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Abstract. In the present study, Fourier theory is applied to establish the expression of rigid-body poses of a
spherical four-bar crank slider rigid-body guidance mechanism. According to an analysis of the harmonic com-
ponents of the trajectory curve and rigid-body rotation angle, it has a certain relationship with the geometric
parameters of the mechanism. On this basis, the rigid-body poses are normalized by preprocessing. Then, the
rotation angle of the curve around the y axis and z axis is determined, respectively. The theoretical formulas
used for calculating the real sizes and the installation position parameters of the desired spherical four-bar crank
slider rigid-body guidance mechanism are established. Besides this, a genetic optimization algorithm and theo-
retical formulas are applied to solve the dimensional synthesis of motion generation for the spherical four-bar
crank slider mechanism. The effectiveness of the proposed method is illustrated by an example. The maximum
Euclidean distance error of the rigid-body position of the results with the highest similarity is 0.0086, and the
average Euclidean distance error is 0.0044. The maximum error of the rigid-body orientation is 0.0179, and the
average error is 0.0065.

1 Introduction

With the constant advancement of mechanical manufacturing
technology and the widespread application of linkage mecha-
nisms, the dimensional synthesis of linkage mechanisms (es-
pecially spatial linkage mechanisms (Wei et al., 2013; Liu
et al., 2023) becomes increasingly important. In general, the
dimensional synthesis of linkage mechanisms entails motion
generation, path generation, and function generation.

The purpose of motion generation or rigid-body guidance
is to generate a linkage mechanism required to provide guid-
ance via a prescribed sequence of poses (Sandor et al., 1984).
Due to the motion generation required for both the posi-
tion and the orientation, it is highly complex to conduct the
process of motion generation. There are many studies con-
ducted on how to achieve motion generation (Lin, 2013).
By applying the Buchberger algorithm, Li and Chen (1996)
proposed the synthesis of planar four-bar rigid-body guid-
ance. Avilés et al. (1994) put forward an optimum method of

synthesis for planar mechanisms. It is applicable to achieve
dimensional synthesis for several types of mechanisms and
kinematics such as function generation, path generation, mo-
tion generation, or a mix of the above types. Hayes and
Zsombor-Murrary (2004) developed a general algorithm by
means of kinematic mapping. As for rigid-body guidance,
this general algorithm combines type and dimensional syn-
thesis of planar mechanisms. Proposed by Yoon and Heo
(2012), the constraint force design method enables topol-
ogy optimization for a planar rigid-body guidance mecha-
nism. With the advantage of pole, inversion, and overlay
techniques (Bagci, 1984), a synthesis method for the func-
tion, path and motion generation of spherical mechanisms as
indicated by Bagci (1984) can be applied in other mecha-
nisms such as spherical slider crank, spherical crank rocker,
and spherical cam follower. Lee and Russell (2007) and Lee
et al. (2009) proposed a method that is applicable to describe
the rigid-body positions of spherical four-bar mechanisms.
Ruth and McCarthy (1999) developed a computer-aided de-
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sign (CAD) system according to Burmester’s planar theory
and further proposed a motion generation method for the de-
sign of spherical linkages. Through the Burmester curve used
in computer modeling and geometric construction for the
synthesis of spherical mechanisms, Shirazi (2007) synthe-
sized the 4R spherical linkage capable of guiding an antenna
meeting four specified postures in a 3D workspace. Alizade
et al. (2013) put forward a motion generation method for the
synthesis of spherical linkages by providing rigid-body guid-
ance for the spherical four-bar mechanism. Russell and Sodhi
(2001) proposed a new method of synthesis for the mul-
tiphase motion generation of adjustable revolute–revolute–
spherical–spherical (RRSS) mechanisms. Subsequently, the
method was widely applied to the synthesis of a spatial RRSS
mechanism for achieving phases of both precise and toler-
ances of rigid-body positions (Russell and Sodhi, 2002). Yu
et al. (2007) presented a new computer method to approx-
imately synthesize a four-bar path mechanism according to
the coupler-angle function curve. Myszka et al. (2010) pro-
posed a method to achieve dimensional synthesis for the mo-
tion generation of a linkage mechanism with five prescribed
positions (Myszka and Murray, 2010). Subsequently, four-
bar linkage rigid-body guidance synthesis was achieved by
using the guidance-line rotation method (Wang et al., 2002).
For planar mechanisms, a dimensional synthesis method was
proposed by Peñuñuri et al. (2011) based on differential evo-
lution.

Concerning the motion generation of linkage mechanisms,
the outputs are periodic functions when the input link ro-
tates continuously, which is irrelevant to the position or an-
gle of the mechanism. The output of spatial mechanisms can
be indicated by the Fourier series expression on the basis of
Fourier transform. Fourier series theory was first introduced
by Meyer zur Capellen (1954) to the analysis and synthesis
of planar linkage mechanisms. Subsequently, Chu and Sun
(2010) and Mullineux (2011) applied Fourier theory to ex-
plore the dimensional synthesis of a spherical four-bar mech-
anism, proposing an approach to the path generation of a
spherical four-bar mechanism. In line with Fourier series the-
ory, Sun et al. (2012) established the uniform model for the
dimensional synthesis of linkage mechanisms including pla-
nar, spherical, and spatial mechanisms. They also illustrated
the geometric significance attached to the harmonic charac-
teristic parameter of the coupler curve and output function
curve.

Currently, the Fourier series methods have been widely
used in the function and path synthesis of spatial mecha-
nisms and spherical mechanisms (Sun and Chu, 2010, 2008;
Chu and Cao, 1993), not the motion generation of a spherical
crank slider mechanism (Sun et al., 2012). Herein, the above
theory is used to achieve the motion generation of spheri-
cal four-bar crank slider mechanism. The size of the target
mechanism is optimized by using a genetic algorithm, which
is capable of motion generation.

Figure 1. The position and direction of the rigid body.

2 The mathematical description of the output

Motion generation or rigid-body guidance synthesis aims
to obtain a series of prescribed rigid-body poses, which in-
volves quantitative or qualitative design. There are two parts
(orientation and position of rigid body) involved in the rigid-
body guidance-line output of linkage mechanisms. As shown
in Fig. 1, the spherical arc pq represents the output of mech-
anism, θpq denotes the corresponding central angle, and µi
refers to the orientation of the ith rigid-body pose.

