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Abstract. To improve the bearing capacity and provide the mathematical model basis for vibration and noise
reduction of the variable hyperbolic circular-arc-tooth-trace (VH-CATT) cylindrical gear, the tooth surface mod-
ification design method based on the parabolic forming blade and cutter inclination was proposed. The geometric
design of inclined cutter was completed. The modified tooth surface equation was deduced, and the influence
of modification parameters on tooth surface curvature characteristics was analysed further. The tooth contact
analysis (TCA) was established, and the influence of modification parameters on the elliptical contact area was
analysed. Research shows that the parabolic coefficient a and the parabolic vertex position u0 have effects on the
main curvature of concave–convex tooth surface, both the tooth profile and the tooth line direction, but the cutter
inclination angle only has influence on the curvature of the tooth line direction, and the influence is larger. The
cutter inclination angle γ , parabola coefficient a, and parabolic vertex position u0 have certain influences on the
elliptical contact area. The cutter inclination angle γ is the most important modification parameter to improve
the bearing capacity, but the excessive cutter inclination angle will cause bridge contact, the value range cutter
inclination γ can be determined based on the tooth line radius. The research results provide a technical basis for
improving the bearing capacity of the VH-CATT cylindrical gear and optimising the design.

1 Introduction

Tooth surface modification technology can improve the pres-
sure distribution of tooth surface, reduce the meshing-in and
meshing-out impact, and improve the stability of system. It is
an important technical means to reduce vibration and noise
(Guo et al., 2021; Peng et al., 2020). For example, Nie et
al. (2019) proposed a kind of Ease-off topology modification
method for hypoid gears to improve meshing performance,
the load tooth contact analysis (TCA) results indicate that the
modified tooth flank contact stress distribution is improved.
Jia et al. (2021) proposed a tooth modification design method
of vibration reduction for involute helical gears consider-
ing the measured load spectrum, and the results show that
the amplitude of loaded transmission error and the meshing-
in impact force are effectively reduced after optimum tooth
modification. Jiang et al. (2021) proposed a design and anal-

ysis method of tooth surface dynamic anti-wear modification
to improve the contact performance.

The variable hyperbolic circular-arc-tooth-trace (VH-
CATT) cylindrical gear is a new gear transmission. The tooth
direction line of the VH-CATT cylindrical gear is an arc line,
the tooth profile of the middle cross section is involute, and
the other sections are hyperbolic (Ma et al., 2019). When the
tooth surfaces are loaded, the contact area generally appears
as an ellipse (Ma et al., 2021a). At present, the VH-CATT
cylindrical gear has rich achievements about the meshing
principle, 3D modelling and contact performances, process-
ing and manufacturing, product application, etc. For exam-
ple, Tseng and Tsay (2005), Zhao et al. (2016), and Song
et al. (2010) deduced the tooth surface equation based on the
gear-meshing principle, respectively. Li Hou realised the ma-
chining simulation of the VH-CATT cylindrical gears based
on UG (Unigraphics NX), but there are machining marks on
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the tooth surface (Wang et al., 2012), and the 3D accurate
model of the VH-CATT cylindrical gears was established
according to the mathematical model (Zhao et al., 2016).
Ma et al. (2018, 2021b) proposed the meshing contact im-
pact hypothesis of the VH-CATT cylindrical gear based on
the contact dynamics theory and gear transmission physi-
cal model; the gear mesh contact impact model was set up
further to obtain the VH-CATT cylindrical gear’s meshing
contact impact properties. Wei et al. (2020) established the
contact stress calculation model of the VH-CATT cylindri-
cal gear based on the Hertz contact theory, which provided a
reference for the contact stress calculation of the VH-CATT
cylindrical gear. In addition, Fuentes et al. (2014), Fuentes-
Aznar et al. (2017), Zhang and Xie (2016), and Chen and
Lo (2015) established a 3D model of the VH-CATT cylindri-
cal gear to study the contact performances by the finite ele-
ment method compared with the spur gear and helical gear.

However, there are still some restricting factors in the in-
dustrial application of the VH-CATT cylindrical gear. The
contact area of the VH-CATT cylindrical gear is the ellipti-
cal area on load. However, the ratio of the elliptical long axis
to the gear width is small, and the tooth width is not fully
used for the gear contact load. At the same time, due to the
manufacturing errors, installation errors, and bearing contact
deformation, the meshing-in and meshing-out impact of the
unmodified VH-CATT cylindrical gear is larger. Because of
the lack of tooth surface modification design technology, the
optimisation design of tooth surface, system vibration, and
noise reduction, improvement of bearing capacity cannot be
completed.

