimized multi-path joint
angle function from Sect. 4.1 as the target trajectory for the
motor joint angles. The motor control program was inte-
grated to enable the motor-controlled manipulator to follow
four specified target paths, as detailed in Table 2. This move-
ment was executed under three different control strategies:
PD control, fuzzy PD control, and MAPSO-FuzzyPD con-
trol. The primary goals of the experiment were to assess the
trajectory tracking performance of joint 1 and joint 2 and to
evaluate the vibration characteristics at the end of flexible
arm 2, specifically at the end effector.

The total duration of the experiment was 1.61 s, with a
data collection precision set at 0.01 s. The data acquisition
system extracted real-time data from various positions and
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Figure 11. Simulink simulation model.

Figure 12. Angular difference from ideal trajectory with three con-
trol strategies: (a) joint 1 and (b) joint 2.

exported them to a spreadsheet for subsequent data fitting
using MATLAB. And the angular trajectory following curve
and the vibration curve at the end of the flexible manipulator
is as shown in Figs. 15 and 16, respectively.

In Fig. 15, the overall trend indicated that under the in-
fluence of the three control strategies, the motors driving
joints 1 and 2 were able to closely track the target trajec-
tory in real time, maintaining smooth operation within an
acceptable error range. However, during the trajectory track-
ing phase, it was observed that both PD control and fuzzy
PD control exhibit a greater deviation from the target trajec-
tory compared to the MAPSO-FuzzyPD control. This sug-
gested that the MAPSO-FuzzyPD control provided better ac-
curacy in trajectory tracking, resulting in reduced error and
enhanced performance of the flexible manipulator through-
out the experiment. Moreover, the results indicated that, com-
pared to the desired trajectory, all three methods exhibit a de-
gree of lag due to uncertainties such as friction and aerody-
namic damping present in the physical model during motion.
Additionally, the flexibility and large length-to-diameter ratio
of the flexible manipulator contribute to this lag, potentially
leading to deviations in end-effector positioning. Future stud-
ies could focus on optimizing performance by integrating vi-
bration control techniques.

Figure 16 shows the real-time variation curves of the vi-
bration acceleration components at the end of the manipu-
lator under the three control actions, and the end vibration
situations were very close to each other due to the small er-
ror between the actual tracking trajectories of the three con-
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Figure 13. Angular velocity tracking and control torque curves. (a) Angle tracking velocity of joint 1. (b) Angle tracking velocity of joint 2.
(c) Control torque of joint 1. (d) Control torque of joint 2.

Figure 14. Experimental platform.

trollers. During the initial phase (0 to 0.4 s), the vibration ac-
celeration amplitude at the end of the arm in the x direction
for all three control strategies was nearly zero, indicating the
successful implementation of a “soft start” in this direction.
In contrast, in the y direction, the effects of gravity lead to
a brief blocking torque during the instantaneous start, result-
ing in a significant amplitude of vibration at the arm’s end.
However, all three controllers managed to return the end of
the arm to smooth tracking within 0.02 s, with the MAPSO-
FuzzyPD control demonstrating slightly lower acceleration
amplitudes compared to the other two controllers. From 0.4
to 1.61 s, the tracking speeds of the three control strategies
showed minimal differences, leading to similar vibration lev-
els at the end of the flexible arm during this period. As the
joints approached the target position, the vibration acceler-

Figure 15. Joint angles under various control strategies: (a) joint 1
and (b) joint 2.

ation diminished due to the gradual reduction in speed. Af-
ter 1.61 s, once the two joints reached their target positions
smoothly, the absence of active and passive vibration sup-
pression strategies at the end of the arm results in residual
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Figure 16. Vibration at the end of the manipulator. (a) Vibration of
the end in the x direction. (b) Vibration of the end in the y direction.

vibrations of the flexible arm, highlighting an area for fur-
ther investigation in future studies.

Based on the experimental results, both joints exhibit
smooth trajectory tracking with minimal deviation. Notably,
the MAPSO-FuzzyPD controller outperforms the other two
control methods in terms of both trajectory tracking accu-
racy and vibration control. This demonstrates the effective-
ness and advantages of the proposed control strategy in this
paper, highlighting its potential for improved performance in
robotic applications. The findings suggest that the MAPSO-
FuzzyPD controller could be a valuable approach for enhanc-
ing the stability and responsiveness of robotic systems in dy-
namic environments.

6 Conclusions

In this paper, the 2-degree-of-freedom flexible manipulator
was examined as the primary research object, focusing on
three key aspects: dynamics modeling, trajectory planning,
and trajectory tracking. The main conclusions drawn from
this study are as follows:

1. The flexural deformation of the pliable manipulator
was elucidated through the utilization of the assumed
modal approach, and the dynamic equations governing
the 2-degree-of-freedom manipulator were formulated
through the amalgamation of the Lagrangian method.

2. Aiming at the problems of solving the coefficients of
3-5-3 interpolating polynomials and the difficulty of se-

lecting the optimal value, the adaptive particle swarm
optimization algorithm was improved by a nonlinear
segmented tangent inertia weight function and dynam-
ically adjusting the learning factor based on a trigono-
metric function. A 3-5-3 hybrid polynomial algorithm
based on MAPSO was proposed, and simulation experi-
ments were carried out on the basic trajectory with time
as the optimization objective. Simulation results indi-
cated that both joints of the flexible manipulator ac-
curately traversed each path point under the proposed
algorithm. The resulting position, velocity, and accel-
eration profiles were smooth, continuous, and free of
abrupt changes, thereby satisfying the specified bound-
ary constraints.

3. A trajectory tracking controller based on MAPSO-
FuzzyPD was constructed by modifying the fuzzy PD
controller with the MAPSO algorithm and analyzed
by simulation experiments. The outcomes of the sim-
ulation reveal notable improvements when comparing
FuzzyPD with respect to tracking speed and torque con-
trol. Specifically, the maximum tracking speed of joint 1
decreased from 0.22 to 0.14 rad s−1, with a reduced du-
ration of 0.01 s. Similarly, the maximum tracking speed
of joint 2 decreased from 0.067 to 0.04 rad s−1, also
with a duration reduction to 0.01 s. Consequently, the
efficacy in determining the optimal PD control parame-
ter initial value was significantly enhanced. In terms of
torque, the range of starting torque for joint 1 decreased
to−1.1 and 12.4 N m, representing a 61.3 % and 40.3 %
decrease compared to the maximum starting torque of
PD control and FuzzyPD, respectively. Likewise, the
starting torque range for joint 2 decreased to −3.8 and
0.52 N m, indicating a 57.9 % and 42.1 % decrease com-
pared to the maximum starting torque of PD control
and FuzzyPD, respectively. These results demonstrated
the algorithm’s effectiveness in mitigating the initial vi-
brational phenomena observed in tracking angular dis-
placement, angular velocity, and torque, thereby facil-
itating smoother motor and robotic arm control opera-
tions.

Finally, an experimental platform for the flexible manip-
ulator was established, and the experimental results further
validated the effectiveness and feasibility of the algorithm
proposed in this paper concerning joint trajectory tracking.
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