2.1 The mathematical model of the rigid-body output

Figure 2 shows the geometrical model of mechanism in the
Cartesian coordinates O–xyz, and R indicates the radius.
The axis of revolution of input link AB lies on the x axis,
and the frame AD lies on the xOy plane. The angle of the
arc Bp and arc pq is denoted as µpq , and the angle between
Bp and BC is indicated by θp. θ2 represents the coupler an-
gle. AB, BC, DA, and Bp denote central angles α, γ , ξ ,
θp0, respectively, where AB is input link, BC is the coupler,
component C is a slider, and DA is the frame. As shown in
Fig. 3, the coordinate B–e1e2e3 is established, where e1 co-
incides withOB, e2 represents the tangent vector of the path
of point B, and e3 = e1× e2. The coordinate B–e1e2e3 can
be transformed into the global Cartesian coordinate O–xyz
in two steps. Figure 3a shows that mechanism model, while
Fig. 3b to d represents the two steps taken for the transfor-
mation of the coordinate system:

1. As shown in Fig. 3b and c, the coordinate O–xyz ro-
tates around the x axis, the rotation angle of which is
θ1+π/2. Then, the coordinate O–x1y1z1 can be ob-
tained, while the relationship between the coordinate
O–xyz and the coordinate O–x1y1z1 can be described
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as follows:

x1 = x (1)
y1 = y cos

(
θ
)
+ z sin

(
θ
)

(2)
z1 =−y sin

(
θ
)
+ zcos

(
θ
)
, (3)

where
(
θ
)
= θ1+

π
2 .

2. As shown in Fig. 3b and c, the (O, x1, y1, z1) rotates
around the y1 axis, the rotation angle of which is α. The
coordinate O–x2y2z2 can be obtained, while the rela-
tionship between the coordinate O–x1y1z1 and the co-
ordinate O–x2y2z2 can be described as follows:

x2 = x1 cosα− z1 sinα

= x cosα− sinα
[
−y sin

(
θ
)
+ zcos

(
θ
)]

= x cosα+ y sinα sin
(
θ
)
− z sinα cos

(
θ
)

= x cosα+ y sinα cosθ1+ z sinα sinθ1 (4)

y2 = y1

= y cos
(
θ
)
+ z sin

(
θ
)

=−y sinθ1+ zcosθ1 (5)

z2 = x1 sinα+ z1 cosα

= x sinα+ cosα
[
−y sin

(
θ
)
+ zcos

(
θ
)]

= x sinα− y cosα sin
(
θ
)
+ zcosα cos

(
θ
)

= x sinα− y cosα cosθ1− zcosα sinθ1. (6)

According to the above equations, the relationship between
the coordinates B–e1e2e3 and O–xyz can be represented as
follows:

e1 = x2 = x cosα+ y sinα cosθ1+ z sinα sinθ1 (7)
e2 = y2 =−y sinθ1+ zcosθ1 (8)
e3 = z2 = x sinα− y cosα cosθ1− zcosα sinθ1, (9)

where θ1 =Q+ωt ,Q represents the initial angle, ω indicates
the fundamental frequency, and t refers to time.

The position of point p on e1, e2, and e3 can be expressed
as

xpe = R cosθp0 (10)
ype =−R sinθp0 sin

(
θp
)

(11)
zpe = R sinθp0 cos

(
θp
)
, (12)

where
(
θp
)
= θ + θp and θ represents the input angle of the

mechanism.

Figure 2. Model of spherical four-bar crank slider rigid-body guid-
ance mechanism.

Therefore, the position of point p on the global coordinate
O–xyz can be expressed as

rp = xpee1+ ypee2+ zpee3. (13)

By substituting Eqs. (7) to (12) into Eq. (13), it can be ob-
tained that

rp = x
[
cosθp0 cosα+ sinθp0 cos

(
θp
)

sinα
]
R

+ y
[

cosθp0 cosθ1 sinα+ sinθp0 sinθ1 sin
(
θp
)

− sinθp0 cos
(
θp
)

cosα cosθ1

]
R

+ z
[

cosθp0 sinθ1 sinα− sinθp0 cosθ1 sin
(
θp
)

− sinθp0 cos
(
θp
)

cosα sinθ1

]
R. (14)

For the convenience of description, a complex plane is estab-
lished; the real axis lies on the y axis of the global coordinate,
and the imaginary axis lies on the z axis of the global coor-
dinate. Equation (14) can be expressed as

rp =x
[
cosθp0 cosα+ sinθp0 cos

(
θp
)

sinα
]
R

+ ejθ1
[
− sinθp0

(
cos

(
θp
)

cosα+ j sin
(
θp
))

+ cosθp0 sinα
]
R, (15)

where j =
√

1.
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Figure 3. The transformation of the coordinate system.

The position of point p on the x axis (rpx(t)) can be ex-
pressed as

rpx(t)= R cosθp0 cosα+R sinθp0 cos
(
θ (t)+ θp

)
sinα. (16)

Similarly, the projection of the position of point p on the
yOz plane (rpyz(t)) can be expressed as

rpyz(t)= R
[

cosθp0 sinα− sinθp0
(

cos
(
θ (t)+ θp

)
cosα

)
+ j sin

(
θ (t)+ θp

)]
ejθ1 . (17)

Figure 4 shows the spherical mechanism in a general posi-
tion of installation. The translation and rotation of the frame
can be described by Ox , Oy , Oz, and θx , while the initial an-
gle of the input link is denoted as Q. Based on Eq. (16), the
projection on the x axis of point p can be expressed as

rpx
(
t + t ′

)
=Ox +R cosθp0 cosα+R sinθp0

cos
(
θ
(
t + t ′

)
+ θp

)
sinα, (18)

where t ′ =Q/ω.

According to Eq. (17), the projection of the position of
point p on the yOz plane can be expressed as rpyz = (t + t ′)
as follows:

rpyz
(
t + t ′

)
=Oy + jOz+ e

jθxR
[

cosθp0 sinα− sinθp0(
cos

(
θ
(
t + t ′

)
+ θp

)
cosα

+ j sin
(
θ
(
t + t ′

)
+ θp

))]
ejθ1 . (19)

Therefore, the position of point p of the mechanism in a
general installation position can be represented by Eqs. (18)
and (19).

