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Abstract. This research demonstrates a miniaturized statically balanced compliant mechanism (SBCM) at the
micro-electromechanical systems (MEMS) scale. The primary objective is to integrate the MEMS-scale SBCM
on chip as the fundamental structure of vibrational energy harvesters for powering low-energy-cost sensors and
circuits. The static and dynamic characteristics of the micro-scale SBCM are investigated based on a 2D finite
element analysis (FEA) model in COMSOL Multiphysics®. Static balancing is achieved by finely tuning the
geometric parameters of the FEA SBCM model. The analytical, numerical, and FEA results confirm that the
MEMS-scale SBCM is sensitive to ultralow wide-bandwidth excitation frequencies with weak accelerations.
This micro-scale SBCM structure provides a structural solution to effectively lower the working frequencies
of MEMS vibrational energy harvesters to ultralow ranges within a wide bandwidth. It overcomes the working
frequency limit imposed by the size effect. This would significantly improve the dynamic performance of vibra-
tional energy harvesters at the MEMS scale. In addition, a conceptual structure of the MEMS-scale SBCM is
preliminary proposed for the integration of piezoelectric materials by MEMS technologies for vibrational energy
harvesting.

1 Introduction

Energy in the form of mechanical vibrations ubiquitously
exists in our ambient environment. The concept of harvest-
ing vibrational energy provides an ideal solution for pow-
ering numerous sensors in the Internet of Things (IoTs)
project (Kamalinejad et al., 2015). The research area of vi-
brational energy harvesting has attracted increasing attention
in the past decades (Liang et al., 2021; Liu et al., 2021). The
frequencies of most accessible vibrational sources, such as
ocean waves, anthropogenic activities, and bridge vibrations,
are normally between 100–101 Hz (Li et al., 2014). Thus, the
mechanical structures of vibrational energy harvesters are ex-
pected to be sensitive to ultralow wide-bandwidth vibrations
for more efficient energy-harvesting performance. The de-

sign of such mechanical structures responding to ultralow
wide-bandwidth vibrations is one of the main tasks for re-
searchers in this area.

One ultimate goal for powering low-energy-cost sensors
and electronics is that the vibrational energy harvesters can
be integrated on a single chip (Todaro et al., 2017). This re-
quires the vibrational energy harvesters to be miniaturized
significantly and fabricated using micro-electromechanical
systems (MEMS) technologies. MEMS vibrational energy
harvesters have been reported in the literature (Feng et al.,
2023; Hossain et al., 2023); however, these micro-oscillators
normally have narrow working bandwidths and high natural
frequencies due to their linear stiffness and the size effect, i.e.
smaller sizes lead to higher resonant frequencies (Deng et al.,
2014). These drawbacks lead to poor energy-harvesting per-
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formance and make the traditional MEMS-scale vibrational
energy harvester less attractive in practical applications.

Statically balanced compliant mechanisms (SBCMs) are
special compliant mechanisms (CMs) with zero force and
zero stiffness over a certain displacement range (Liang et al.,
2022). They can remain in equilibrium in a continuous finite
displacement range, while the nonlinear static curve is ob-
served over the wider displacement range. This novel force–
displacement relationship results in SBCMs having a unique
dynamic characteristic under base excitations. The SBCM
responds to ultralow frequencies (theoretically starting from
0 Hz) with a wide bandwidth. In addition, the advantages of
SBCMs include highly alleviated friction, low or no assem-
bling complexity, reduced mass, low cost, and good scala-
bility and compatibility with respect to MEMS techniques
(Maamer et al., 2019; Paul et al., 2021). These features make
the SBCMs scalable. Both the static and dynamic character-
istics are independent of the fabrication size of the structure.
Therefore, SBCMs provide practical structural solutions for
vibrational energy harvesters at the MEMS scale.

Typical SBCMs are designed based on the stiffness com-
pensation principle: the stiffness of a positive-stiffness com-
ponents is balanced by the stiffness of the negative-stiffness
components; thus, zero stiffness is achieved. However, zero
stiffness only determines that the integrated CM has content
force (not necessary to be zero) in a certain displacement.
A further requirement to achieve static balancing is that
the force–displacement curves of the positive- and negative-
stiffness components should be symmetric about the horizon-
tal axis (Liang et al., 2022). These requirements can be de-
scribed with the following two equations:

k+ (x)+ k− (x)= 0, (1)
F+ (x)+F− (x)= 0. (2)

Here, k+(x) and k−(x) represent the stiffness equations of
the positive- and negative-stiffness compliant components,
respectively, and F+(x) and F−(x) are force–displacement
equations of the positive- and negative-stiffness compliant
components, respectively.

