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Abstract. A novel method is presented for efficiently analyzing the reliability of engineering components and
systems with highly nonlinear complex limit state functions. The proposed method begins by transforming the
integral of the limit state function into an integral of a highly correlated limit state function using the control
variates method. The second-order reliability method is then employed within the control variates framework to
approximate the highly correlated limit state function as a quadratic polynomial. Subsequently, the probability
of failure is obtained through the estimation of the saddle-point approximation and a small number of samples
generated by Latin hypercube sampling. To demonstrate the effectiveness of the proposed method, four exam-
ples involving mathematical functions and mechanical problems are solved. The results are compared with those
obtained using the second-order reliability method (SORM), control variates based on Monte Carlo simulation
(CVMCS) with second-order saddle-point approximation (SOSPA), importance sampling (IS) and Monte Carlo
simulation (MCS). The findings demonstrate that, while maintaining high-precision reliability results, the pro-
posed method significantly reduces the number of evaluations of the limit state function through a small number
of initial samples. The method is capable of efficiently and accurately solving complex practical engineering
reliability problems.

1 Introduction

Safety evaluation of engineering components and systems
is crucial for ensuring the economic and efficient operation
of industrial equipment. Uncertainties in geometric and ma-
terial properties of engineering structures arise due to en-
vironmental factors and operational influences. In light of
these uncertainties, reliability analysis provides a valuable
approach to quantifying the ability to fulfill specified sys-
tem functions within specified conditions and time (Helton
et al., 2006; Zhang et al., 2015; Zhao et al., 2017). The
probability of failure (PF), based on the limit state func-
tion (LSF), is typically expressed as a multidimensional inte-

gral of the joint probability density function (PDF) over the
random variables. However, directly calculating this multi-
dimensional integral for engineering reliability is challeng-
ing. Consequently, various methods for reliability analysis
have been developed in recent years. These methods can be
broadly categorized into three categories: approximate an-
alytical methods (Hasofer and Lind, 1974; Zhao and Ono,
1999; Meng et al., 2018a), simulation methods (Du, 2008a;
Zhang et al., 2018; Meng et al., 2018b) and surrogate model
methods (Zhang et al., 2017; Echard et al., 2011; Dai et
al., 2015).

In practical engineering problems, the presence of a rel-
atively large number of random variables can result in low
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computational efficiency for certain methods, such as Monte
Carlo simulation (MCS). Therefore, it is preferable to use
methods that can provide sufficiently accurate results with a
minimum number of evaluations of the limit state function
(Lemaire, 2013). In this regard, the approximate analytical
methods, such as the first-order reliability method (FORM)
and the second-order reliability method (SORM), are advan-
tageous as they can approximate the limit state function with
relatively low computational costs. The FORM is widely rec-
ognized as one of the most mainstream approximate analyti-
cal reliability methods. In recent years, significant improve-
ments have been developed, as evidenced by studies con-
ducted by Chiralaksanakul and Mahadevan (2005), Shayan-
far et al. (2017) and Keshtegar and Chakraborty (2018).
However, in highly nonlinear complex problems, SORM of-
fers a more accurate approximation of the LSF by using a
quadratic polynomial surface. Recent studies have focused
on improving SORM, with notable contributions from re-
searchers such as Breitung (1984), Tvedt (1990), Der Ki-
ureghian et al. (1987) and Zhang and Du (2010). Although
they have advantages in terms of computation, their accuracy
decreases when dealing with reliability problems that involve
non-normal random variables and nonlinear limit state func-
tions. Therefore, applying these methods may not be reason-
able in such cases. To improve accuracy, some methods based
on FORM and SORM have been developed.

Among these methods, saddle-point approximation (SPA)
stands out with its advantages of simple calculation, opera-
tional feasibility and estimation of the PF without the need
to approximate the LSF. Due to the efficiency and accu-
racy of SPA, scholars have further explored its application
in reliability engineering (Xiao et al., 2012; Du, 2008b; Guo,
2014) and integrated it into approximate analytical methods
(Du and Sudjianto, 2004; Huang and Du, 2008; Huang et
al., 2018). Du and Sudjianto (2004) proposed the first-order
saddle-point approximation (FOSA) method, which involves
expanding the cumulant-generating function of the LSF us-
ing a first-order Taylor series expansion around the most
probable point (MPP) and estimating the PF using saddle-
point approximation. Huang and Du (2008) introduced the
modified variance function-based saddle-point approxima-
tion method (MVFOSA), which transforms highly nonlinear
LSFs into approximate linear functions at the mean point of
each random variable, resulting in a more efficient approach.
Huang et al. (2018) developed a new second-order reliability
method based on saddle-point approximation, which obtains
a second-order approximation of the LSF by performing a
second-order Taylor series expansion around the MPP. How-
ever, it is important to acknowledge the existence of approx-
imation errors and the potential accuracy disparity between
approximate analytical methods and MCS in engineering ap-
plications.