Therefore, the tooth surface modification design method
of the VH-CATT cylindrical gear was proposed. The tooth
surface equation of the modified VH-CATT cylindrical gear
was deduced based on the gear-machining development prin-
ciple and the influence law of modification parameters on the
main curvature of the tooth surface contact point was anal-
ysed. The TCA model of the VH-CATT cylindrical gear was
established and the influence of modification parameters on
elliptical contact area was analysed. Considering design ef-
ficiency and machining economy, only the tooth surface of
the driven gear was modified in TCA. The research content
provides a technical basis for improving the bearing capacity
of the VH-CATT cylindrical gear and optimising the design.

2 Shaping tool design of tooth surface modification

2.1 Cutter design of gear profile modification

To effectively reduce the meshing-in and meshing-out im-
pact of the gear system, the parabolic modification curve is
adopted for the tooth profile forming cutter blade, shown in
Fig. 1. The second-, fourth- or higher-order parabola curve
can be obtained by changing n (n= 1,2,3. . .). In Fig. 1a,
1t is the addendum modification and 1r is the root modi-
fication; Odp is the parabola vertex position of the parabolic

Figure 1. Curve of tooth profile modification blade.

modification curve; u0 is the distance between the parabola
vertex position and the pitch line of the unmodified straight
blade. Figure 1b is the sectional view of the shaping blade.
The expression of the shaping blade curve in the coordinate
system OdpXdpYdpZdp can be written in the following way:

(xdp,ydp,zdp)= (u,0,au2n), (1)

where a is the parabolic coefficient, the outer blade is positive
and the inner blade is negative.

The parabolic blade profile in the coordinate system
OdpXdpYdpZdp can be written as follows: xdf
ydf
zdf

=
 ∓(u+ u0) sinα∓

πm

4
− au2n cosα

0
(u+ u0)cosα∓ au2n sinα

 , (2)

where the upper part of the symbol is the outer blade, and the
lower part of the symbol is the inner blade.

2.2 Cutter head design of tooth line modification

To increase the length of the contact line along the tooth line
direction, a modification method of the VH-CATT cylindri-
cal gear along the tooth line direction by the cutter-inclined
milling is proposed. Figure 2 is the schematic diagram of the
conventional milling cutter head for the VH-CATT cylindri-
cal gear. The cutter head rotates around the axis mdnd, α
is the included angle between the inner blade or the outer
blade and the mdnd axis, the inner blade’s pitch line radius is
equal to RT−πm/4, and the outer blade’s pitch line radius is
equal to RT+πm/4. Figure 3 is the schematic diagram of the
cutter-inclined milling for the VH-CATT cylindrical gear.

To ensure that the pitch line of the cutter blade is tan-
gent to the pitch circle of the gear blank, when the inclined
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Figure 2. Conventional large gear milling cutter.

Figure 3. Gear cutter-inclined large milling cutter.

tool is installed as standard, the cutter head is installed at
an inclination angle, shown in Fig. 4. At this time, the cut-
ter head rotates around the axis m′dn

′

d. The direction of the
cutter head’s translation reciprocating motion is horizontal,
and the included angle between the translation reciprocating
motion and the cutter head rotating axis m′dn

′

d is 90◦− γ ,
the included angle between the cutter blade and the axis is
Eq. (3), the cone-apex angle of the inner-blade revolving sur-
face is equal to α+γ , the cone-apex angle of the outer-blade
revolving surface is equal to α− γ , RT is the distance from
the tooth thickness point on the pitch line to rotation axis
m′dn

′

d, Eq. (4) is the gyration radius of the inner and outer
cutter blades. In Eqs. (3) and (4), the benchmark n is inner
blade and w is outer blade:

αn = α+ γ, αw = α− γ, (3)

Rn = RT−
πm

4
cosγ, Rw = RT+

πm

4
cosγ. (4)

3 Mathematical model of modified tooth surface

To derive the modified mathematical model of the VH-CATT
cylindrical gear, the coordinate transformation system of the
modified tooth surface is established, shown in Fig. 5. Fig-
ure 5b is the cutter head position and geometric parame-
ters. The dynamic coordinate system of the gear blank is
O1X1Y1Z1; Od0Xd0Yd0Zd0 is the dynamic coordinate sys-
tem of the cutter; OdXdYdZd is the static coordinate system
of the cutter; OfXfYfZf is the static coordinate system of the
gear blank; and OXYZ is the intermediate coordinate sys-
tem. The pitch circle radius is R1; m is the gear module; b is

Figure 4. Installation position of a large cutter for inclined milling.

