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Abstract. Stiffness excitation is one of the important excitations for the variable hyperbolic circular-arc-tooth-
trace (VH-CATT) cylindrical gear system. Accurate calculation of the gear meshing stiffness is of great signif-
icance to investigating dynamic characteristics of the VH-CATT cylindrical gear system. Firstly, based on the
forming theory of the modified tooth surface, the modified tooth surface equation of the VH-CATT cylindrical
gear was deduced, and the 3D reconstruction was realised. Next, the load tooth contact analysis (LTCA) model
of the VH-CATT cylindrical gear was developed to calculate the meshing stiffness of the VH-CATT cylindrical
gear, and it was verified by the finite-element calculation. Finally, the influence of the load and modification
parameters on the VH-CATT cylindrical gear stiffness was investigated. Research shows that the stiffness cal-
culation method of the VH-CATT cylindrical gear based on LTCA is accurate. The meshing stiffness of the
VH-CATT cylindrical gear in the double-tooth meshing area is large, and the meshing stiffness of the VH-CATT
cylindrical gear in the single-tooth meshing area is small. The stiffness of the VH-CATT cylindrical gear in-
creases with an increase in the load and cutter inclination angle, the stiffness of the VH-CATT cylindrical gear
only in the double-tooth meshing area decreases with an increase in the parabolic coefficient, and the stiffness
of the VH-CATT cylindrical gear increases with a decrease in the blade parabolic vertex position value. The
research results provide a basis for improving the bearing capacity of the VH-CATT cylindrical gear and opti-
mising design.

1 Introduction

Gear transmission contact is a complex elastic mechanical
contact system. Accurate analysis of dynamic excitation of
the gear system contact is a foundation for obtaining the cor-
rect vibration response (Ni et al., 2024; Xie and Yu, 2022; Yu
et al., 2022) in the meshing process due to the periodic vari-
ation in the number of meshing teeth involved and, on the
other hand, due to the curvature change in the tooth surface
from the tooth root to the tooth top. Therefore, the compre-
hensive meshing stiffness of the gear-pair changes periodi-
cally. References (Wang et al., 2012; Marafona et al., 2021;
Wang et al., 2021) show that the meshing stiffness excitation
is one of the main internal excitations that causes the vibra-
tion of the gear transmission system, which plays a decisive
role in the basic characteristics of the system dynamics to a

certain extent. Therefore, the basic function of the gear sys-
tem vibration analysis is to accurately calculate the meshing
stiffness of the gear pair (Zhou et al., 2022b).

The core problem of the meshing stiffness calculation is
calculating the gear comprehensive deformation in the direc-
tion of the common normal displacement. At present, the
main methods of the meshing stiffness calculation are the
finite-element method, material mechanics method, elastic
mechanics method, and load tooth contact analysis (LTCA)
method. For example, Cai et al. (2024) calculated the time-
varying mesh stiffness of the spiral bevel gears with the vari-
ous surface roughness by the finite-element analysis. Meng et
al. (2023) derived the time-varying meshing stiffness calcu-
lation equations under the irregular pitting model while con-
sidering the effect of axial stiffness. Mo et al. (2023) calcu-
lated the time-varying meshing stiffness of each gear set of
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a wind turbine gearbox based on the principle of the poten-
tial energy method. Xia et al. (2023) derived the time-varying
meshing stiffness calculation equation with fractal character-
istics based on fractal theory. Pedrero et al. (2023) proposed a
simple and efficient analytical model for the simulation of the
mesh stiffness, transmission error, and load sharing for heli-
cal gears with the profile modification. Zhou et al. (2022a)
proposed a time-varying mesh stiffness model of the modi-
fied gear-rack drive with tooth friction and wear; the time-
varying mesh stiffness of the modified gear-rack drive was
calculated using the generating method, and the potential en-
ergy principle and verified using the finite-element method.
The above research provides a method for the stiffness cal-
culation of the variable hyperbolic circular-arc-tooth-trace
(VH-CATT) cylindrical gear.