A specific SBCM has been reported in our previous
research (Liang et al., 2022), as shown in Fig. 1. This
SBCM design consists of a pair of double parallelograms
(positive-stiffness component) and a pair of post-buckled
fixed guided beams (negative-stiffness component). Based on
its good scalability and manufacturability in a single plane,
the SBCM structure is miniaturized at the MEMS scale in
this research as the main structure of an on-chip vibrational
energy harvester. The design of the miniaturized SBCM
with well-designed geometric parameters is first introduced
in Sect. 2. The dynamic performance of the MEMS-scale
SBCM is then investigated based on finite element analysis
(FEA) simulations in Sect. 3. A preliminary structural con-
cept of the MEMS-scale SBCM considered from the aspects

of MEMS techniques is proposed in Sect. 4. Conclusions are
drawn in the final section.

2 Design of the miniaturized SBCM

The miniaturized SBCM structure at the MEMS scale is
composed of a pair of double parallelograms and a pair
of post-buckled fixed guided beams. As both the adopted
positive- and negative-stiffness components remain in equi-
librium in the original position, i.e. F+(0)= F−(0)= 0,
Eq. (2) is the only requirement to meet. The linearized stiff-
ness equation of the positive-stiffness component (two dou-
ble parallelograms connected in parallel) with slight nonlin-
earity neglected (Awtar et al., 2007) is given in Eq. (3). Based
on Dijksman (1979), the stiffness equation of the negative-
stiffness component (a pair of post-buckled fixed guided
beams) can be described with the approximate closed-form
equation (Eq. 4).

k+ =
24EI1

L3
1

(3)

k− =−
16π2EI2

L3
2

(4)

A rapid design equation of the SBCM is then obtained
by substituting the stiffness equations of the positive- and
negative-stiffness equations (Liang et al., 2022), as given in
Eq. (5). This equation helps to narrow down the possible ge-
ometric parameters to create the desired SBCM. However,
errors exist due to the approximation in Eqs. (3) and (4). Fur-
ther refinement of the geometric parameters is required with
the assistance of the FEA models. A design guideline for the
SBCM (Liang et al., 2022) is summarized in the form of a
flow chart in Fig. 2.

3H1T
3

1

L3
1
=

2π2H2T
3

2

L3
2

(5)

The key geometric parameters of the 2D FEA model of the
MEMS-scale SBCM created in COMSOL Multiphysics® are
illustrated in Fig. 3 and are determined following the design
guideline. The footprint size of the SBCM is 16 mm× 8 mm,
which is 128 mm2. The thickness of the model is set as
0.5 mm. Silicon is chosen as the structural material of the
MEMS-scale SBCM model. This MEMS-scale SBCM can
then be fabricated using a silicon wafer with a standard thick-
ness of 525 µm. Static balancing is finally achieved by finely
adjusting the geometric parameters of the compliant beams.
These geometric parameters are listed in Table 1. Note that
this set of geometric parameters is one example of the many
possible geometric solutions to achieve static balancing of
the MEMS-scale SBCM device. The geometric parameters
can be determined based on the specific application condi-
tions. The following analysis is carried out based on the static
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Figure 1. Schematic structure of the SBCM proposed for the piezoelectric vibrational energy harvesting (Liang et al., 2022).

Figure 2. Design guideline of the SBCM (modified based on a previous study – Liang et al., 2022).

balancing achieved corresponding to the geometric parame-
ters listed in Table 1.