2.2 The preprocessing method of rigid-body markings

In the previous work, the dimensional synthesis of the spher-
ical four-bar slider crank mechanism was studied, and a nu-
merical atlas method was proposed to identify the basic di-
mensional types of the mechanism. Besides this, the output
of the linkage mechanism was described by harmonic param-
eters, and the design results were obtained by comparing the
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Figure 4. Installation position of the spherical mechanism.

prescribed design requirements with that in the numerical at-
las database. However, the feature parameter extraction al-
gorithm restricts the proposed method into solving only the
rigid-body guidance synthesis of spherical linkage mecha-
nisms in particular positions, where the rotation axis of the
input component is parallel to the x axis of the global co-
ordinate system and the plane of the frame is parallel to the
xOy plane. For the spatial RRSS mechanism in a general
installation position, this method is not applicable to obtain
high-precision results. Therefore, a method is proposed in
this paper to eliminate the impact caused by the rotation of
the frame around the y axis and the z axis on the feature pa-
rameter of the trajectory curve.

As shown in Fig. 5, O–xyz is the global coordinate sys-
tem. The requirements of the given design are detailed in
Fig. 5a. The red solid line represents the output curve of the
point p position, the solid blue line indicates the output curve
of the point q position, and the black solid line between these
two curves refers to the required rigid-body guidance line.
According to the formula of the centroid of a curve, the cen-
troid Q of the trajectory can be expressed as

QX =

∫
xQ · ρ (x,y,z)ds∫
ρ (x,y,z)ds

, (20)

QY =

∫
yQ · ρ (x,y,z)ds∫
ρ (x,y,z)ds

, (21)

QZ =

∫
zQ · ρ (x,y,z)ds∫
ρ (x,y,z)ds

, (22)

where,QX,QY , andQZ represent the x, y, and z axes of the
centroid Q, respectively; xQ, yQ, and zQ indicate the para-

metric equation of any curve, respectively; ρ(x,y,z)= 1;
and ρ denotes the density function of coordinate parameter
S.

Then, it is possible to calculate Q1 and Q2, which are,
respectively, the centroid of the output curve of the point p
position and the output curve of the point q position. The
midpoint N (Nx , Ny , Nz) of Q1Q2 can be expressed as

Nx =
Q1X +Q2X

2
, (23)

Ny =
Q1Y +Q2Y

2
, (24)

Nz =
Q1Z +Q2Z

2
. (25)

As shown in Fig. 5b, point O is connected with point N , and
a straight lineON is defined as the central axis. In this paper,
the normalization method is used to rotate the output curve
of the point p position and the output curve of the point q
position around the x axis simultaneously. The rotation angle
ηy , ηz can be expressed as

ηy =
(Nx,Nz) · (0,1)√
N2
x +N

2
z ·
√

02+ 12
, (26)

ηz =

(
Nx,Ny

)
· (0,1)√

N2
x +N

2
y ·
√

02+ 12
. (27)

Now, the central axis ON lies in the z axis. As shown in
Fig. 5c, the output curve of the point p position and the out-
put curve of the point q position on the xOy plane can be
projected.

Through rotation and transformation, the above method is
used to eliminate the influence rotation of the frame around
the y axis and the z axis on the feature parameter of the tra-
jectory curve. It enables the Fourier transform to extract the
feature information from the output curve of a spherical four-
bar mechanism in a general position of installation.

From Fig. 6, we can get the orientation output as follows:

µ= µp +µpq . (28)

From the geometric relationship of spherical trigonometry,
the following relations between µp and θ2 can be known:

µp = arctan

[
sin
(
θp + θ2

)
sinα

cos
(
θp + θ2

)
cosθp0 sinα− sinθp0 cosα

]
. (29)

By substituting Eq. (29) into Eq. (28), the orientation of the
arc pq can be obtained as follows:

µ= µpq + arctan

[
sin
(
θp + θ2

)
sinα

cos
(
θp + θ2

)
cosθp0 sinα− sinθp0 cosα

]
. (30)
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Figure 5. Schematic graph of the preprocessing.

The angular velocity of the input crank AB is expressed as ω
(θ1 = ωt), and Eq. (30) is expressed as

µ (t)= µpq + arctan[
sin
(
θp + θ2 (t)

)
sinα

cos
(
θp + θ2 (t)

)
cosθp0 sinα− sinθp0 cosα

]
. (31)

Similarly, according to Eq. (31), the orientation output of the
mechanism in a general position of installation can be ex-
pressed as

µ
(
t + t ′

)
= µpq + arctan[

sin
(
θp + θ2

(
t + t ′

))
sinα

cos
(
θp + θ2 (t + t ′)

)
cosθp0 sinα− sinθp0 cosα

]
. (32)

Therefore, the position output and orientation output can be
expressed as Eqs. (18), (19), and (32), respectively.

3 The harmonic analysis of the output

3.1 Fourier series expression of the output

According to Fourier series theory, the function of
cos(θ2(t)+ θp) can be expressed as

cos
(
θ2(t)+ θp

)
=

∞∑
n=−∞

cne
jφnejnωt , (33)

where cn and φn represent the amplitude and the phase angle,
respectively.

Similarly, when the initial angle is denoted as Q, Eq. (32)
can be rewritten as

cos
(
θ2
(
t + t ′

)
+ θp

)
=

∞∑
n=−∞

cne
jφnejnω(t+t ′). (34)

As Q= ωt ′, Eq. (34) can be written as

cos
(
θ2
(
t + t ′

)
+ θp

)
=

∞∑
n=−∞

cne
j (φn+nQ)ejnωtp. (35)

Figure 6. The rigid-body guidance line pq.

