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To improve the trajectory tracking performance and robustness for uncertain robot manipulators, a
generalized sliding mode controller (GSMC) including an ideal controller and a continuous sliding mode con-
troller (SMC) is proposed from the standpoint of motion constraints. First, the trajectory tracking requirements
are formulated as the motion constraints, based on which an ideal controller is proposed to satisfy the motion
constraints for robot manipulators whose dynamics are precisely known. Second, an additional continuous SMC
is presented to compensate for the effects of uncertainty, and the chattering phenomenon that commonly exists
in the SMC can be avoided by the introduction of a smoothing function. Third, Lyapunov analysis is conducted
to verify that the proposed GSMC enables the tracking error restricted to a small region around zero. Finally, the
numerical simulation and experiment are performed to verify the effectiveness and superiority of the proposed

GSMC.

Recently, with the development of technology, robot manip-
ulators have been widely applied in industrial manufacturing,
aerospace, medical treatment, military, and other fields. De-
spite the different application scenarios, achieving fast and
high-accuracy trajectory tracking is one of the common re-
quirements for these tasks. However, acquiring a desirable
trajectory tracking performance for robot manipulators re-
mains a challenge, since robot manipulators have multiple
variables, strong coupling, and nonlinear systems (Khalil and
Dombre, 2004). Moreover, uncertainty (such as parameter
uncertainty and external disturbances) may exist in robot
manipulators, which can also deteriorate the system’s per-
formance. Some effective control schemes like computed
torque control (CTC) (Perumalsamy et al., 2023) and back-
stepping control (Brahmi et al., 2018; Pan et al., 2018) are
proposed. However, these schemes are model-based, which
means that the tracking performance relies on the system dy-
namic model. In practice, due to the complex structure of
robot manipulators, accurate dynamics models are difficult
to obtain. Besides, the dynamics of robot manipulators may
change; for example, if the end effector grasps loads, the in-

ertia matrix will change (Kim et al., 2019). To cope with
the uncertainty, many advanced control methods have been
proposed, such as adaptive control (Slotine and Li, 1988;
Wang, 2017), fuzzy control (Li et al., 2015), robust control
(Mahmoud, 1993; Del Prete and Mansard, 2016; Liu and
Abdel-Malek, 2000; Chen et al., 2022), neural-network con-
trol (Khan et al., 2021), and sliding mode controller (SMC)
methods (Fang et al., 2022).

Owing to its strong robustness, the SMC has attracted
much attention (Jing et al., 2019; Zhai et al., 2021). Con-
ventional SMC schemes essentially have discontinuous con-
trol, which endeavors to force the system trajectory to follow
the predefined sliding surface (Wang et al., 2019). However,
the chattering problem caused by the use of the switching
function will result in high control gains, high-frequency dy-
namics, and actuator deterioration. To reduce the chattering,
the boundary layer method is proposed in Cupertino et al.
(2009). However, since the boundary layer method is a con-
tinuous approximation, the control accuracy of the system
will reduced. In Du et al. (2018), the terminal SMC (TSMC)
method is proposed to attenuate the chattering and can ensure
that the system is stable in finite time. Although the TSMC
can achieve finite-time convergence, it suffers from the sin-



gularity problem. To avoid the singularity problem, the non-
singular TSMC (NTSMC) method is proposed (Van et al.,
2016; Wang et al., 2020). However, the proposed NTSMC
cannot eliminate the chattering, and the convergence rate is
slow. To realize the faster convergence rate, a fast TSMC
(FTSMC) is proposed in Amirkhani et al. (2019). However,
the chattering in control still exists in the proposed FTSMC.
A super-twisting SMC (STSMC) is presented in Mobayen et
al. (2017), in which the control input is continuous to avoid
chattering. However, this method assumes that the initial er-
ror is zero since the robustness of the system can only be
ensured if the system states reach the sliding surface. The
scheme proposed in this paper, on the other hand, does not
require such an assumption.