The force–displacement curve of the MEMS-scale SBCM
can be obtained based on the static FEA simulation. The tar-
geted displacement range in this simulation is from −0.4 to
0.4 mm. The force–displacement curve in the FEA results
is shown in Fig. 4. The fitted fifth-order polynomial of the
force–displacement curve is obtained using the polyfit func-

tion in MATLAB® and is given in Eq. (6). The R2 coefficient
of determination is 99.97 %, indicating a high fitting accu-
racy. The fitted polynomial curve is also plotted in Fig. 4
for direct comparison. The maximum stress, σmax, happens
at the central and clamped positions of the buckled negative-
stiffness beams when the mass block stays at its origin point.
The σmax is calculated as 155 MPa based on the geometric
parameters listed in Table 1. It is smaller than the maximum
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Figure 3. The 2D FEA model of the miniaturized SBCM at the MEMS scale and key geometric parameters.

Table 1. Geometric parameters of the MEMS-scale SBCM with static balancing achieved.

Positive-stiffness component Negative-stiffness component

Length L1 4.286 mm Length L2 6 mm
Thickness out of plane H1 500 µm Thickness out of plane H2 500 µm
Thickness in plane T1 20 µm Thickness in plane T2 15 µm
– – Preloading 1L 30 µm

Figure 4. Force–displacement curves of the SBCM at the MEMS
scale based on the FEA simulations and fitted fifth-order polyno-
mial equation.

allowable stress of 200 MPa of silicon (Farhadi Machek-
poshti et al., 2019). The dynamic performance of the SBCM
at the MEMS scale under harmonic base excitation is anal-
ysed based on the force–displacement character obtained.

FSBCM (x)= 0.00002656x+ 0.001574x3
+ 0.01771x5 (6)

3 Dynamic characteristic of the MEMS-scale SBCM

The dynamic displacement response of the proposed MEMS-
scale SBCM (as shown in Fig. 3) can be theoretically pre-
dicted based on the dynamic model (Eq. A3 in Appendix A)
and the force–displacement polynomial (Eq. 6). In addition,
the numerical model is obtained using the ode45 Runge–
Kutta method in MATLAB®. The H–f curves of the SBCM
under different excitation accelerations, A0= 0.1, 0.2, and
0.3 g, are obtained based on the analytical and numerical
models and plotted in Fig. 5. A close agreement between
the analytical and numerical results is observed in the over-
all frequency range, as shown in Fig. 5. Both the theoreti-
cal and numerical results show that the SBCM at the MEMS
scale responds to weak excitations (A0= 0.1, 0.2, and 0.3 g)
at ultralow frequencies (theoretically any frequencies above
0 Hz) in a wide range. The maximum error percentage be-
tween the two theoretical methods is 22.8 %, which happens
around 8.3 Hz at 0.2 g. The errors are caused due to the su-
perharmonic oscillation phenomenon (Kronauer and Musa,
1966; Liang et al., 2022); this phenomenon is predicted by
the numerical analysis, whereas it cannot be predicted by the
dynamic analytical model.

The 30 %-Hmax bandwidth is introduced to evaluate the
working frequency range of the SBCM. It refers to the fre-
quency range in which the oscillator has a relative displace-
ment amplitude larger than 30 % of the maximum relative
displacement amplitude, Hmax. As shown in Fig. 5, both the
30 %-Hmax bandwidth and Hmax of the micro-scale SBCM
increase as the acceleration increases.Hmax reaches 0.76 and
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Figure 5. Relative displacement amplitude–excitation frequency curves of the SBCM at the MEMS scale based on analytical and numerical
results at different accelerations: (a) A0= 0.1 g, (b) A0= 0.2 g, and (c) A0= 0.3 g.

0.77 mm at the jumping-down frequency, fJumping-down, of
154.79 and 152.92 Hz at 0.3 g according to the analytical
and numerical results, respectively. The 30 %-Hmax band-
width is about 137.24 Hz under these conditions, as shown
in Fig. 5c. It is noteworthy that the 30 %-Hmax bandwidth is
about 63.45 Hz when the acceleration is only 0.1g. Hmax is
0.51 and 0.52 mm at the respective jumping-down frequen-
cies of 77.25 and 75.95 Hz at 0.1 g, as shown in Fig. 5a.

The dynamic displacement response of the MEMS-scale
SBCM under harmonic base excitations is further studied
using the FEA method. In each FEA simulation, the micro-
scale SBCM model is base-excited by harmonic vibrations
with discrete frequencies. The frequency range of 0.25–
50 Hz and the excitation acceleration of 0.3 g are selected for
demonstration. The jumping-up frequency, fJumping-up, with
a significant change in the relative displacement amplitude
lies in this frequency range. The relative displacement be-
tween the mass block and the frame is obtained from the FEA
results and recorded. One example of the relative displace-
ment curve corresponding to the base excitation condition of
20 Hz and 0.3 g is plotted in Fig. 6.