Since approximate analytical methods do not introduce
any errors into probability estimation, they cannot quan-
tify the inherent approximation errors of these methods.

Therefore, there exists a difference in accuracy between ap-
proximate analytical methods and simulation methods. MCS
(Metropolis and Ulam, 1949; Zio, 2013) and its variants,
such as importance sampling (IS) (Papaioannou et al., 2019)
and subset simulation (SS) (Au and Beck, 2001), are more
robust for complex limit state functions. MCS is most ac-
curate as a standard for testing other theoretical methods.
Despite these advantages, in order to achieve an acceptable
level of accuracy, the number of random samples required by
MCS grows exponentially for practical engineering problems
with small failure probabilities. If the failure probability is
on the order of 10−k , MCS requires 10k+2–10k+3 samples to
achieve the corresponding accuracy (Binder, 1987). Because
the variance of MCS estimates is inversely proportional to
the failure probability, some studies (Melchers, 1989; Au and
Beck, 2001; Rubinstein and Kroese, 2016; Oates et al., 2016)
have explored the use of variance reduction techniques in
simulation methods to reduce the variance of MCS.

Among these variance reduction techniques, the control
variable (CV) method (Law et al., 2000) stands out for its
relatively simple operation and broad applicability, as it has
almost no restrictions on its range of application. The CV
method has been employed recently in reliability analysis.
For instance, Kawai (2020) utilized both importance sam-
pling and control variates to construct and investigate an
adaptive variance reduction framework. Portier and Segers
(2019) successfully reduced the variance of Monte Carlo in-
tegration using control variates in a multiple linear regres-
sion model. Dimarco and Pareschi (2020) introduced a mul-
tiscale control variates strategy to enhance the efficiency of
numerical calculations for kinetic equations with stochastic
parameters, particularly in high-dimensional problems. Ad-
ditionally, in engineering practice, where reliability problems
often involve high dimensionality and small failure probabil-
ities, the CV method is frequently combined with other tech-
niques. Rashki (2018) introduced a new formulation for ap-
proximating small failure probabilities, leveraging the adap-
tive cooperation of SS and the CV method. To minimize the
number of evaluations of the LSF, Ameryan et al. (2022)
proposed a novel approach that integrates an active learn-
ing kriging metamodel (AK-MCS) and the sequential space
conversion method (SESC), where the SESC formulation is
derived using the control variates method. Moreover, to en-
hance the efficiency of addressing high-dimensional prob-
lems, Mehni and Mehni (2023) presented a method for im-
proving the performance of cross-entropy-based Gaussian
mixture importance sampling, incorporating a control vari-
ates scheme to further enhance its effectiveness.

In this study, the control variates method is combined with
variance reduction sampling techniques to enhance the ef-
ficiency of probability estimation. These techniques, with
significantly smaller sample sizes compared to MCS-based
CVs, often result in a substantial reduction in the number
of evaluations of the LSF. Among these techniques, Latin
hypercube sampling (LHS), initially proposed by Mckay et
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al. (1979), is a widely used multidimensional stratified sam-
pling method in engineering practice. Zou et al. (2008) em-
ployed an optimal symmetric LHS technique to construct
the response surface of the indicator function for multi-
ple limit state and multiple design point problems. Yang et
al. (2005) utilized the optimal LHS method to uniformly
distribute sampling points across the entire design space,
thereby improving the accuracy of a real-world frontal im-
pact metamodel. Christensen et al. (2017) employed a novel
constrained nested orthogonal-maximin Latin hypercube ap-
proach for sampling to determine variable-shape mold con-
figurations used in the training and test sets. LHS exhibits
characteristics such as quick convergence and uniformly dis-
tributed samples. Therefore, using LHS to generate samples
for the control variates method can significantly improve
computational efficiency.