To realize the precision control of robot manipulators with
uncertainty, a two-step control scheme is proposed. In the
first step, consider the control of the “ideal” robot manipu-
lator system whose dynamics model is precisely known. An
exact closed-form ideal controller is designed from a novel
standpoint, where the control requirements are taken as a set
of constraints exerted on the controlled system, and based on
the analytical dynamics theory (Udwadia and Kalaba, 1996),
the control inputs that enable the ideal system to meet these
requirements are obtained. It is noted that the control inputs
can be obtained without performing any approximations or
linearizations for the system dynamic model. Moreover, the
proposed control inputs can minimize a quadratic control
cost at each moment; this means that the control inputs are
modest (Udwadia, 2008; Udwadia and Koganti, 2015b). In
the second step, the ideal controller is augmented by an ad-
ditional continuous SMC to realize the precision control for
robot manipulators whose dynamics model is not precisely
known. This additional controller is developed on the basis of
the notion of a generalized sliding surface, where the smooth-
ing function is applied to replace the sign function to avoid
chattering. Moreover, the proposed controller can track the
desired trajectory within the expected error range even in the
presence of uncertainty.

The main contributions are summarized below.

1. Based on the analytical dynamics theory, an ideal con-
troller that can enable the ideal system to meet the de-
sired control requirements is presented in closed form.
Moreover, the ideal control input is optimal since it ren-
ders the quadratic control cost minimized at each mo-
ment.

2. By the introduction of the notion of the generalized slid-
ing surface, an additional controller is designed to aug-
ment the ideal controller. The proposed controller can
drive the system to meet the expected control require-
ments in the presence of initial condition deviations and
uncertainty while avoiding the chattering problem.

Consider an n-link serial robot manipulator as follows (Zhu
et al., 2023):

D(®)B+V(0,0)0+G@O)+ f(0,0) =1, (1)

where © is the joint position, and D (®), V(@,@), and
G (®) represent the inertia matrix, Coriolis torque matrix,
and gravitation torque, respectively. Notice that matrix D is
positive definite. 7 and f (©,®) are the control input and
unknown disturbance, respectively. In the following, D(®),
\% (@, @) G(®),and f (@, @) are abbreviated as D, V, G,
and f for convenience.

Since uncertainty inevitably exists in the robot manipula-
tor, we assume that (Su et al., 2020; Deng et al., 2023)

D=D+AD,
V=V+AV,
_ ()
G=G+AD,
f=F+Af,

where (*) denotes the ideal portions, and A (-) denotes the
uncertain portions.

The control objective of this paper is to design a suitable
controller that causes the tracking error to converge to zero
as t — oo. To quantify the control objective, we have

ei(1) = ©;(t) — Bi(1), 3)

where ®;q denotes the desired trajectory of the ith joint.

In this paper, the control design is split into two steps. The
first step is to design an ideal controller for the ideal system
(i.e., whose dynamic model is precisely known and has no
external disturbances imposed on it). The second step is to
design a GSMC to enhance the robustness.

Firstly, we suppose that the robot manipulator dynamic
model parameters are all known and without load distur-
bances imposed on the robot manipulator. Then, we can ob-
tain the ideal dynamic model of the robot manipulator as

DO+VO+G+ f=i. “)

In this paper, the control objective is reformatted as the
form of motion constraint

e=0, &)

where e = [ey,...,e,]7.



Generally, the motion constraint (Eq. 5) can be modified
as

é+ye=0, (6)

where y = diag{yi,..., y»} is a positive user-defined matrix.
Differentiating Eq. (6) with respect to time #, one has

é+yé=0. 0)

Rewriting Eqgs. (6) and (7) in matrix form, one can obtain
(Udwadia, 2005)

Mé=c,

Mé=b. ®)

where M =1, c=[—ye],and b =[—ye¢].

According to Kalaba and Udwadia (1993) and Udwadia
and Kalaba (2002), the control input # that drives the motion
constraints (Eq. 8) to be satisfied can be given by

ﬁ:(MD)_l<b+MD_1 (f/®+é+f)). ©)

In a sense, the control input (Eq. 9) is optimal since it renders
the control cost #7 D~'ii minimized at each moment (Udwa-
dia, 2003).