The relative displacement amplitude, H , is calculated
based on the last 10 oscillations which are regarded as
steady-state oscillations. The relative displacement ampli-
tude, H , corresponding to the discrete frequencies, f , in the
targeted frequency range are obtained and summarized in Ta-
ble 2 based on the FEA simulations. The H–f relationship
based on Table 2 is represented as discrete data points con-
nected by a solid curve, as shown in Fig. 7.

A close agreement between the FEA, analytical, and nu-
merical results is observed in the frequency range from 0.25
to 25 Hz in Fig. 7. In the frequency range higher than 25 Hz,
the relative displacement amplitude, H , from the FEA simu-
lations did not reach larger values. This is because no vibra-
tional energy is imported into the oscillation system with the
initial condition. Therefore, vibrations with larger amplitudes

Table 2. Dynamic displacement response of the MEMS-scale
SBCM under harmonic base excitations with discrete frequencies
from 0.25 to 50 Hz in FEA simulations (acceleration of 0.3 g).

Base excitation Relative displacement
frequency f (Hz) amplitude H (mm)

0.25 0.205
5 0.218
10 0.209
15 0.225
20 0.248
25 0.213
30 0.057
35 0.049
40 0.046
50 0.034

cannot be stimulated. The close agreement among the FEA,
analytical and numerical results, as depicted in Fig. 7, further
validates that the SBCM at the MEMS scale is sensitive to a
wide range of ultralow frequencies with weak accelerations.

Damping has been considered in the FEA simulations via
the COMSOL settings of “Rayleigh damping”. The damp-
ing ratio is set as 0.02 based on our previous experimental
research using a macro-SBCM prototype (Liang, 2022). In
real applications, air damping can be one of the critical fac-
tors impacting the vibration amplitude of the micro-scale en-
ergy harvester and, consequently, its energy-generation per-
formance. This issue can be tackled by housing the device in
a micro-scale vacuum chamber fabricated using MEMS tech-
niques (Pu et al., 2022; Choa, 2005). It has been experimen-
tally verified using a macro-SBCM prototype that the central
mass only vibrates in the vertical direction with a single de-
gree of freedom under base excitation (Liang, 2022). This
is because other degrees of freedom have been restricted by
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Figure 6. The relative displacement curve between the base and mass block of the SBCM at the MEMS scale corresponding to the excitation
condition of 20 Hz and 0.3 g (blue and green curves).

Figure 7. Relative displacement amplitude–excitation frequency
curves of the SBCM at the MEMS scale based on the FEA, ana-
lytical, and numerical results.

the specially designed positive-stiffness component. Higher-
order resonance modes with rotational or twisting motions
of the SBCM structure may happen at high excitation fre-
quencies. These motions will also contribute the energy har-
vesting when the compliant beams are either compressed or
stretched, which generates stress inside the piezoelectric ma-
terials attached to the beams. In this research, vertical vibra-
tion of the mass block at ultralow wide-bandwidth frequen-
cies is focused.

4 A preliminary structural concept of the
MEMS-scale SBCM

The MEMS-scale SBCM structure (as shown in Fig. 1) is
particularly fabrication-friendly with respect to MEMS tech-
nologies due to its in-plane and monolithic structure. In the
application of the MEMS-scale SBCM in vibrational energy
harvesting based on piezoelectric effect, the piezoelectric
materials, e.g. AlN (Jackson et al., 2013) and ZnO (Tao et al.,
2019), and electrode materials, e.g. titanium and aluminium
(Jackson et al., 2014, 2017), should be attached to the beams’
surfaces perpendicular to the bending direction for the best
energy-generation performance. However, these surfaces of
the SBCM structure (as shown in Fig. 3) are vertical in the
MEMS fabrication process. It is challenging to deposit the
piezoelectric and electrode materials in the designated order
and with the desired crystal orientation on the lateral walls.
Targeting this problem, an SBCM structure concept based
on the stiffness compensation principle is preliminarily pro-
posed and schematically illustrated in Fig. 8. This SBCM
structure would be suitable for the deposition of piezoelec-
tric and electrode materials on the beam surfaces in MEMS
fabrication process for better energy generation performance.