The VH-CATT cylindrical gear is a kind of cylindrical
gear; the main structural characteristics of the tooth pro-
file are as follows: the tooth direction line of the VH-CATT
cylindrical gear is an arc line, the tooth profile of the middle
cross section is involute, the other sections are hyperbolic,
and the contact form of the VH-CATT cylindrical gear is
node contact (Ma et al., 2019, 2021a). At present, researchers
have achieved great research results in the meshing principle,
three-dimensional modelling design, manufacturing, and es-
pecially the meshing performances and so on. For example,
Wei et al. (2020) proposed a computing formula of the maxi-
mum contact stress of the VH-CATT cylindrical gear accord-
ing to the Hertz formula, proposed an integrated wear pre-
diction model (Wei et al., 2022b), and analysed the effect of
the installation errors and design parameters on the contact
trace and geometric transmission error (Wei et al., 2022a).
Guo et al. (2021) and Ma et al. (2023) derived the curvature
calculation formula of the VH-CATT cylindrical gear to in-
vestigate the influence of design parameters on the contact el-
lipse of the VH-CATT cylindrical gear. Fuentes et al. (2014),
Chen et al. (2015) Zhang et al. (2016), and Fuentes-Aznar
et al. (2017) used a finite-element calculation to calculate the
contact stress and bending stress of the VH-CATT cylindrical
gear based on the three-dimensional model. Luo et al. (2022)
and Wu et al. (2023) established a tooth contact analysis
model and a loaded tooth contact analysis model to analyse
the meshing performances of the VH-CATT cylindrical gear.
Ma et al. (2018, 2021b) proposed the meshing contact impact
hypothesis of the VH-CATT cylindrical gear to obtain the
VH-CATT cylindrical gear’s meshing contact impact prop-
erties. Finally, Ma et al. (2023b) developed a loaded tooth
contact analysis model of the VH-CATT cylindrical gear to
obtain the load distribution and load transmission error in the
modified tooth surface.

The research of the VH-CATT cylindrical gear is of very
high quality. However, there are still some restricting fac-
tors in the industrial application of the VH-CATT cylindrical
gear. For example, to reduce the vibration and noise and im-
prove the bearing capacity of the VH-CATT cylindrical gear
transmission system, the tooth surface modification method

Figure 1. Modified tooth-surface-forming coordinate system.

with the inclined milling cutterhead and parabolic cutter
blade was proposed (Ma et al., 2023a). However, the influ-
ence of the modification parameters on the meshing stiffness
characteristics of the VH-CATT cylindrical gear system is
not very clear, so the design of the VH-CATT cylindrical gear
vibration and noise reduction tooth surface cannot be carried
out effectively.

Therefore, a study on meshing stiffness characteristics
of the modified variable hyperbolic circular-arc-tooth-trace
cylindrical gears was proposed. In the present paper, the
modified tooth surface equation of the VH-CATT cylindri-
cal gear was deduced, and the 3D model was developed. The
load tooth contact analysis model of the VH-CATT cylin-
drical gear was developed. The meshing stiffness calculation
method for the VH-CATT cylindrical gear was proposed and
verified by the finite-element calculation. The influence of
the load and modification parameters on the VH-CATT cylin-
drical gear stiffness was investigated. The research content
provides a technical basis for improving the bearing capacity
of the VH-CATT cylindrical gear and optimising design.

2 Modified tooth surface mathematical model

The authors have proposed a tooth surface modification de-
sign method of the VH-CATT cylindrical gear in previous
studies (Ma et al., 2023b; Liu and Ma, 2022); the blade of
the cutterhead is a parabola, and there is an inclination an-
gle in the position when the cutterhead is installed. Figure 1
is the modified tooth-surface-forming coordinate system. In
Fig. 1, O1x1y1z1 is the coordinate system of the gear blank,
Ofxfyfzf is the static coordinate system of the gear blank,
Odxdydzd is the static coordinate system of the inclined cut-
ter, and Od0xd0yd0zd0 is the dynamic coordinate system of
the inclined cutter. RT is the tooth line radius, R1 is the pitch
circle radius, B is the gear width, ω is the angular velocity of
the cutter, ω1 is the angular velocity of the gear blank, ϕ1 is
the involute angle, θ is the spreading angle of the cutter, and
γ is the cutterhead inclination angle.
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According to the meshing theory and forming principle of
modified tooth surface (Litvin, 2008), the modified tooth sur-
face mathematical model of the VH-CATT cylindrical gear
can be written as follows:

xn1 =

[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm
4 cosγ

]
cosθ cos(γ +ϕ1)