To address the reliability issues of engineering compo-
nents and systems characterized by high nonlinearity and
complexity with limited samples, this study proposes a
method that combines second-order saddle-point approxima-
tion (SOSPA) with control variable Latin hypercube sam-
pling (CVLHS). The proposed method leverages the benefits
of both variance reduction techniques and approximate ana-
lytical methods. By doing so, it achieves high-precision relia-
bility results while significantly reducing the number of eval-
uations of the limit state function. The remainder of the paper
is organized as follows. Section 2 discusses the method com-
bining CVLHS and SOSPA. Section 3 outlines the imple-
mentation procedure of the proposed method in real-world
applications. Section 4 presents two numerical examples and
two engineering cases to demonstrate the efficiency and ac-
curacy of the proposed method. Finally, Sect. 5 provides con-
clusions.

2 CVLHS with SOSPA

To increase the efficiency of the MCS, based on the theory
of the CV method, the index function of the highly corre-
lated limit state function (LSF) as the CV is used to convert
the original index function in the PF multidimensional inte-
gral. By incorporating LHS into the CV method, only a small
number of samples need to be generated to remove the er-
rors raised from the highly correlated LSF. Combining the
expectation of the CV estimated by SOSPA, PF is estimated
accurately without any simplification and assumptions.

2.1 CV for the failure probability function

The PF is expressed as the integral of the joint PDF
fX(x) over the n-dimensional random variable vector x =
[x1,x2, . . .,xn]:

Pf =

∫
F

fX(x)dx =
∫
X

IF (x)fX(x)dx, (1)

where F is the failure domain, F = {x : g(x)≤ 0}, g(x) is
the LSF and IF is the index function:

IF (x)=
{

1, x ∈ F,

0, x 6∈ F.
(2)

This integral can be described as an expectation of IF (x),
and with the N randomly sampled variable vector x, it is
approximated as follows:

Pf =

∫
X

IF (x)fX(x)dx = E [IF (x)]≈
1
N

N∑
i=1

IF (xi). (3)

If gc(x) is the highly correlated LSF of g(x), the correspond-
ing failure domain can be denoted as Fc = {x : gc(x)≤ 0}.
Moreover, IFc is the index function as a CV which is the
high correlation of IF , and similarly to Eq. (2), IFc (x)={

1, x ∈ Fc
0, x 6∈ Fc

. According to the CV-reduction technique

(Rubinstein and Kroese, 2016), the new index function is de-
fined by

IFCV (x)= IF (x)− ρ
[
IFc (x)−E

[
IFc (x)

]]
, (4)

where ρ is the correction coefficient.
Therefore, by substituting Eq. (4) into Eq. (2), the failure

probability integral by CV is rewritten as

PfCV =

∫
X

IFCV (x)fX(x)dx =
∫
X

IF (x)fX(x)dx

− ρ

∫
X

IFc (x)fX(x)dx+ ρE
[
IFc (x)

]
≈ ρ ·Pfc +

1
N

N∑
i=1

(
IF (xi)− ρ · IFc (xi)

)
, (5)

where Pfc is the PF of the highly correlated LSF gc(x). To
simplify the failure probability function, the posterior portion

of Eq. (5) will be zero, i.e., 1
N

N∑
i=1

(
IF (xi)− ρ · IFc (xi)

)
= 0.

In the light of Eq. (3), the correction coefficient ρ is estimated
by the ratio of the expectation of the index functions:

ρ =

N∑
i=1

IF (xi)

/
N∑
i=1

IFc (xi). (6)

Then, Eq. (5) can be simplified to

PfCV = ρ ·Pfc . (7)

2.2 Quadratic polynomial surface approximation of the
LSF

In this study, to ensure the accuracy of reliability analysis
for the high-nonlinearity reliability problems, the quadratic
polynomial is selected as the highly correlated LSF gc(x).
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By calculating the second derivative, the quadratic polyno-
mial approximation of g(x) can consider the concave direc-
tion and curvature of the limit state surface near the MPP.
The highly correlated LSF is expanded into a quadratic term
of Taylor series at the MPP x∗ as follows:

gc(x)= g(x∗)+∇g(x∗)T(x− x∗)

+
1
2

(x− x∗)T
∇

2g(x∗)(x− x∗), (8)

where ∇g(x∗) is the vector of partial derivatives at the MPP;
∇

2g(x∗) is the Hessian matrix of g(x) at the MPP; and x∗ is
the MPP, which is solved by iterative optimization using the
mean of x as the initial search point:{

min ||x||,
subject to g(x)= 0. (9)

where ||x|| is the distance from the origin to the x on the
limit state surface.

2.3 Latin hypercube sampling

The correction coefficient ρ in Eq. (6) is obtained based
on MCS generally. Nevertheless, for complicated high-
dimensional problems, MCS requires huge amounts of com-
putation for accurate estimation. To further reduce the com-
putational cost, LHS is employed to generate the initial sam-
ples based on the original LSF g(x) and the highly correlated
LSF gc(x) denoted by the Taylor expanded quadratic polyno-
mial, respectively.