In addition, the approach of preloading on the negative-
stiffness beams should be carefully considered in the MEMS-
scale SBCM structures. Several preloading methods used in
MEMS devices have been reported in the literature (Barel
et al., 2018; Kuppens et al., 2019; De Laat et al., 2016).
These techniques include thermal actuation, electrostatic ac-
tuation, and piezoelectric actuation. However, they require
extra energy input, have a relatively large footprint, and in-
crease the fabrication complexity (De Laat et al., 2016). Neg-
ative stiffness can also be obtained through the exploitation
of residual stress from thermal oxidation of silicon (Kuppens
et al., 2019), while an ultrahigh processing temperature limits
the general applicability of this method. Bistable CMs have
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Figure 8. The preliminary structural concept of the micro-scale SBCM for fabrication with MEMS technologies: (a) the MEMS-scale SBCM
structure before preloading; (b) the MEMS-scale SBCM structure after preloading.

also been widely adopted for stiffness adjustment of MEMS
devices (Alqasimi et al., 2014; Li et al., 2022; De Laat et
al., 2016). Their applicability in preloading the negative-
stiffness beams has been experimentally verified in the lit-
erature (Kuppens et al., 2021). Bistable CMs present bene-
fits in three different ways. Firstly, bistable CMs have good
adaptability to MEMS techniques (Wilcox and Howell, 2005;
Wang et al., 2021). Secondly, the switch between preloading
and unloading on the negative-stiffness beams can be eas-
ily achieved by the reversible snapping-through behaviour
of bistable CMs. This consequently leads to the switch be-
tween the static-balancing mode and mono-stable mode of
the MEMS-scale SBCM structure. When the external excita-
tions are severe, the negative-stiffness beam can be unloaded
in advance by manual operations. Alternatively, unloading of
the negative-stiffness beams can be achieved automatically
via the violent base excitations due to its high vibrational en-
ergy. The overall oscillator then has a higher stiffness and
higher resonant frequency. This provides an overload pro-
tection and helps to avoid breaking the slim beams and the
failure of the oscillating device.

Lastly, a one-off external energy input is only required
at the preloading procedure, i.e. a one-off manual push of
the bistable mechanism, instead of the whole working pro-
cess. This makes bistable CMs outperform other prestress-
ing methods (e.g. thermal actuation) and avoids continu-
ous energy input for preloading. Based on these advantages,
preloading on negative-stiffness beams using bistable CMs
is adopted in the schematic MEMS-scale SBCM structure,
as presented in Fig. 8.

It is noteworthy that, in some application scenarios, such
as energy-harvesting devices implanted into human bod-
ies, this autonomous reverse snapping-through behaviour
(snapping-through in the direction opposite to the direction
of preloading) may be not desired. More stable and durable
static balancing can be maintained in two ways. The first so-
lution features creating a higher energy barrier between the

two energy wells. Robust bistable CMs with higher energy
barriers are available via well-designed geometric parame-
ters (Hao, 2018; Chen and Ma, 2015). In the second method,
permanent preloading on the negative-stiffness beam can be
achieved by wedging and fixing a preloading block between
the central shuttle of bistable CMs and the outer frame.
The fixed preloading block stops the bistable CM snapping
through backwards and keeps it in the desired position.

The conceptual SBCM structure for MEMS fabrication
is composed of positive- and negative-stiffness components,
which are connected by the central sharing movable mass
block. The positive-stiffness component consists two double
parallelogram mechanisms in parallel. The positive-stiffness
beams are located in two planes of two MEMS units instead
of the identical plane. The structure of the positive-stiffness
component allows vibration in the vertical direction only
and restricts other undesired motions. The negative-stiffness
component consists of two fixed-guided post-buckled beams
in parallel. Preloading on the negative-stiffness beams is
achieved by the snapping-through behaviour of the bistable
CMs from stable position 1 (as shown in Fig. 8a) to sta-
ble position 2 (as shown in Fig. 8b). Static balancing is
then obtained with well-designed geometric parameters of
the positive- and negative-stiffness components. Depositing
piezoelectric and electrode materials on the beam surfaces
with the most stress generation is then feasible with MEMS
technologies for vibrational energy harvesting based on the
piezoelectric effect. However, one drawback of this concep-
tual structure is that some basic MEMS assembling opera-
tions are required in the fabrication process.