−

[
(u+ u0)cos(γ ∓α)+ au2n sin(γ ∓α)±

πm

4
sinγ

]
sin(γ +ϕ1)+ (RT cosγ +R1ϕ1)cosϕ1
−RT sinϕ1 sinγ −R1 sinϕ1,

yn1 =

[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm
4 cosγ

]
cosθ sin(γ +ϕ1)

+

[
(u+ u0)cos(γ ∓α)+ au2n sin(γ ∓α)±

πm

4
sinγ

]
cos(γ +ϕ1)+ (RT cosγ +R1ϕ1) sinϕ1
+RT cosϕ1 sinγ +R1 cosϕ1,

zn1 =

[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm
4 cosγ

]
sinθ,

Anu
4n−1
+Rnu

2n−1
+Pnu+Qn = 0,

An = 2na2 cosθ,

Rn =±2na
πm

4
cosθ cosα+ 2naRT cosθ cos(γ ∓α)

−2na (RT+R1ϕ1 cosγ )cos(γ ∓α)
−2naR1ϕ1 sinγ cosθ sin(γ ∓α) ,

Qn = u0 cosθ + πm
4 cosθ sinα

−R1ϕ1 sinγ cosθ cos(γ ∓α)
+ (RT+R1ϕ1 cosγ ) sin(γ ∓α)
−RT cosθ sin(γ ∓α) ,

(1)

where u0 is the distance between the parabolic vertex posi-
tion and the pitch line of the unmodified straight blade; a
is the parabolic coefficient, where the outer blade is posi-
tive and the inner blade is negative; α is the pressure angle;
n is the order of the parabolic function, which is an integer
(such as 1, 2, and 3) and corresponds to the second-, fourth-
and sixth-order parabolic modified tooth surface equations,
respectively; and m is the gear modulus.

According to the modified tooth surface equation, the
modified tooth surface mathematical model is established by
MATLAB and the three-dimensional model of the VH-CATT
cylindrical gear is established by UG. Figure 2 is the modi-
fied tooth surface mathematical model. Figure 3 is the mod-
ified gear 3D model of the VH-CATT cylindrical gear. The
important parameters are as follows: tooth number is z= 41,

Figure 2. Modified tooth surface mathematical model.

Figure 3. Modified gear 3D model.

tooth width B = 80 mm, pressure angle α = 20°, modulus
m= 8 mm, tooth line radius RT = 200 mm, parabolic coef-
ficient a = 0, cutterhead inclination angle γ = 5°, and the or-
der of the parabolic function n= 1.

3 Load tooth contact analysis mathematical model

To get the common normal displacement of the load-bearing
contact gear pair, a loaded tooth contact analysis model of the
VH-CATT cylindrical gear is established, as shown in Fig. 4.
The schematic diagram of the loaded tooth contact analysis
model of the VH-CATT cylindrical gear is the cross-sectional
expansion diagram of the tooth surface along the long axis of
the contact ellipse.

In Fig. 4, i is the number of the instantaneous contact el-
lipse centre, j is a discrete point number along the long axis
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of the ellipse, w is the initial gap of a discrete point on the
tooth surface before contact that can be calculated by the
tooth contact analysis model, d is the actual remaining gap
of a discrete point on the tooth surface after loading defor-
mation, sz is the common normal displacement of the load-
bearing contact gear pair, P is the load, I is the first pairs of
the teeth, and II is the second pairs of the teeth.

According to Fang (1998), the deformation compatibility
equation at discrete point j can be expressed as

fjkFk +wj = sz+ dj , (2)

where if dj = 0, Fj > 0, or if dj > 0, Fj = 0, and fjk is the
flexibility coefficient of the VH-CATT cylindrical gear pair.

Considering multi-tooth contact and n discrete points, the
total deformation compatibility equation is written in matrix
form as follows:

SQFQ+wQ = sze+dQ,Q= I, II , (3)

where S is the contact point flexibility matrix, F is the contact
point load matrix, w is the tooth surface gap matrix before de-
formation, e is the unit matrix, d is the remaining gap matrix
after deformation, and Q is the number of contact teeth.