To sample N initial points of x, the independent U (0, l)
(uniformly distributed on [0,1]) random variables are rep-
resented as U (i,j ) (i = 1, . . .,N,j = 1, . . .,n). The corre-
sponding scaling probability for each random numberU (i,j )
can be given by

P (i,j )=
U (i,j )+ (j − 1)

N
(i = 1, . . .,n,j = 1, . . .,N ) . (10)

Then the corresponding components xi,j (i = 1, . . .,N,j =
1, . . .,n) can be generated by inverse distribution functions.
LHS considers the total sampling range of random variables
with a small number of samples. Under the premise of en-
suring accuracy, the efficiency of the sampling is improved.
The initial correction coefficient ρ0 is obtained by the N ini-
tial samples x, and the result of ρ is optimized by Nadd by
adding samples until more than 20 failure points are reached.
The process of LHS is shown in Fig. 1.

2.4 SOSPA for the PF of the highly correlated LSF

For the computational advantage of SPA on a quadratic
polynomial, SOSPA is more accurate than the other com-
mon SORM (Huang et al., 2018). Therefore, it is utilized
to approximate the PF of the highly correlated LSF in this
study. It employs an inverse Fourier transform to obtain

the cumulative distribution function (CDF) of an exponen-
tial power series expression based on a saddle point by
the moment-generating function (MGF) and the cumulant-
generating function (CGF).

The MGF (Broda and Paolella, 2011) of the highly corre-
lated LSF gc(x), where x ∼N (µ,σ ), is given by

Mgc (t)= E
[
etgc

]
=

∫
∞

−∞

etgcfX(x)dx

= exp

{
t
(
a+ bTµ+µTcµ

)
+
t2

2

n∑
i=1

d2
i

1− 2tλi

}
n∏
i=1

(1− 2tλi)−0.5, (11)

where λ1, . . .,λn and P are the eigenvalues and eigen-
vectors of c and PcP T

= diag(λ1, . . .,λn) with P or-
thogonal, d = [d1,d2, . . .,dn]T

= P T (σ 0.5b+ 2σ 0.5cµ
)
,

a = 0.5x∗T∇2gc(x∗)x∗−∇gc(x∗)Tx∗, b =∇gc(x∗)−
∇

2gc(x∗)x∗ and c = 0.5∇2gc(x∗).
Moreover, the CGF of gc is given by

Kgc (t)= ln
(
Mgc (t)

)
= t

(
a+ bTµ+µTcµ

)
+
t2

2

n∑
i=1

d2
i ϑi +

1
2

n∑
i=1

lnϑi, (12)

where ϑi = (1− 2tλi)−1.
Then the derivatives of Kgc (t) can be determined as fol-

lows.

K (1)
gc

(t)= a+ bTµ+µTcµ

+

n∑
i=1

(
td2
i ϑi + t

2d2
i ϑ

2
i λi +ϑiλi

)
(13)

K (2)
gc

(t)=
n∑
i=1

(
d2
i ϑi + 4td2

i ϑ
2
i λi + 4t2d2

i ϑ
3
i λ

2
i + 2ϑ2

i λ
2
i

)
(14)

K (3)
gc

(t)

=

n∑
i=1

(
6d2
i ϑ

2
i λi + 24td2

i ϑ
3
i λ

2
i + 24t2d2

i ϑ
4
i λ

3
i + 8ϑ3

i λ
3
i

)
(15)

K (4)
gc

(t)=
n∑
i=1

(
48d2

i ϑ
3
i λ

2
i + 192td2

i ϑ
4
i λ

3
i

+ 192t2d2
i ϑ

5
i λ

4
i + 48ϑ4

i λ
4
i

)
(16)

By numerically integrating the PDF of SPA (Lugannani and
Rice, 1980), the CDF of gc can be approximated as

Fgc (gc0)= P {gc ≤ gc0} ≈8(w)+φ(w)
(

1
w
−

1
v

)
, (17)
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Figure 1. The procedure to generate the initial samples and optimize the correction coefficient by LHS.

where 8(·) and ϕ(·) are the CDF and PDF of the standard
normal distribution, respectively, andw and v are parameters
expressed as

w = sgn(ts)
{
2
[
tsgc0−Kgc (ts)

]}0.5
, (18)

v = ts

[
K (2)
gc

(ts)
]0.5

, (19)

where ts is the saddle point, K (2)
gc (·) are the second-order

derivatives of Kgc (·), and sgn(ts) is a symbolic function and
can be +1, −1 or 0, corresponding to ts > 0, ts < 0 and
ts = 0.