By substituting Eq. (35) into Eq. (18), the position output of
the mechanism as studied here and projected on the x axis
can be expressed as

rpx
(
t + t ′

)
=Ox +R cosθp0 cosα

+R sinθp0 sinα
∞∑

n=−∞

cne
j (φn+nQ)ejnωt . (36)

The n=0 item of Eq. (36) is merged as follows:

rpx
(
t + t ′

)
=

(
Ox +R cosθp0 cosα+Rc0 sinθp0 sinαejφ0

)
+R sinθp0 sinα

∑
n6=0

cne
j (φn+nQ)ejnωt . (37)
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Similarly, the function of cos(θ2(t)+θp)cosα+j sin(θ2(t)+
θp) can be expressed as

cos
(
θ2 (t)+ θp

)
cosα+ j sin

(
θ2 (t)+ θp

)
=

∞∑
n=−∞

c′ne
jφ′nejnωt , (38)

where c′n and φ′n represent the amplitude and the phase angle,
respectively.

When the initial angle is indicated by Q, Eq. (38) can be
expressed as

cos
(
θ2
(
t + t ′

)
+ θp

)
cosα+ j sin

(
θ2
(
t + t ′

)
+ θp

)
=

∞∑
m=−∞

c′me
jφ′mejmω(t+t ′). (39)

As Q= ωt ′, Eq. (39) can be expressed as

cos
(
θ2
(
t + t ′

)
+ θp

)
cosα+ j sin

(
θ2
(
t + t ′

)
+ θp

)
=

∞∑
m=−∞

c′me
j(φ′m+mQ)ejmωt . (40)

By substituting Eq. (40) into Eq. (19), the position output of
the mechanism studied here and projected on the yOz plane
is expressed as

rpyz
(
t + t ′

)
= Oy + jOz+ e

jθxR
[

cosθp0 sinα− sinθp0(
∞∑

m=−∞

c′me
j(φ′m+mQ)ejmωt

)]
ejθ1 . (41)

By merging +1 item (m= 0) in Eq. (41), it can be obtained
that

rpyz
(
t + t ′

)
=Oy + jOz

+R
(

cosθp0 sinα− c′0 sinθp0e
jφ′0

)
ej (θx+Q)ejωt

−R sinθp0
∑
m6=0

c′me
j[φ′m+(m+1)Q+θx]ej (m+1)ωt . (42)

By merging 0 item (m=−1) of Eq. (42) and defining n=
m+ 1, it can be obtained that

rpyz
(
t + t ′

)
=Oy + jOz−Rc

′

−1 sinθp0e
j
(
φ′
−1+θx

)
+R

(
cosθp0 sinα− c′0 sinθp0e

jφ′0

)
ej (θx+Q)ejωt

−R sinθp0
∑
n 6=0,1

c′n−1e
j
(
φ′n−1+nQ+θx

)
ejnωt . (43)

Thus, the harmonic components of the position output are
expressed as Eqs. (37) and (43).

According to Eq. (29), the Fourier series expansion of
µp(t) is defined as

µp(t)= arctan

[
sin
(
θp + θ2(t t)

)
sinα

cos
(
θp + θ2(t t)

)
cosθp0 sinα− sinp0 cosα

]

=

+∞∑
n=−∞

c′′ne
jφ′′n ejnωt , (44)

where c′′n and φ′′n refer to the amplitude and the phase angle,
respectively.

If the initial angle of the crank AB is Q (Q= ωt ′),
Eq. (44) is expressed as

µp
(
t + t ′

)
= arctan

[
sin
(
θp + θ2

(
t + t ′

))
sinα

cos
(
θp + θ2 (t + t ′)

)
cosθp0 sinα− sinθp0 cosα

]

=

+∞∑
n=−∞

c′′ne
jφ′′n ejnω(t+t ′). (45)

As Q= ωt ′, Eq. (45) is rearranged. Therefore,

µ
(
t + t ′

)
= arctan

[
sin
(
θp + θ2

(
t + t ′

))
sinα

cos
(
θp + θ2 (t + t ′)

)
cosθp0 sinα− sinθp0 cosα

]

=

+∞∑
n=−∞

c′′ne
j(φ′′n+nQ)ejnωt . (46)

By substituting Eq. (46) into Eq. (32) and merging the item,
the orientation output of the mechanism is expressed as

µ
(
t + t ′

)
=

(
µpq + c

′′

0e
jφ′′0

)
+

∑
n 6=0

c′′ne
j(φ′′n+nQ)ejnωt . (47)

3.2 The extraction of the output characteristic
parameters

Apparently Eqs. (33), (38), and (44) are implicitly related
to Eqs. (37), (43), and (47). After the normalization of
Eqs. (33), (38), (44), (37), (43), and (47), different factors
such as the actual size, initial angle, and Installation position
are eliminated. Besides this, the general law of the harmonic
component of the orientation output and the mechanism pa-
rameters is determined.

3.2.1 Define and extract the harmonic characteristic
parameters of the position output

After dividing Eq. (33) by c−1e
jφ−1

(the harmonic of the −1
term), it can be obtained that (cn is the nth term series of a
1D Fourier transform )

1
c−1

cos
(
θ2 (t)+ θp

)
e−jφ−1

=

∞∑
n=−∞

cn

c−1
ej(φn−φ−1)ejnωt (48)
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Similarly, after dividing Eq. (37) by
Rc−1 sinθp0 sinαej (φ1−Q) (the harmonic of the −1 term), it
can be obtained that

rpx
(
t + t ′

)
Rc−1 sinθp0 sinα

e−j(φ−1−Q)

=
1

Rc−1 sinθp0 sinα

(
Ox +R cosθp0 cosα

+Rc0 sinθp0 sinαejφ0e−j(φ−1−Q)

)

+

∑
n 6=0

cn

c−1
ej(φn−φ−1+(n+1)Q)ejnωt . (49)

By comparing Eq. (48) with Eq. (49), it can be discovered
that they have the same amplitude accordingly (except for
item 0), the phase difference of which is (n+ 1)Q.