In the previous section, the control input that drives the mo-
tion constraints satisfied is deduced based on the condition
that the model parameters of robot manipulator are precisely
known. However, precise knowledge of the system is diffi-
cult or even impossible to achieve. Therefore, in this section,
we will explore the control of robot manipulator whose pa-
rameters are not perfectly known.
Define the auxiliary error variable as

€ (1) = 0;(t) — Bu(r), (10)

where ©;(¢) and Oj,(¢) are the ith joint position of the ideal
and real robot manipulator, respectively.
According to Eq. (10), we have

é=0-0,, an

where € = [eq, ..., €17 .
The generalized sliding surface is defined as

o =¢+le, (12)

where [ = diag{/y,...,I,} is a positive user-defined matrix.
One can see that e can asymptotically converge to zero once
the controlled system is restricted on the hyperplane o = 0.
However, the methods that can maneuver the systems to
reach 0 =0 in a limited time are generally discontinuous
(Udwadia and Wanichanon, 2014; Udwadia and Koganti,
2015a). To avoid the problems caused by the usage of the

discontinuous function, this paper intends to use a smooth
function that can only guarantee that the system be restricted
to a small region €2, close to zero, defined as

Q ={oeR"loll <¢}, 13)

where ¢ > 0 is a arbitrarily small constant.

Notice that the generalized displacement and velocity at
the initial time are the same for the ideal system and the real
system (i.e., €(0) = €(0) = 0), which means that the system
is within the region €2, at the initial time.

Define

AB=D"" (V-G f+ii)
—D—l(—Vé—G—f+ﬁ) (14)

and suppose that the following estimates,

Amin = mMin {eigenvalues of D_l} (15)

and

- IIA®|I+1||€|I7

Vi, (16)

Amin

can be obtained. Based on these properties, the closed-form
expression for the GSMC is given as

u=u-+i (17)
with
i=—p(a/?), (18)

where ¢ > 0 is a user-defined parameter to satisfy desired
tracking tolerances.

Select the Lyapunov candidate as

1
Vz—zaTU. (19)

Differentiating Eq. (19) along the sliding variable trajec-
tory o, one has

V=ol0s (20)
Differentiating Eq. (12) with respect to time, one has

6 =€+Ié. 21
By Egs. (1), (4), (11), and (17), one has

E=D '(a+i-vVO-G-f)
-7 (a-V6-G - f)
=A6+D7 . (22)



Substituting Eq. (22) into Eq. (21) yields

=AM+ J 0+ 1e (23)
Then, one has

V=0T (a6+Di+1¢). 24)
Substituting Eq. (18) into Eq. (24) yields

V:O’TA(:)—go’TD_IO’ +loT¢
- 4 2 .
<lolllA® | —E?»min lol=+Lllalllel

- p .
<llo Il (IA© | —E?»min Lo+ 1el). (25)
Moreover, when || o || /¢ > 1, by Eq. (16), one has
. .. PO .
Vol (A0 —Ekmin Lo+ 1el)

| A@ ||+ |1 € |

§_||U||)\min(p_ j-
min

)

<0. (26)

According to Lyapunov’s stability theorem, the region €2,
can be an attracting region for the real system. Since the
tracking errors of the real system start inside the region 2.,
they can always remain in the region ; using the proposed
controller (Eq. 17).

To illustrate the effectiveness of the proposed controller,
some simulations and experiments are conducted with a two-
link robot manipulator. The dynamics of the manipulator is
given as (Wu et al., 2019)

Dy; Dy
D(g) = 27
(¢) |:D21 Dzz] 27
. V 1%
V(q,q>=[V; VZ} (28)
G
G(g) = , 29
(@) [G2i| (29)
with
1 10
Dy=hL+hL+ Zm1+m2 11+Zm212
+ mylilr cos(®y),
(30

1 1
Dp=5L+ Emzlllz cos(®7) + Zmzl%,
Dy = Dy,

1
Dy =105L+ Zmzl%,

Vit = —imal11,0,5in(0;),
1 . .