Furthermore, the second-order CDF of gc is

F̃gc (gc0)= P {gc ≤ gc0}

≈ Fgc (gc0)−φ(w)(
v−1

(
κ4

8
−

5
24
κ2

3

)
− v−3

−
κ3

2u2 +w
−3
)
, (20)

where κi =K
(i)
gc (ts)

/[
K

(2)
gc (ts)

]0.5i
.

Then, making gc0 = 0, the PF Pfc can be easily calcu-
lated from the second-order CDF F̃gc (0) corresponding to the
strongly correlated LSF gc(x)≤ 0, i.e.,

Pfc = F̃gc (0). (21)

3 Implementation procedure

To ensure the accuracy of the PF, the coefficient of variation
of the PF is calculated as the stop condition for loop oper-
ation. The new sample vector xnew is sequentially added to
the sample set until the coefficient of variation of the PF has
to be convergent.

3.1 The estimator statistical property

The expectation of PF in Eq. (7) is estimated as

E
(
PfCV

)
= E

(
ρ ·Pfc

)
= ρ ·E

(
F̃gc (0)

)
. (22)

Since the estimation PF by LHS is the unbiased estimation
(McKay et al., 1979), the expectations of the PF of the origi-
nal LSF and the highly correlated LSF are

E
(
PfLHS

)
= E (IF (x))≈

1
N

N∑
i=1

IF (xi), (23)

E
(
PfcLHS

)
= E

(
IFc (x)

)
≈

1
N

N∑
i=1

IFc (xi). (24)

Therefore, the correction coefficient ρ is estimated by LHS:

ρ = E
(
PfLHS

)/
E
(
PfcLHS

)
=

1
N

N∑
i=1

IF (xi)

/
1
N

N∑
i=1

IFc (xi) = PfLHS

/
PfcLHS

(25)
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The expectation of PF is given by

E
(
PfCV

)
=

E
(
PfLHS

)
E
(
PfcLHS

) ·E(F̃gc (0)
)
. (26)

According to the theory of control variate estimator prop-
erty, the variance of PF by the proposed approach may be
estimated as

Var
(
PfCV

)
= Var

(
PfLHS

)
+ ρ2Var

(
PfcLHS

)
− 2ρCov

(
PfLHS ,PfcLHS

)
= Var

(
PfLHS

)
+
E2 (PfLHS

)
E2
(
PfcLHS

) ·Var
(
PfcLHS

)

− 2 ·
E
(
PfLHS

)
E
(
PfcLHS

) ·Cov
(
PfLHS ,PfcLHS

)
. (27)

Due to the expectation and the variance of PfCV , the coeffi-
cient of variation δPfCV

can be estimated as

δPfCV
=

√
Var

(
PfCV

)
E
(
PfCV

)
=

√
Var

(
PfLHS

)
+

E2
(
PfLHS

)
E2
(
PfcLHS

) ·Var
(
PfcLHS

)
− 2 ·

E
(
PfLHS

)
E
(
PfcLHS

) ·Cov
(
PfLHS ,PfcLHS

)
E
(
PfLHS

)
E
(
PfcLHS

) ·E(F̃gc (0)
)

=

√√√√√E2
(
PfcLHS

)
·Var

(
PfLHS

)
E2
(
PfLHS

)
· F̃ 2

gc
(0)

+

Var
(
PfcLHS

)
F̃ 2
gc

(0)
−

2 ·E
(
PfcLHS

)
·Cov

(
PfLHS ,PfcLHS

)
E
(
PfLHS

)
· F̃ 2

gc
(0)

. (28)

Hereinto, the variances of the PF by LHS are expressed as

Var
(
PfLHS

)
= Var

(
1
N

N∑
i=1

IF (xi)

)
=

1
N

Var(IF (x))+
1
N

(N − 1)

cov
(
IF (x1,j ),IF (x2,j )

)
, j = 1,2, . . .,n. (29)



Var
(
PfcLHS

)
= Var

(
1
N

N∑
i=1

IFc (xi)

)
=

1
N

Var
(
IFc (x)

)
+

1
N

(N − 1)

cov
(
IFc (x1,j ),IFc (x2,j )

)
, j = 1,2, . . .,n (30)

Stein (1987) proved that 1
N

(N − 1)cov
(
IFc (x1,j ),IFc (x2,j )

)
is a non-positive value. Therefore, LHS has a smaller vari-
ance than MCS and is easier to converge.