Based on the conditions of the deformation coordination,
force balance, and non-embedding, the following mathemat-
ical model is established to describe the equilibrium state of
the tooth contact under load:

f =min
[

1
2

(
P TS

)
P
]
,

SQFQ+wQ = sze+dQ,Q= I, II ,

T =
n∑
i=0

(diInIFiI+diIInIIFiII) ,

such that dj > 0
(
dj = 0

)
‖Fj = 0

(
Fj > 0

)
,

sz ≥ 0, Fj ≥ 0,

(4)

where P is the tooth surface load; j is the discrete point num-

ber, j = 1,2,3, . . .,2n; S=
[

SI 0
0 SII

]
; nI and nII are the

unit normal vectors of the first and second pairs of the teeth;
and diI and diII are the matrixes composed of the rotation
radius of the discrete points on the contact line.

In Eq. (4), S, w, T , and n are the known parameters. P ,
sz and d are the parameters to be solved. The ratio of the
single-gear-pair tooth surface load to gear-pair system load
is the load distribution coefficient, as shown in Eq. (5).

LQ =

n∑
j=1

FjQ

P
Q= I, II (5)

4 VH-CATT cylindrical gear meshing stiffness
calculation and FEM verification

The meshing stiffness of the gear system is the ratio of the
normal load and the normal displacement of the VH-CATT

Table 1. Main parameters of gear structure for meshing stiffness
analysis.

Gear parameters Numerical value

Modulus m (mm) 8
Tooth number z1/z2 29/41
Pressure angle α (°) 20
Tooth line radius RT (mm) 200

cylindrical gear pair, shown as Eq. (6). The normal load of
the tooth surface and the normal displacement of the gear
pair can be calculated by LTCA. Therefore, Eq. (6) is called
the VH-CATT cylindrical gear meshing stiffness model.

k =
p

sz
(6)

Due to the deformation compatibility conditions, LTCA re-
sults show that the normal deformation of several pairs of
teeth meshing at the same time is consistent. In addition,
because the flexibility coefficients of the different contact
points are different, the tooth surface loads of the different
meshing gears are different at the same time. The single-
tooth meshing stiffness can be obtained by multiplying the
comprehensive meshing stiffness by the load distribution co-
efficient of the corresponding point, as shown in Eq. (7).

kd = LQ
p

sz
(7)

According to the main parameters of the gear structure for
the meshing stiffness analysis, shown in Table 1, the gear
comprehensive stiffness and single-tooth stiffness were cal-
culated by the LTCA method, as shown in Figs. 5 and 6. The
comprehensive stiffness of the VH-CATT cylindrical gear-
pair changes periodically, and there is a sudden change in the
comprehensive stiffness. A pair of teeth is engaged in some
meshing areas, and two pairs of teeth are engaged in some
areas. The change trend of the single-tooth stiffness is small
at both ends and large in the middle, which is consistent with
the theoretical analysis of gear tooth meshing stiffness.

Because the finite-element calculation has the character-
istics of the accuracy and high efficiency, it is gradually be-
coming widely used in the dynamic calculation of the gear
system, and it can also be used to calculate the meshing stiff-
ness of the VH-CATT cylindrical gear system. Therefore,
this method can be used to verify the LTCA stiffness calcu-
lation method. The calculation steps of the meshing stiffness
based on the finite-element method are as follows: import
the 3D model into ABAQUS, calculate the deformation of
the gear contact area, extract the normal load of the mesh-
ing contact area, and calculate the meshing stiffness based
on the definition formula of the meshing stiffness, as shown
in Eq. (8).

kn =
Fn

un
, (8)
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Figure 4. Loaded tooth contact analysis model of the VH-CATT cylindrical gear.

Figure 5. Comprehensive stiffness.

Figure 6. Single-tooth stiffness.

where kn is the meshing stiffness of the single-tooth obtained
by the finite-element method, Fn is the normal load of the
tooth surface obtained by the finite-element method, and un

is the comprehensive elastic deformation of the gear teeth
obtained by the finite-element method.