Similarly, after dividing Eq. (38) by c′
−2e

jφ′−2 (c′
−2 is the

nth term series of a 2D Fourier transform), it can be obtained
that

1
c′
−2
e−jφ

′

−2
[
cos

(
θ2 (t)+ θp

)
cosα+ j sin

(
θ2 (t)+ θp

)]
=

∞∑
n=−∞

c′n

c′
−2
e
j
(
φ′n−φ

′

−2

)
ejnωt . (50)

Similarly, after dividing Eq. (43) by the
−Rc′

−2 sinθp0e
j (φ′
−2−Q+θx ) (the term −1 harmonic), it

can be obtained that

−
rpyz

(
t + t ′

)
Rc′
−2 sinθp0

e
j
(
Q−φ′

−2−θx

)
=−

1
Rc′
−2 sinθp0(

Oy + jOz−Rc
′

−1 sinθp0e
j
(
φ′
−1+θx

))
e
−j
(
φ′
−2−Q+θx

)

−
1

c′
−2sinp0

(
cosθp0 sinα− c′0 sinθp0e

jφ′0

)
e
j
(

2Q−φ′
−2

)
ejωt

+

∑
n6=0,1

c′n−1

c′
−2
e
j
[
φ′n−1−φ

′

−2+(n+1)Q
]
ejnωt . (51)

Comparing Eq. (50) with Eq. (51), it can be found that they
have the same amplitude correspondingly (except for item 0
and +1), and the phase difference is 4(n+1)Q+φ′n−1−φ

′
n.

By comparing Eq. (50) with Eq. (51), it can be found out
that they have the same amplitude accordingly (except for
item 0 and +1), the phase difference of which is (n+ 1)Q+
φ′n−1−φ

′
n.

Through the above analysis, the harmonic components of
the position output are expressed by Eqs. (48) and (50) (ex-
cept for individual items). Also, the function cos(θ2(t + t ′)+
θp)+ j sin(θ2(t + t ′)+ θp) and cos(θ2(t + t ′)+ θp) are deter-
mined by the five parameters of the mechanism as studied
here, including α, γ , ξ , α1, and θp. The amplitude of the
output can be described by using parameters (α, γ , ξ , α1,
and θp). Therefore, the parameters of α, γ , ξ , α1, and θp are
defined as MPBDT (the mechanism’s position of basic di-
mensional types), while harmonic components cn/c−1 and

Figure 7. The translation of the orientation output function.

c′n−1/c
′

−2 are defined as a group of position of harmonic
characteristic parameters’ dimensional type (PHCPDT). The
functions of cos(θ2(t+t ′)+θp) and cos(θ2(t+t ′)+θp)cosα+
j sin(θ2(t + t ′)+ θp) are defined as the rigid-body position
operator (RBPO). On this basis, it can be found out that
the RBPO is determined only by the MPBDT, rather than
other factors such as the structural and arrangement parame-
ters of the spherical four-bar crank slider rigid-body guidance
mechanism.

3.2.2 The characteristic parameters of the orientation
output

According to Eq. (31), the orientation output function µp(t)
is a periodic function when the link AB is cranked, and the
shift of the function curve affects only the initial angle and
the average value. Therefore, the function µ(t + t ′) can be
obtained by the function µp(t), as shown in Fig. 7. By com-
paring Eq. (44) with Eq. (47), it can be discovered that they
have the same amplitude, and the phase differences of both
are nQ (except for 0 items). Thus, the characteristic param-
eter of the rigid-body orientation output can be described by
using the amplitude (c′′n) of the function µp(t). Herein, the
amplitudes obtained from Eq. (44) are defined as the ori-
entation of harmonic characteristic parameters’ dimensional
type (OHCPDT). Besides this, according to Eq. (29), the
µp(t) is determined by the parameters α, γ , ξ , α1, θp, and
θp0. The parameters of α, γ , ξ , α1, θp, and θp0 are defined
as the orientation of basic dimensional types of the mech-
anism (MOBDT), while µp(t) is defined as the rigid-body
orientation operator (RBOO). Through the above analysis, it
can be discovered that the RBOO is determined only by the
MOBDT, instead of other factors (such as the structural and
arrangement parameters).

According to Eq. (47), the Fourier series
∑
D′′ne

jξ
n

′′

ejnωt

(D′′n is the amplitude of the nth harmonic component of a
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3D Fourier transform, and are defined as the harmonic com-
ponents of the prescribed orientation µ(t + t ′). Based on
the property of the 1D Fourier transformation (ξ ′′0 = 0◦ and
φ′′ = 0◦), the angle parameter µpq can be obtained as fol-
lows.

MOBDT involves all the parameters of MPBDT by com-
paring them. Thus, as the first step, a number atlas database
of the orientation output is established by inputting both the
OHCPDT and MOBDT. Then, fuzzy identification is per-
formed to recognize several groups of MOBDT that satisfy
the prescribed orientation output of the guidance mechanism
as studied in this paper. Accordingly, a position problem of
the rigid body can be transformed into a path generation
problem when a reference point is chosen. According to Chu
and Sun (2010), the characteristic parameters of both the de-
sign conditions and the MPBDT can be obtained by taking
advantage of a fast Fourier transform (FFT). Subsequently,
the actual length size and installation parameters can be cal-
culated according to those parameters and theoretical formu-
las of the guiding mechanism as studied in this paper.

3.3 Calculation of the actual dimensions and
arrangement parameters

By comparing Eqs. (33) and (38) with (37) and (43), respec-
tively, the relationship between the amplitudes and phase an-
gles can be determined, to derive the theoretical formulas
about actual installation size, coupler point position, and in-
stallation size parameters. In this paper, the prescribed posi-
tion rp on the x axis and yOz plane is defined as

rpx
(
t + t ′

)
=

∞∑
n=−∞

Dne
jζnejnωt

and

rpyz
(
t + t ′

)
=

∞∑
n=−∞

D′ne
jζ ′nejnωt ,

whereDn represents the amplitude of the nth harmonic com-
ponent of a 1D Fourier transform,D′n indicates the amplitude
of the nth harmonic component of a 2D Fourier transform, ζn
denotes the initial phase of the nth harmonic component of a
1D Fourier transform, and ζ ′n refers to the initial phase of the
nth harmonic component of a 2D Fourier transform.

The harmonic component of the angular characteristic
function of the rigid body is defined as

+∞∑
n=−∞

cne
jφnejnωt and

∞∑
n=−∞

c′ne
jφ′nejnωt .