Figure 5. Machining coordinate system of double-edged milling
with large cutter head.

the gear width; ω is the angular velocity of the cutter head;
ω1 is the gear blank’s angular velocity; θd is the spreading
angle of cutter head; and ϕ1 is the involute angle.

According to Eq. (2) and the coordinate transformation re-
lationship shown in Fig. 5, the expression of the inclined cut-
ter in OdXdYdZd can be written as follows:
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xd =
{[
∓ (u+ u0) sinα∓

πm

4
− au2n cosα−RT

]
cosγ

+
[
(u+ u0)cosα∓ au2n sinα

]
sinγ

}
cosθ

yd =−
{[
∓ (u+ u0) sinα∓

πm

4
− au2n cosα−RT

]
cosγ

+
[
(u+ u0)cosα∓ au2n sinα

]
sinγ

}
sinθ

zd =−
[
∓ (u+ u0) sinα∓

πm

4
− au2n cosα+RT

]
sinγ

+
[
(u+ u0)cosα∓ au2n sinα

]
cosγ.

(5)

According to Litvin (2008), the normal vector and relative
speed at the meshing point of the modified tooth surface are
Eqs. (6) and (7), respectively:

nx =−B cosθ
[

cos(γ ∓α)+ 2nau2n−1 sin(γ ∓α)
]
id

+B sinθ
[

cos(γ ∓α)+ 2nau2n−1 sin(γ ∓α)
]
jd

+B
[

sin(γ ∓α)− 2nau2n−1 cos(γ ∓α)
]
kd, (6)

where B =−[∓(u+u0) sinα∓ πm
4 −au

2n cosα−RT]cosγ
− [(u+ u0)cosα∓ au2n sinα]sinγ ,

v
(x1)
d =

[
− (u+ u0)cos(γ ∓α)+

(
RT∓

πm

4
+R1ϕ1

)
sinγ

− au2n sin(γ ∓α)
]
ω1id+

{[
(u+ u0) sin(γ ∓α)

−

(
RT±

πm

4

)
cosγ − au2n cos(γ ∓α)

]
cosθ

+
(
RT+R1ϕ1 cosγ

)}
ω1kd. (7)

According to Litvin (2008), the product of relative speed
and normal vector is zero:

nx · v
(x1)
d = 0. (8)

Equation (9) is simplified by Eq. (8) and u is the solution
of Eq. (9):

Anu
4n−1
+Rnu

2n−1
+Pnu+Qn = 0, (9)

where

An = 2na2 cosθ, (10)

Rn = ± 2na
πm

4
cosθ cosα+ 2naRT cosθ cos(γ ∓α)

− 2na(RT+R1ϕ1 cosγ )cos(γ ∓α)
− 2naR1ϕ1 sinγ cosθ sin(γ ∓α), (11)

Pn = cosθ, (12)

Qn = u0 cosθ +
πm

4
cosθ sinα

−R1ϕ1 sinγ cosθ cos(γ ∓α)
+ (RT+R1ϕ1 cosγ ) sin(γ ∓α)
−RT cosθ sin(γ ∓α). (13)

The MATLAB numerical calculation shows that there are
4n−−2n virtual roots and 1 real root in Eq. (9). According to

the structural characteristics and actual physical significance
of the VH-CATT cylindrical gear, the real root is taken as u
value. To get the modified tooth surface mathematical model
of the VH-CATT cylindrical gear, it is necessary to trans-
form the equation of inclined cutter surface in OdXdYdZd
intoO1X1Y1Z1. According to Fig. 5, the transformation ma-
trix A1d from OdXdYdZd to O1X1Y1Z1 is Eq. (14):

A1d =

cos(γ +ϕ1) 0 −sin(γ +ϕ1)
(RT cosγ +R1ϕ1)cosϕ1
−RT sinϕ1 sinγ
−R1 sinϕ1

sin(γ +ϕ1) 0 cos(γ +ϕ1)
(RT cosγ +R1ϕ1) sinϕ1
+RT cosϕ1 sinγ
+R1 cosϕ1

0 −1 0 0
0 0 0 1


, (14)

So, the modified tooth surface equation can be expressed as
follows:

xn1 =
[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm

4
cosγ

]
cosθ cos(γ +ϕ1)

−

[
(u+ u0)cos(γ ∓α)+ au2n sin(γ ∓α)

±
πm

4
sinγ

]
sin(γ +ϕ1)

+ (RT cosγ +R1ϕ1)cosϕ1−RT sinϕ1 sinγ
−R1 sinϕ1

yn1 =
[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm

4
cosγ

]
cosθ sin(γ +ϕ1)