The comprehensive deformation of the single tooth in-
cludes the tooth surface contact elastic deformation, uh; the
deformation displacement, ub, caused by the tooth bending;
and the gear support system deformation, uf. Because the de-
formation problem of the gear support system is extremely
complex, only the tooth surface contact deformation, uh, and
the bending deformation, ub, are considered when the com-
prehensive deformation is calculated. Therefore, the compre-
hensive deformation of the gear system is

un =

2∑
i=1

uhi +

2∑
i=1

ubi (9)

when the gear system is a multi-tooth contact and the gear
teeth are in parallel. Therefore, the comprehensive meshing
stiffness of the gear system is as follows:

km =

p∑
i=1

kni , (10)

where p is the number of teeth meshing at the same time.
Figure 7 is the meshing stiffness finite-element model. The

torque of the driven wheel is equal to 1000 N m. The gear
density is equal to 7.8× 10−9 T mm−3, the comprehensive
elastic modulus is equal to 210 GPa, and Poisson’s ratio is
equal to 0.3. Figure 8 is the contact force cloud map of the
driving gear tooth surface in a certain position. It can be seen
from the figure that the contact area of the gear pair is a slen-
der ellipse and that the contact force at the centre of the con-
tact ellipse is the largest. Figure 9 is the contact tooth sur-
face deformation cloud map. The contact form of the VH-
CATT cylindrical gear pair is pointing contact. According to
the Hertz contact theory, the maximum deformation of the
VH-CATT cylindrical gear pair occurs at the theoretical con-
tact point of the VH-CATT cylindrical gear pair, and the de-
formation at the contact point is the comprehensive elastic
deformation of the VH-CATT cylindrical gear.

To calculate the normal load and deformation of the tooth
surface from meshing in to meshing out, the driving gear is
rotated by 1° each time, and the driven gear is rotated by a
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Figure 7. Meshing stiffness finite-element model.

Figure 8. Load distribution cloud map.

certain angle according to the transmission ratio. The defor-
mation and normal load are calculated and extracted at each
position. The finite-element calculation results show that the
overall trend of the comprehensive deformation of the driv-
ing gear from meshing in to meshing out gradually decreases,
which is consistent with the theoretical trend. However, the
deformation of the gear teeth suddenly increases due to the
reduction in the number of load-bearing teeth in the single-
tooth meshing area. The change trend of the driven gear
comprehensive deformation is the same as that of the driv-
ing gear. The comprehensive deformation of the gear pair is
small at both ends and large in the middle, which is also con-
sistent with the theoretical change trend.

Figure 10 shows the comparison between the results of the
LTCA calculation and the finite-element calculation. It can
be seen from the figure that there is a certain error in the

Figure 9. Deformation distribution cloud map.

calculation results of the two methods. The average meshing
stiffness error in the VH-CATT cylindrical gear pair in the
meshing-in double-tooth meshing area is 9.18 %, the aver-
age meshing stiffness error in the VH-CATT cylindrical gear
pair in the single-tooth meshing area is 15.95 %, and the av-
erage meshing stiffness error in the VH-CATT cylindrical
gear pair in the meshing-out double-tooth meshing area is
9.61 %. The main reasons for the meshing stiffness error are
meshing quality, small rotation displacement of the driving
gear, constraint conditions, deformation, and contact post-
processing. However, overall, the meshing stiffness varia-
tion law of the VH-CATT cylindrical gear pair calculated by
the two methods is consistent. The meshing stiffness of the
VH-CATT cylindrical gear pair in the double-tooth meshing
area is large, and the meshing stiffness of the gear pair in
the single-tooth meshing area is small. The meshing stiffness
of the VH-CATT cylindrical gear pair in the single–double-
tooth meshing alternating area has obvious mutation proper-
ties.

5 Influences of load and modification parameters on
the VH-CATT cylindrical gear stiffness

5.1 Influence of load on the VH-CATT cylindrical gear
stiffness

Figure 11 is the influence of the load on the comprehensive
stiffness of the VH-CATT cylindrical gear pair, and Fig. 12
is the influence of the load on the single-tooth stiffness. The
load is equal to 400, 700, 1000, 1500, and 1800 N m.