Therefore, the actual size and arrangement parameters can be
calculated as follows:

1. The actual dimension of the crank (α) is

α = arcsin
(
Dnc

′

n−1

D′ncn

)
(n 6= 0,1) . (52)

The other dimensional types of γ , ξ , and α1 can be ob-
tained according to the proportional coefficient.

2. The initial angle Q:

Q= ζ1−φ1. (53)

3. The rotation angle θx :

θx = ζ
′

−1+Q−φ
′

−2. (54)

4. The spherical radius of the mechanism:

R =

√[
A2+

(
Dn
/
cn
)2]/sin2α , (55)

where

A=
[
D′1 cosζ ′1−D

′
nc
′

0 cos
(
φ′0+ θx +Q

)
/c′n−1

]/
cos(θx +Q) .

5. The central angle θp0:

θp0 = arcsin

(
D′n

Rc′n−1

)
. (56)

6. The translation distance Ox in the x axis:

Ox =D0 cosζ0−R cosθp0 cosα

−Rc0 sinθp0 sinα cosφ0. (57)

7. The translation distance Oy , Oz in the y and z axes:

Oy =D
′

0 cosζ ′0+Rc
′

−1 sinθp0 cos
(
φ′
−1+ θx

)
, (58)

Oz =D
′

0 sinζ ′0+Rc
′

−1 sinθp0 sin
(
φ′
−1+ θx

)
. (59)

Equations (53) to (60) can be applied to calculate the parame-
ters of the actual installation size of the guidance mechanism,
as studied by this paper, and the coupler point position and
installation size.

4 Steps and illustration

4.1 The influence of each parameter of the MOBDT
upon the output

It is widely known that the parameters of the MOBDT have
different effects on the output of the rigid body. Firstly,
one group of MOBDT is chosen to verify the influence of
each parameter. By changing each parameter with the same
variable 1ρ (herein, 1ρ = 2), the changes of the output of
the rigid body are indicated, as shown in Fig. 8. Figure 8a

https://doi.org/10.5194/ms-14-125-2023 Mech. Sci., 14, 125–142, 2023



134 W. Zhang et al.: Dimensional synthesis of a spherical motion generation mechanism

Table 1. Flowchart of the synthesis process.

shows the output affected by α, Fig. 8b shows the output af-
fected by γ , Fig. 8c shows the output affected by ξ , Fig. 8d
shows the output affected by α1, Fig. 8e shows the output af-
fected by θp, and Fig. 8f shows the output affected by θp0.
According to the results, α, θp, and θp0 have the most sig-
nificant impact on the output, followed by α1. The effect of
γ and ξ is the least significant. The blue curve in the figure
indicates the trajectory curve of a given set of sizes, and the
red curve represents the trajectory curve obtained by chang-
ing each size.

4.2 Variable step size output properties database and
matching

The step size of OHCPDT in the output properties database
is denoted as λ0. It can be found out that the accuracy of

matching is higher when the λ0 is reduced. However, the
complexity of the database increases. Conversely, if λ0 is
larger, the matching speed improves, but the accuracy is re-
duced. Therefore, to ensure the sufficient accuracy and speed
of matching, different step sizes denoted as λ0 are given for
the distinct parameter of MOBDT, and the step size of each
parameter is chosen according to the analysis in Sect. 4.1.
Then, a different step size digital atlas database can be estab-
lished.

According to Chu and Sun (2010), the proper MOBDT can
be obtained by the following equation:

δ =

3∑
n=1

(
T ′n− Tn

)2
, (60)
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Table 1. Continued.

where δ represents the similarity function, while T ′n and Tn
denote the OHCPDT in the design conditions and in the out-
put properties database, respectively.

Based on the fuzzy theory, the similarity function makes
a survey of the comparability. T ′n and Tn become more com-
parable when δ is reduced. Based on Eq. (61), it is possible
to obtain several groups of MOBDT of the guidance mecha-
nism as studied in this paper. There are 10 groups chosen in
this paper.

4.3 Optimization method

Genetic algorithms represent one of the most adaptive meth-
ods to simulate the process of biological evolution on a com-
puter. Its solution to the optimization problem starts by ran-
domly generating the initial population that meets the con-
straints. Each individual in the population is taken as the
first solution to the problem. Then, the selection, prolifer-
ation, crossover, mutation, and other genetic operations are
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Figure 8. The MOBDT with different parameters.

conducted. By eliminating the basic size function which is
clearly different from the objective function, a smaller basic
size function is retained, and a new population is obtained.
The new group members have less error than the previous
generation group, which is significantly better than the previ-
ous generation. Through this continuous breeding evolution,
the genetic algorithm is used to optimize the target mecha-
nism.

The main steps are as follows:

1. Given the size type, frame length, two connecting rod
lengths, and the crank length that need to be optimized,
the initial population size rate, mutation rate, and max-
imum algebra are set. x is taken as the optimization

variable.

x =
[
α,γ,ξ,β

]T
= [x1,x2,x3,x4]T ,

where X represents the initial population; and x1, x2,
x3, and x4 indicate the corresponding quantity of α, γ ,
ξ , and β.

2. Given the constraints and range (the corresponding
ranges are given in Table 2) of the spherical four-bar
rigid-body guidance, the constraints are

x1+ x4 < x2+ x3
x1 <min[x2,x3]
x4 >max[x2,x3]

.
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Table 2. Length range of the rod.

member α (◦) γ (◦) ξ (◦) α1 (◦)

range (10, 90) (10, 90) (10, 90) (10, 90)

3. The size of the initial population of the spherical four-
bar rigid-body guidance mechanism is set in random
generation (Step 2).

4. According to the above Eqs. (10) and (11), the position
of the trajectory P point is determined for all the size
types of the generated population.

5. 1D Fourier transform and 2D Fourier transform are per-
formed on the solved p-point trajectory to extract the
corresponding characteristic parameters.

6. Equation (61) is used to calculate the similarity between
the extracted characteristic parameters and the Fourier
characteristic parameters of the objective function.

7. All sizes are arranged in the order of similarity, and the
individuals with low similarity replace the individuals
with high similarity.

8. Each of the two sizes forms a group and starts to cross-
reproduce, with new sizes produced.

9. The random selection of certain generations is per-
formed for mutation.

10. According to the results of Step (6), the similarity of all
size types average, and the best individual similarities
are expressed.