Vio = —=molil (®1 + ©,) sin(®5),

iz 01+ .
Vo1 = §m21112®1 sin(®>),
Voo =0,

1
G| = §m1lzgc0s(®1) +moligcos(®r)

1

+ Emzlgg cos(0] + 0y), (32)

1

Gr, = Emzlzg cos(®1 4+ 0y),

where m; and [; (i =1,2) denote the actual mass and
length of the ith link, respectively. The ideal parameter
values of the manipulator dynamics (Eq. 27) are assigned
as I} =7.462kg-m?, I, =0.106kg-m?, s =4.8152kg,
iy =0.7134kg, I =0.300m, and I, = 0.268 m. To vali-
date the robustness of the proposed GSMC, the system un-
certainty is chosen as Amj =0.1mcos(wrt) and Amy =
0.1mycos(rrt), and the external disturbance is chosen as
Af1 = A fo =0.5c0s(5¢t) Nm. In the simulation, the desired
trajectory is set as ®g = [n/lSsin(t) n/lScos(t)]T. The
initial conditions are set as ®4(0) = [—rr /18 / 9]T and
©4(0) = [0 0]”". The control parameters of the proposed con-
troller are set as [ = diag {5, 10}, p = diag{100, 10}, and ¢ =
0.5.

To assess the superiority of the proposed controller, the
comparison with a conventional SMC and robust control
(Huang et al., 2021) is conducted. The expression of the con-
ventional SMC is given as

T=DxCxO®—DxK xS—nxsat(s), (33)

where S = Ce+ ¢ is the sliding surface, C = diag{10, 10},
K =diag{15, 5}, and n = 50.
The expression of the robust control is given as

T=Dx(0;—Txé)—Vx(0g-Txe)+G
—pre—deé—ax(é+er)xv2, (34)

where I' = Iyo, K, =diag{50,20}, K, =diag{12,0.5},
o=0.1,and v =2.

The simulations are carried out in the MATLAB environ-
ment, employing a variable time step ode15i solver. The sim-
ulation results are depicted in Figs. 1-6. Figures 1 and 2
present the trajectory tracking response of joints 1 and 2 un-
der three different controls. As seen in Figs. 1 and 2, both
the three controls can track the reference trajectory. To com-
pare the tracking performance of three algorithms, the trajec-
tory tracking errors of joints 1 and 2 are depicted in Figs. 3
and 4. It can be observed that both the transient response and
steady-state tracking performance of the generalized SMC
are superior to those of the conventional SMC and robust
control. In addition, the control input of joints 1 and 2 un-
der the three algorithms is illustrated in Figs. 5 and 6; one



can see that the control inputs of the conventional SMC and
robust control are higher than the generalized SMC for both
joint 1 and joint 2.

To further validate the proposed control algorithm, the ex-
perimental validation on the robot manipulator experimental
platform (see Fig. 7) is conducted. The experimental plat-
form adopts the rapid control prototyping method, which en-
ables users to establish the control algorithm model in the
MATLAB/Simulink environment and then use the automatic
code generation tool to automatically generate the C code,
thus facilitating users to complete the algorithm validation in
a fast and efficient way.

Figures 8 and 9 show the trajectory tracking responses of
the conventional SMC algorithm, robust control algorithm,
and generalized SMC algorithm, respectively. One can see
that the generalized SMC algorithm provides better tracking
performance than the conventional SMC algorithm and ro-
bust control algorithm. Figures 10 and 11 compare the track-
ing errors of the two joints under three different algorithms.
The tracking errors of the two joints under the generalized
SMC algorithm are below 0.2°, while the tracking errors of
the two joints under the conventional SMC algorithm and ro-
bust control algorithm are close to 0.3°. Figures 12 and 13
compare the control inputs of the two joints under three dif-
ferent algorithms. For both joint 1 and joint 2, the control
inputs of the conventional SMC algorithm and robust con-
trol algorithm are larger than those of the generalized SMC
algorithm.

In this study, to improve the trajectory tracking control per-
formance for robot manipulators subject to uncertainty, a
generalized SMC is designed. The design procedure of the
proposed generalized SMC contains two steps. In the first
step, it is assumed that the dynamic model of robot manip-
ulators is precisely known, and there are no external distur-
bances; an ideal control is designed based on analytical dy-
namics by reformulating the trajectory tracking as a prob-
lem of constrained motion. In the second step, a smooth-
function-based SMC is designed to prevent the chattering
phenomenon caused by discontinuous function and further
enhance the robustness performance. Numerical simulations
and experimental results simultaneously validate the effec-
tiveness of the proposed generalized SMC algorithm. In
the future, this method will be modified and applied to
robotic manipulators with actuator saturation and output con-
straints.
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