Observing Figs. 11 and 12, the comprehensive stiffness
and single-tooth stiffness increase with an increase in the
load. The reason is that the external load of the gear pair in-
creases, the contact ellipse area of the tooth surface increases,
and the deformation of the VH-CATT cylindrical gear sys-
tem decreases. At the same time, it can also be seen from the
figures that the mutation of the comprehensive stiffness in
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Figure 10. Comparison between meshing stiffness calculation re-
sults between LTCA and finite-element method.

Figure 11. Influence of load on comprehensive stiffness.

the single–double-tooth alternating area also increases. The
reasons are that the load increases and the deformation dif-
ference in the VH-CATT cylindrical gear system before and
after the single–double-tooth alternating increases.

5.2 Influence of cutter inclination angle on the VH-CATT
cylindrical gear stiffness

Figure 13 is the influence of the cutter inclination angle
on the comprehensive stiffness of the VH-CATT cylindrical
gear pair, and Fig. 14 is the influence of the cutter inclination
angle on the single-tooth stiffness of the VH-CATT cylindri-

Figure 12. Influence of load on single-tooth stiffness.

cal gear pair. The cutter inclination angle is equal to 0, 3, 5,
and 7°.

Observing Figs. 13 and 14, the comprehensive stiffness
and single-tooth stiffness of the VH-CATT cylindrical gear
pair increase with an increase in the cutter inclination angle.
The larger the cutter inclination angle, the larger the stiffness
increase amplitude of the VH-CATT cylindrical gear. For
example, the average increase amplitude of the comprehen-
sive stiffness in the meshing-in double-tooth meshing area
is equal to 8.70 %, 20.57 %, and 45.97 %. The average in-
crease amplitude of the comprehensive stiffness in the single-
tooth meshing area is equal to 9.89 %, 24.45 %, and 64.35 %.
The average increase amplitude of the comprehensive stiff-
ness in the meshing-out double-tooth meshing area is equal
to 10.79 %, 25.27 %, and 76.86 %. The reasons are that the
cutter inclination angle increases and that the elliptical con-
tact area of the tooth surface increases; the larger the cutter
inclination angle, the greater the increase in the elliptical area
and the smaller the system comprehensive deformation under
load. Namely, the stiffness of the VH-CATT cylindrical gear
pair becomes greater.

5.3 Influence of parabolic coefficient on the VH-CATT
cylindrical gear stiffness

Figure 15 is the influence of the parabolic coefficient on the
comprehensive stiffness of the VH-CATT cylindrical gear
pair, and Fig. 16 is the influence of the parabolic coeffi-
cient on the single-tooth stiffness of the VH-CATT cylindri-
cal gear pair. The parabolic coefficient is equal to 0, 5×10−5,
1× 10−4, and 5× 10−4.

Observing Figs. 15 and 16, the comprehensive stiffness
and single-tooth stiffness of the VH-CATT cylindrical gear
pair in the double-tooth meshing area decrease with an in-
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Figure 13. Influence of cutter inclination angle on comprehensive
stiffness.

Figure 14. Influence of cutter inclination angle on single-tooth
stiffness.

crease in the parabolic coefficient. When the parabolic coef-
ficient is greater than 5× 10−4, the change rule of the com-
prehensive stiffness of the VH-CATT cylindrical gear pair
changes, but the influence is small in the single-tooth mesh-
ing area. The reason is that the parabolic forming blade re-
moves a certain material of the VH-CATT cylindrical gear
surface. After modification, the tooth thickness decreases,
and the tooth surface gap increases. The farther away from
the vertex position of the parabolic blade, the smaller the
tooth thickness and the larger the surface gap. When the tooth
surface clearance increases, the VH-CATT cylindrical gear
system needs a greater deformation under load, and the latter

Figure 15. Influence of parabolic coefficient on comprehensive
stiffness.

pair of tooth surfaces will come in contact. And the larger
the gap, the greater the deformation required. Therefore, the
meshing stiffness of the VH-CATT cylindrical gear pair in
the double-tooth meshing area decreases. When the parabolic
coefficient is equal to 5× 10−4 in particular, due to the large
gap, the phenomenon of premature exit and delayed entry
of the VH-CATT cylindrical gear pair occurs. Therefore,
the single-tooth meshing stiffness is equal to 0 at the mesh-
ing entry or exit time, and the change law of the compre-
hensive stiffness of the VH-CATT cylindrical gear pair also
changes. And the tooth surface gap at the parabolic vertex of
the blade is the same as that of the unmodified tooth surface
gap. Therefore, the comprehensive stiffness and single-tooth
meshing stiffness of the VH-CATT cylindrical gear pair in
the single-tooth meshing area are basically unchanged.