Figure 2. The flowchart of the proposed method.

3.2 Procedure of CVLHS with SOSPA

To solve the reliability problem, the procedure to perform
the CVLHS with the SOSPA method is shown in Fig. 2. Ac-
cording to the convergence criteria, the threshold value of the
coefficient of variation δPfCV

is set to 0.15–0.25 for different
cases in this paper.

4 Illustrative examples

In this section, four representative examples are provided
to demonstrate the accuracy and efficiency of the proposed
method in addressing the characteristics of high nonlinear-
ity and complexity in practical engineering problems. These
examples include a highly nonlinear numerical problem,
a small failure probability problem, and two continuous-
system engineering cases. The results obtained from the
proposed method, i.e., CVLHS with SOSPA, are compared
with those acquired from other methods, including SORM,
CVMCS with SOSPA, IS, and MCS. For the IS, the impor-
tance sampling density function kX(x) is selected to have the
same form as the PDF fX(x), with equal means and n times
the standard deviation, i.e., µk = µf and σk = nσf (where
n is set to 2). In four cases, the initial sample size for both
CVLHS with SOSPA and CVMCS with the SOSPA methods
is set to 102, while, for the MCS method, the initial sample
size is 106. To eliminate computational errors, the average of
five calculations is taken.

4.1 Highly nonlinear numerical problem

To examine the applicability of the proposed method for the
highly nonlinear reliability problem, the LSF with several in-
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Table 1. Comparison of the results of Example 4.1.

Method Reliability Relative LSF call
error

Monte Carlo 0.996427 – 106

SORM 0.969426 2.710 % 482
IS 0.979474 1.701 % 49 400
CVMCS with SOSPA 0.994815 0.16181 % 482+ 8047∗

CVLHS with SOSPA 0.996543 0.01165 % 482+ 5167∗

∗ LSF call=LSF call(optimize MPP) + LSF call(sampling).

Figure 3. The PF curve by CVLHS with the SOSPA method in
Example 4.1.

dependent normal random variables is analyzed as follows:

G(x)=
10∑
i=1

xii − 108. (31)

The means and standard deviations of the random variables
Xi (i = 1,2, . . .,10) are all µi = 10, σi = 5.

The results of reliability analysis are listed in Table 1. Fig-
ure 3 presents the variation curve of the PF by the proposed
CVLHS with the SOSPA method with the sample size. Fig-
ure 4 compares the convergence procedure of the proposed
method and CVMCS with the SOSPA method, and Fig. 5
shows the CDF curves of the LSF by the proposed method
and MCS.

From Table 1, it can be observed that the number of LSF
calls is the lowest in SORM among these methods. How-
ever, there is a relatively large relative error in the reliabil-
ity results compared to MCS. IS yields satisfactory results,
but it requires a relatively high number of LSF calls. On the
other hand, the proposed CVLHS with SOSPA, compared
to the CVMCS with SOSPA, further reduces the number of
LSF calls while providing more accurate reliability results.
In Figs. 3 and 4, both the proposed CVLHS with the SOSPA
method and CVMCS with the SOSPA method demonstrate
convergence with a small number of samples, with the pro-
posed method converging more quickly and being more effi-
cient. Furthermore, as depicted in Fig. 5, the results obtained
from the proposed method closely align with those obtained
from MCS. However, the number of LSF calls for the pro-

Figure 4. The curve of the variation coefficient with sample size in
Example 4.1.

Figure 5. The CDF of the LSF in Example 4.1.

posed method is merely 0.85 % of that required by MCS.
Hence, the proposed CVLHS with the SOSPA method effec-
tively and accurately solves highly nonlinear reliability prob-
lems.

4.2 Small failure probability problem

This example illustrates the efficiency and accuracy of the
proposed method for the small failure reliability analysis
with a high-dimensional LSF. In this example, the LSF, con-
sisting of 40 independent and normally distributed random
variables xi (i = 1,2, . . .,40)∼N (1.5,1), is defined as (Bi-
chon et al., 2008)

G(x)=

(
x2

1 + 4
)

(x2− 1)
20

− cos
(

5x1

2

)
+

40∑
i=1

x2
i − 71.5. (32)

For the small failure probability problem, the results
in Table 2 show that the proposed CVLHS with SOSPA,
CVMCS with SOSPA, and IS are more accurate than the
SORM method. However, in order to achieve the corre-
sponding accuracy, the number of calls to the LSF in IS ex-
ceeds 105. Figure 6 demonstrates that the proposed CVLHS
with the SOSPA method converges when the sample size
reaches 10 000. Additionally, Fig. 7 illustrates the conver-
gence curves of the proposed method and the CVMCS with
the SOSPA method, indicating that the proposed method con-
verges at a faster rate. Consequently, the proposed method
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Table 2. Comparison of the results of Example 4.2.