If the maximum algebra is reached, the optimization is ter-
minated; otherwise, it returns to Step (4) to continue the op-
timization.

Taking into account the characteristics of the output ob-
jective function of the spherical four-bar rigid-body guidance
mechanism, the genetic algorithm is used in this paper to op-
timize the mechanism, as shown in Fig. 9. The population
size is 500, and the crossover probability is 0.8. The two-
point crossover operator is used, and the geometric program-
ming sorting selection is carried out. The number of genetic
iterations is 200.

4.4 Illustration

The design requirements and reference point p are shown in
Fig. 10, and the coordinates of sampling points are given in
Table 3. There are 64 points given in this paper, of which,
eight points (which are in bold) are chosen to translate the
position problem of the rigid body into a path generation one.
It is supposed that a mechanism studied by this paper is syn-
thesized into a given angle and position.

Figure 9. Optimization flowchart.

Figure 10. Design requirements.

Based on the above analysis, a variable step size out-
put properties database of the mechanism is first estab-
lished. Through a 1D FFT and normalization process, the
OHCPDT of the design requirements can be extracted.
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Table 3. The prescribed position and orientation.

No. (x, y, z, µ) No. (x, y, z, µ)

1 (6.93809, 9.02107, 6.60319, 48.82749◦) 33 (8.01494, 6.88774, 6.26637, 10.67604◦)
2 (6.87982, 9.03855, 6.66520, 46.82357◦) 34 (8.04953, 6.85655, 6.19801, 12.02008◦)
3 (6.82928, 9.04793, 6.72286, 44.74191◦) 35 (8.08115, 6.83712, 6.12992, 13.63993◦)
4 (6.78722, 9.04951, 6.77574, 42.59665◦) 36 (8.10963, 6.82990, 6.06294, 15.55919◦)
5 (6.75426, 9.04353, 6.82351, 40.40197◦) 37 (8.13473, 6.83519, 5.99801, 17.79850◦)
6 (6.73090, 9.03021, 6.86594, 38.17236◦) 38 (8.15618, 6.85320, 5.93606, 20.37154◦)
7 (6.71746, 9.00965, 6.90292, 35.92275◦) 39 (8.17367, 6.88395, 5.87804, 23.27959◦)
8 (6.71407, 8.98193, 6.93441, 33.66853◦) 40 (8.18682, 6.92731, 5.82488, 26.50527◦)
9 (6.72071, 8.94705, 6.96047, 31.42557◦) 41 (8.19522, 6.98299, 5.77748, 30.00663◦)
10 (6.73710, 8.90498, 6.98123, 29.21002◦) 42 (8.19844, 7.05048, 5.73669, 33.71346◦)
11 (6.76280, 8.85569, 6.99689, 27.03809◦) 43 (8.19604, 7.12910, 5.70327, 37.52841◦)
12 (6.79714, 8.79915, 7.00769, 24.92574◦) 44 (8.18757, 7.21794, 5.67787, 41.33416◦)
13 (6.83930, 8.73540, 7.01388, 22.88829◦) 45 (8.17261, 7.31592, 5.66103, 45.00612◦)
14 (6.88829, 8.66457, 7.01572, 20.94000◦) 46 (8.15081, 7.42175, 5.65314, 48.42749◦)
15 (6.94304, 8.58690, 7.01347, 19.09377◦) 47 (8.12190, 7.53398, 5.65441, 51.50230◦)
16 (7.00240, 8.50275, 7.00732, 17.36075◦) 48 (8.08572, 7.65102, 5.66490, 54.16313◦)
17 (7.06525, 8.41266, 6.99745, 15.75020◦) 49 (8.04223, 7.77120, 5.68449, 56.37262◦)
18 (7.13047, 8.31727, 6.98394, 14.26939◦) 50 (7.99158, 7.89278, 5.71288, 58.11993◦)
19 (7.19705, 8.21738, 6.96685, 12.92366◦) 51 (7.93405, 8.01402, 5.74963, 59.41473◦)
20 (7.26409, 8.11389, 6.94616, 11.71666◦) 52 (7.87012, 8.13326, 5.79412, 60.28056◦)
21 (7.33082, 8.00780, 6.92180, 10.65059◦) 53 (7.80043, 8.24892, 5.84561, 60.74908◦)
22 (7.39660, 7.90017, 6.89369, 9.72665◦) 54 (7.72575, 8.35959, 5.90326, 60.85563◦)
23 (7.46092, 7.79210, 6.86172, 8.94545◦) 55 (7.64701, 8.46403, 5.96615, 60.63613◦)
24 (7.52340, 7.68473, 6.82578, 8.30748◦) 56 (7.56523, 8.56120, 6.03328, 60.12522◦)
25 (7.58377, 7.57920, 6.78582, 7.81355◦) 57 (7.48150, 8.65029, 6.10363, 59.35511◦)
26 (7.64183, 7.47663, 6.74181, 7.46528◦) 58 (7.39697, 8.73071, 6.17617, 58.35516◦)
27 (7.69745, 7.37814, 6.69380, 7.26546◦) 59 (7.31283, 8.80206, 6.24988, 57.15175◦)
28 (7.75057, 7.28480, 6.64188, 7.21848◦) 60 (7.23024, 8.86416, 6.32377, 55.76845◦)
29 (7.80115, 7.19766, 6.58628, 7.33070◦) 61 (7.15037, 8.91696, 6.39688, 54.22631◦)
30 (7.84916, 7.11772, 6.52727, 7.61073◦) 62 (7.07435, 8.96056, 6.46835, 52.54422◦)
31 (7.89458, 7.04590, 6.46524, 8.06980◦) 63 (7.00325, 8.99518, 6.53736, 50.73934◦)
32 (7.93738, 6.98311, 6.40069, 8.72193◦) 64 (6.93809, 9.02107, 6.60319, 48.82749◦)

Table 4. The amplitude and phase of the prescribed orientation.