5.4 Influence of parabolic vertex position on the
VH-CATT cylindrical gear stiffness

Figure 17 is the influence of the parabolic vertex position of
the blade on the comprehensive stiffness of the VH-CATT
cylindrical gear pair, and Fig. 18 is the influence of the
parabolic vertex position of the blade on the single-tooth
stiffness of the VH-CATT cylindrical gear pair. The parabolic
vertex position u0 is equal to −3, −1.5, 0, 1.5, and 3 mm.

Observing Figs. 17 and 18, the comprehensive stiffness
and single-tooth stiffness of the VH-CATT cylindrical gear
pair increase with a decrease in the blade parabolic vertex po-
sition value. When the parabolic vertex position u0 is equal
to −3 mm in particular, most of the contact tooth surfaces
are almost in full-tooth-width contact based on the tooth sur-
face load distribution, as shown in Fig. 19. Therefore, the
deformation and meshing stiffness of the VH-CATT cylin-
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Figure 16. Influence of parabolic coefficient on single-tooth stiff-
ness.

Figure 17. Influence of parabolic vertex position on comprehensive
stiffness.

drical gear system are very complicated. In addition, the rea-
son why the comprehensive stiffness and single-tooth mesh-
ing stiffness of the VH-CATT cylindrical gear pair increase
with the decrease in the parabolic vertex position is that the
smaller the parabolic vertex position, the larger the tooth sur-
face contact area, the smaller the load in the unit area, and
the smaller the comprehensive deformation of the VH-CATT
cylindrical gear pair.

Figure 18. Influence of parabolic vertex position on single-tooth
stiffness.

Figure 19. Tooth surface load distribution when u0 is equal to
−3 mm.

6 Conclusion

This paper discusses the meshing stiffness characteristics
of the modified variable hyperbolic circular-arc-tooth-trace
cylindrical gears. Firstly, the tooth surface equation of the
modified VH-CATT cylindrical gear was deduced based on
the meshing theory, and the modified tooth surface mathe-
matical model and 3D model were developed. Next, the load
tooth contact analysis mathematical model of the VH-CATT
cylindrical gear was developed. The calculation formulas
of the meshing stiffness for the VH-CATT cylindrical gear
based on the LTCA were then given, and the finite-element
calculation was used to verify the LTCA stiffness calculation
method. Finally, the influence of the load and modification
parameters on the VH-CATT cylindrical gear stiffness was
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investigated. The main conclusions can be expressed as fol-
lows:

1. The stiffness calculation method of the VH-CATT
cylindrical gear based on LTCA is proposed and verified
by the finite-element calculation. The research shows
that the stiffness calculation method of the VH-CATT
cylindrical gear based on LTCA is correct.

2. The meshing stiffness of the VH-CATT cylindrical gear
in the double-tooth meshing area is large, and the mesh-
ing stiffness of the VH-CATT cylindrical gear in the
single-tooth meshing area is small. The meshing stiff-
ness of the VH-CATT cylindrical gear in the single–
double-tooth meshing alternating area has obvious mu-
tation properties.

3. The comprehensive stiffness and single-tooth stiffness
of the VH-CATT cylindrical gear increase with an in-
crease in the load and cutter inclination angle. The
comprehensive stiffness and single-tooth stiffness of the
VH-CATT cylindrical gear in the double-tooth meshing
area generally decrease with an increase in the parabolic
coefficient, but the influence is small in the single-tooth
meshing area. The comprehensive stiffness and single-
tooth stiffness of the VH-CATT cylindrical gear in-
crease with a decrease in the blade parabolic vertex po-
sition value.

4. In the present paper, the meshing stiffness character-
istics of the modified variable hyperbolic circular-arc-
tooth-trace cylindrical gears is discussed, but the influ-
ence of the load and modification parameters on the
nonlinear dynamics is not carried out. Therefore, the
main work will focus on the vibration and noise reduc-
tion in the VH-CATT cylindrical gear in the future.
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