Method Reliability Relative LSF call
error

Monte Carlo 0.999354 – 106

SORM 0.984627 1.474 % 596
IS 0.999179 0.01751 % 1.34× 105

CVMCS with SOSPA 0.999301 0.005291 % 596+ 23000∗

CVLHS with SOSPA 0.999324 0.003036 % 596+ 14000∗

∗ LSF call=LSF call(optimize MPP) + LSF call(sampling).

Figure 6. The PF curve by CVLHS with the SOSPA method in
Example 4.2.

significantly reduces computational consumption for high-
dimensional small failure probability reliability problems.
Furthermore, Fig. 8 exhibits strong agreement between the
results of the proposed CVLHS with the SOSPA method and
those of MCS. However, the number of calls to the LSF for
the proposed method is only 1.46 % of that required by MCS.
Therefore, it can be verified that the proposed method in this
paper significantly reduces the number of calls to the LSF
while maintaining accuracy, making it suitable for reliability
estimation of problems with small failure probabilities.

4.3 Dynamic reliability analysis of a cantilever beam

This example is to verify the accuracy of the proposed
CVLHS with the SOSPA method in an engineering structure.
The cantilever beam under a dynamic loading F (t) (Bucher,
2009) is shown in Fig. 9. The dynamic motion equation of
the cantilever beam is

ρA
∂2ω

∂t2
+EI

∂4ω

∂x4 = p(x, t), (33)

where ρ is the constant density, A is the cross-sectional area,
and EI is the bending stiffness.

According to the appropriate initial and boundary condi-
tions, the fundamental natural circular frequency ω1 is given

Figure 7. The curve of the variation coefficient with a sample size
in Example 4.2.

Figure 8. The CDF of the LSF in Example 4.2.

by

ω2
1 =

λ4
1EI
ρA
=

12.362EI
ρAL4 . (34)

The density and the length are deterministic; i.e., ρ = 1 and
L= 1. The distribution characteristics are shown in Table 3.
To avoid resonance failure of the cantilever beam, the ratio is
ω/ω1 < 0.99 or ω/ω1 > 1.01.

For an engineering structure, as shown in Table 4 and
Figs. 10–12, the reliability results of the proposed CVLHS
with the SOSPA method fit well with the MCS results, and
the relative error is minimal. When the sample size reaches
around 1000, the method starts to converge. Compared to
the SORM method, the number of calls to the LSF only in-
creased by less than 1300, but the accuracy significantly im-
proved. Compared to the IS method, in order to achieve the
corresponding accuracy, the IS requires more than 21 times
the number of LSF calls compared to CVLHS with SOSPA.

4.4 Reliability of chatter stability in turning

A simplified diagram of a single-degree-of-freedom regener-
ative chatter dynamics model of the turning process system
is shown in Fig. 13.
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Figure 9. Cantilever beam under dynamic load.

Table 3. Distribution information of the cantilever beam parame-
ters.

Parameter Mean Coefficient Distribution
of variation

ω 0.3 rad s−1 0.01 Normal
EI 0.1 N mm2 0.01 Normal
A 1 mm2 0.05 Normal
ρ 1 kg m−3 – Normal
L 1 m – Normal

According to the dynamics analysis of the turning process
system (Schmitz and Smith, 2009), the limit cutting width is
expressed as

aplim =
k
[(

1− λ2)2
+ (2ξλ)2

]
Kcu

(
λ2− 1

)
·

1− ηcos

[
2jπ + arcsin 2ξλ

η

√
(2ξλ)2

+(1−λ2)2
− arctan

(
2ξλ

1−λ2

)]

1+ η2− 2ηcos

[
2jπ + arcsin 2ξλ

η

√
(2ξλ)2

+(1−λ2)2
− arctan

(
2ξλ

1−λ2

)] , (35)

and the corresponding spindle speed can be expressed as

�=
60λωn

2jπ + arcsin 2ξλ

η

√
(2ξλ)2

+(1−λ2)2
− arctan

(
2ξλ

1−λ2

) , (36)

where ωn is the natural frequency of the vibration system
in turning, ω2

n = k/m, ξ is the damping ratio of the turn-
ing system defined as ξ = c/2mωn, u is the direction coef-
ficient defined as u= cos(ϕ−α)cosα, η is the turning pro-
cessing overlap coefficient (0≤ η ≤ 1), λ= ω/ωn (vibration
frequency ω is slightly larger than the natural frequency ωn),
i.e., λ > 1, and j = 0,1,2, . . . is the number of lobes. The
cutting force coefficient Kc consists of the tangential cutting
force coefficient Kt and the radial cutting force coefficient
Kr, and its expression is

Kc =

√
K2

t +K
2
r . (37)

Table 4. Comparison of the reliability results for the cantilever
beam dynamic system.