No. 0 +1 +2 +3

Amplitude 0.5546 0.2342 0.0330 0.0102
Phase (◦) 0 42.0732 139.1307 −102.2811
The HCPDT T ′n 23.42 3.30 1.02

Table 4 shows four terms of amplitudes of the prescribed ori-
entation. The matching method is used to identify 10 groups
of the MOBDT from the database. According to each group
of the MOBDT, we establish the initial population, so as to
obtain the MOBDT of the desired mechanism, as shown in
Table 5. Then, Eq. (52) is applied to obtain the actual di-
mensions of the µpq , as shown in Table 7. Table 6 shows
the harmonic components of the prescribed position, and
Table 8 shows the harmonic components of the RBPO as ob-
tained through FFT. Table 7 lists the dimension parameters
and installation parameters as obtained by Eqs. (53) to (60).

Table 5. The identified MOBDT (10 groups are chosen).

No. α γ ξ α1 θP θP0 (◦)
(◦) (◦) (◦) (◦) (◦) (◦)

1 15.00 50.00 24.00 9.00 52.00 35.00
2 15.00 50.00 22.00 10.00 52.00 35.00
3 15.00 48.00 22.00 10.00 52.00 35.00
4 15.00 48.00 24.00 8.00 51.00 35.00
5 15.00 50.00 20.00 10.00 51.00 35.00
6 15.00 48.00 24.00 8.00 51.00 35.00
7 15.00 50.00 18.00 12.00 52.00 35.00
8 15.00 50.00 24.00 8.00 51.00 35.00
9 15.00 48.00 24.00 9.00 52.00 35.00
10 15.00 50.00 20.00 9.00 51.00 35.00

Finally, the comparison diagrams of three groups of design
results and given design requirements are shown in Figs. 11,
12, and 13. The design requirements are shown in blue, and
the design results are shown in red. It can be seen that the
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Table 6. The amplitude and phase of the prescribed position.

Team n −3 −2 −1 0 +1 +2 +3

x axis
amplitude Dn 0.0013 0.0421 0.3654 7.5154 0.3654 0.0421 0.0013
phase ζn (◦) −14.9725 −134.2472 −135.6260 0 135.6260 134.2472 14.9725

y–z plane
amplitude D′n 0.0057 0.0099 0.3195 10.2482 0.8684 0.0700 0.0049
phase ζ ′n (◦) −139.8161 173.4887 52.7829 38.6491 −7.9059 105.1297 139.2923

Table 7. Dimension and arrangement parameters.

No. 1 2 3 4 5 6 7 8 9 10

α (◦) 15.56 15.52 16.15 16.72 14.96 16.11 15 14.96 15.57 14.96
γ (◦) 20.82 50.71 51.68 52.39 49.88 51.55 50 49.88 50.85 49.87
ξ (◦) 23.85 23.8 22.61 25.64 18.95 24.7 18 23.94 24.9 20.95
α1 (◦) 9.33 8.28 10.77 8.92 9.98 8.59 12 7.98 9.34 8.98
θP (◦) 52 51 52 51 51 51 52 51 52 51
θP 0 (◦) 35.09 35.04 35.1 35.1 34.97 35.07 35 34.97 35 34.98
µpq (◦) 34.1345 34.1242 34.2175 34.3008 34.032 34.2111 34.0385 34.0317 34.1251 34.0337
θx (◦) −4.5488 −3.2152 −5.556 −3.03 −5.5494 −3.1194 −8 −3.4049 −4.6407 −4.4649
Q (◦) 11.8828 10.3056 12.7293 10.0323 12.4197 10.1719 15 10.267 11.6903 11.3892
Ox (mm) 3.6551 3.6417 3.7968 3.9245 3.4878 3.7858 3.5 3.4876 3.6506 3.4887
Oy (mm) 6.3727 6.3611 6.4264 6.4748 6.2918 6.4192 6.3 6.2915 6.3633 6.2937
Oz (mm) 4.2662 4.2697 4.3461 4.4189 4.1996 4.3456 4.2 4.1988 4.2757 4.1977
R (mm) 4.8198 4.8331 4.6512 4.4991 5.013 4.6629 5 5.0131 4.8225 5.0124

Table 8. The amplitude and phase of the RBPO of the 10th group of the MPBDT.

Team n −3 −2 −1 0 +1 +2 +3

x axis
amplitude cn 0.0017 0.0556 0.4925 0.0796 0.4925 0.0556 0.0017
phase ϕn (◦) 24.0698 −24.0698 −124.2368 0 124.2368 24.0698 −24.0698

y–z plane
amplitude c′n 0.0032 0.1112 0.9704 0.1093 0.0241 0.0017 0.0001
phase ϕ′n (◦) 25.6877 −111.3630 −123.3569 45.2959 −93.9177 −70.0596 53.7570

fitting curve overlaps completely. Part (b) in the figure is the
comprehensive result error in azimuth. Part (c) in the figure is
the comprehensive result error of the pitch angle. Part (d) in
the figure is the comprehensive result error in the rigid-body
guidance angle.

5 Conclusions

1. A new method is proposed to address the motion gener-
ation problem of spherical four-bar crank slider rigid-
body guidance mechanisms. According to the corre-
sponding parameters of the position output and direc-
tion output of the research institutions in this paper, a
method is developed to establish the output properties
database of the mechanism. Then, the solution to the
dimension parameters is proposed as well. By using the
output properties database and the solution method, mo-
tion generation is achieved.

2. The analytical methods are applicable only to deal with
the problem of finitely divided positions. However, the
method proposed in this paper can be used to effec-
tively solve the problem of motion generation with in-
finite prescribed positions in theory. Through compar-
ison with analytical methods, nonlinear equations are
avoided in this paper, which makes the method much
more efficient and simple.

3. The method combines the advantages of the analyti-
cal method and the atlas method characterized by pre-
cision and simple calculation. Through a computer, it
is achievable to quickly and accurately identify vari-
ous groups of OHCPDT which meet the design require-
ments. Besides this, the dimension and installation pa-
rameters can be calculated as well, with several opti-
mal options available to users. At last, this method can
be extended to the motion generation of other types of
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Figure 11. Comparison drawing of the first group of dimensions.

Figure 12. Comparison drawing of the second group of dimensions.
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Figure 13. Comparison drawing of the third group of dimensions.

linkage mechanisms, such as a spherical four-bar mech-
anism and RCCC mechanisms.
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