It should be noted that the preliminary structural con-
cept of the MEMS-scale SBCM proposed in this section is
demonstrated for the integration of piezoelectric materials
for vibrational energy harvesting. Its structural details are
still not fully considered or optimized for MEMS fabrica-
tion. It is one of many possible MEMS structures of SBCM-
based piezoelectric vibrational energy harvesting. The struc-
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ture can vary when the SBCM concept is utilized in vibra-
tional energy harvesting combined with other energy conver-
sion mechanisms, such as electromagnetic, electrostatic, and
triboelectric mechanisms.

5 Conclusions

A miniaturized SBCM structure at the MEMS scale is
demonstrated in this research. It is aimed at the future in-
tegration of the MEMS-scale SBCM on chip as the main
structure of vibrational energy harvesters for powering low-
energy-cost sensors and circuits. Both the static and dynamic
characteristics of the micro-scale SBCM are investigated
based on a 2D FEA model in COMSOL Multiphysics®.
Static balancing is achieved by finely tuning the geometric
parameters of the FEA SBCM model. The analytical, nu-
merical, and FEA results verify that the MEMS-scale SBCM
is sensitive to ultralow wide-bandwidth excitation frequen-
cies with a weak acceleration. This micro-scale SBCM struc-
ture provides a structural solution for effectively lowering the
working frequencies of MEMS oscillators to the ultralow-
frequency range. It breaks the working frequency limit im-
posed by the size effect. This would significantly improve the
dynamic performance of the vibrational energy harvesters at
the MEMS scale. In addition, a conceptual structure of the
MEMS-scale SBCM is proposed for the integration of piezo-
electric materials by MEMS technologies for vibrational en-
ergy harvesting.

Appendix A

The motion equation for the proposed SBCM structure under
harmonic base excitation can be described with the equation
below:

−mz̈=mẍ+ cẋ+FSBCM (x)

=mẍ+ cẋ+αx+βx3
+ γ x5, (A1)

where m is the mass of the central mass block; c represents
the damping ratio of the oscillating system; x is the steady-
state relative displacement between the mass block and the
base; α, β, and γ represent the respective coefficients of the
odd-order terms of the force–displacement equation; and z̈ is
the harmonic base excitation acceleration, which is assumed
to be z̈= A0 cos(�t). The motion equation Eq. (A1) is fur-
ther normalized to facilitate analysis as follows:

−A0 cos(�τ )= Ẍ+ 2ζ Ẋ+ k1X+ k2X
3
+ k3X

5. (A2)

In Eq. (A2), the introduced normalized constant and vari-
ables are as follows:

�n =

√
k+

m
, A0 =

a0

�2
nL1

, �=
ω

�n
, X =

x

L1
,

ζ =
c

2
√
mk+

, τ =�nt, k1 =
α

k+
, k2 =

βL2
1

k+
,

k3 =
γL4

1
k+

.

Here, �n represents the resonant frequency of the equivalent
linear oscillator; A0 is the normalized excitation acceleration
amplitude;� is the normalized excitation frequency;X is the
normalized relative displacement; ζ is the damping ratio; τ
is the normalized time; k1, k2, and k3 represent the respective
normalized stiffness coefficients of the odd-order terms; k+
is the stiffness of the positive-stiffness compliant component;
and L1 is the effective beam length of the positive-stiffness
compliant components. Using the averaging method (Liang
et al., 2022; Liu and Yu 2020), the steady-state relative dis-
placement amplitude, H , with respect to the excitation fre-
quency, �, can be described with the equation below:

H 2
[
k2

1 + 4
(
ζ 2
− 2k1

)
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+�4
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2
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(
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2
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H 2
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(
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4
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16
k2

2 −
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4
k3�

2
)
H 4
+
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16
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6

+
25
64
k2

3H
8
]
= A2

0. (A3)

The detailed derivation process has been presented in Liang
et al. (2022).
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