Method Reliability Relative LSF call
error

Monte Carlo 0.968941 – 106

SORM 0.515266 46.82 % 220
IS 0.967781 0.1197 % 32 000
CVMCS with SOSPA 0.971894 0.3047 % 220+ 1627∗

CVLHS with SOSPA 0.969301 0.03715 % 220+ 1288∗

∗ LSF call=LSF call(optimize MPP) + LSF call(sampling).

Figure 10. The PF curve by CVLHS with the SOSPA method for
the cantilever beam dynamic system.

Figure 11. The curve of the variation coefficient for the cantilever
beam dynamic system.

Figure 12. The CDF of the LSF for the cantilever beam dynamic
system.
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Figure 13. Dynamic model of cutting regenerative chatter in turn-
ing.

Table 5. Distribution information of the turning process parameters.

Parameter Mean Coefficient Distribution
of variation

k 7.34× 106 N m−1 0.01 Normal
c 1832.3 N s m−1 0.01 Normal
m 10.061 N s2 m−1 0.01 Normal
8 60◦ 0.01 Normal
α 45◦ 0.01 Normal
η 1 – Normal
Kr 1625 N mm−2 – Normal
Kt 2560 N mm−2 – Normal

The minimum aplim appears when chatter is strongest, i.e.,
η = 1, and the first partial derivative of λ in Eq. (35) is taken
to obtain the minimum aplim as

aplimmin =
2kξ (1+ ξ )
Kcu

. (38)

The turning process system would be unstable when the limit
cutting width aplim is not more than the minimum limit cut-
ting width. The distribution characteristics of the turning pro-
cess parameters are listed in Table 5.

In Fig. 14, the reliability curve of the turning process at
different spindle speeds generated by the proposed CVLHS
with the SOSPA method is compared with that by SORM,
CVMCS with SOSPA, IS and MCS. The results demonstrate
that the proposed method achieves the highest consistency
with the results obtained by MCS. Therefore, the method has

Figure 14. The reliability curve of the chatter stability in turning.

been proven to be feasible for accurately addressing complex
practical mechanical engineering reliability problems.

5 Conclusion

To improve the efficiency and accuracy of reliability analysis
for engineering systems with high nonlinearity and complex-
ity in practical applications, a novel method is proposed. The
method, CVLHS with SOSPA, utilizes CV to transform the
original LSF into a highly correlated LSF that can be ap-
proximated using SORM. Sample points are generated using
LHS, and the probability of failure for the highly correlated
LSF is estimated using SPA. The proposed method aims to
reduce the number of function calls required by simulation
method that employ variance reduction technique, by inte-
grating approximate analytical method.

Through the reliability analysis of the examples, it is ev-
ident that the proposed method achieves accurate approxi-
mation of the failure probability with a reasonable number
of samples, whereas MCS and IS require a large number
of samples to achieve the desired level of accuracy. Addi-
tionally, when the relative error of the reliability calcula-
tion results obtained by SORM is relatively high, the pro-
posed method still provides accurate estimation with a rea-
sonable sample size. The results demonstrate that, for com-
plex nonlinear problems, the proposed method requires less
than 1.5 % of the LSF calls compared to MCS while main-
taining a high level of accuracy. Moreover, the comparison
between CVLHS with SOSPA and CVMCS with SOSPA re-
sults reveals that, even in situations where a large number of
samples cannot be utilized in the modeling process, which
is often a concern in practical engineering, CVLHS with
SOSPA can accurately predict the failure probability using a
small number of initial samples generated by LHS, thus fur-
ther reducing the required number of LSF calls. Hence, the
proposed method significantly reduces the number of LSF
calls while ensuring high-precision reliability results.

While the proposed method in this study combines the ad-
vantages of an approximate analytical method and a simu-
lation method, it is suitable for engineering problems where
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an explicit limit state function can be established. To further
investigate and expand this method, the integration of sur-
rogate model methods can be considered, and the reliability
analysis results can be compared to identify the optimal inte-
gration approach.
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