+

[
(u+ u0)cos(γ ∓α)+ au2n sin(γ ∓α)

±
πm

4
sinγ

]
cos(γ +ϕ1)

+ (RT cosγ +R1ϕ1) sinϕ1+RT cosϕ1 sinγ
+R1 cosϕ1

zn1 =
[
(u+ u0) sin(γ ∓α)− au2n cos(γ ∓α)

−RT∓
πm

4
cosγ

]
sinθ,

(15)

where n is an integer such as 1, 2, and 3, and corresponds to
the second-, fourth-, and sixth-order parabolic modified tooth
surface equations, respectively.

Figure 6 is the modified tooth surface. The important pa-
rameters are as follows: tooth number z= 29, tooth width
b = 80 mm, pressure angle α = 20◦, modulus m= 8 mm,
tooth radius RT = 200 mm. Figure 6a shows the comparison
before and after modification of the tooth line direction. It
can be seen that the cutter angle mainly affects the bending
degree of the tooth. Figure 6b shows the comparison before
and after the tooth profile modification. It can be seen that
the tooth profile modification mainly changes the structural
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Figure 6. Modified tooth surface.

characteristics of tooth top and tooth root, a part of the mate-
rial is cut off from the tooth root and tooth top, and the tooth
thickness is reduced.

4 Curvature analysis of modified tooth surface

The curvature of the tooth surface is an important parame-
ter which reflects the geometric characteristics of the tooth
surface. The curvature characteristic analysis of the modified
tooth surface plays an important role in the contact perfor-
mance analysis. According to Ma et al. (2021a), the calcula-
tion expressions of the contact ellipse and principal curvature
are Eqs. (16) and (17), respectively, and the meanings of pa-
rameters in the equations can be found in Ma et al. (2021a):

Aξ2
+Bη2

=±δ, (16)

k1 =H +
√
H 2−K, k2 =H −

√
H 2−K. (17)

Taking the second-order parabolic profile modification tooth
surface as the research object, the influence of the cutter in-

Figure 7. Influence of cutter inclination angle γ on main curvature
of modified concave tooth surface.

clination angle γ , parabolic coefficient a, and parabolic ver-
tex position u0 on the curvature of the concave and convex
tooth surfaces was analysed, shown in Figs. 7–12. According
to Zhao et al. (2020), the involute angle value range of the
concave tooth surface from tooth root to tooth top is−0.22 to
0.22, and the involute angle value range of the convex tooth
surface from tooth top to tooth root is −0.22 to 0.22; tooth
number z= 29, pressure angle α = 20◦, modulusm= 8 mm,
tooth line radius RT = 200 mm.

4.1 Influence of cutter inclination angle γ on the
curvature

Figure 7 shows the influence of the cutter inclination angle
γ on the main curvature along the tooth profile and tooth
line direction of the modified concave tooth surface. Figure 8
shows the influence of the cutter inclination angle γ on the
main curvature along the tooth profile and tooth line direc-
tion of the modified convex tooth surface. The cutter inclina-
tion angle γ is equal to 0, 5, 10, 15, 20◦, respectively. The
parabolic coefficient a is equal to ±0.0005. The parabolic
vertex position u0 is equal to 0 mm.

According to Figs. 7a and 8a, it is obvious that the main
curvature along the tooth line direction of the concave tooth
surface gradually decreases from the tooth root to the tooth
top, and the main curvature along the tooth line direction of
the convex tooth surface gradually increases from the tooth
root to the tooth top. The reason for the increase or decrease
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Figure 8. Influence of cutter inclination angle γ on main curvature
of modified convex tooth surface.

in the main curvature is the following: the rotary surface of
the concave tooth surface forming blade is an inverted cone,
and the rotary surface of the convex tooth surface forming
blade is a positive cone. At the same time, it can be seen
that the main curvature along the tooth line direction of the
concave tooth surface increases with the increase in the cut-
ter inclination angle, and the main curvature along the tooth
line direction of the convex tooth surface decreases with the
increase in the cutter inclination angle. It indicates that the
degree of the crescent bay increases, which has an important
influence on the long axis of the contact ellipse.

According to Figs. 7b and 8b, the main curvature along
the tooth profile direction gradually decreases from the tooth
root to the tooth top. Theoretically, the curvature at the base
circle is infinite. It can also be seen that the cutter inclination
angle γ has no effect on the main curvature along the tooth
profile direction regardless of the concave and convex tooth
surfaces. The reason is the following: no matter how large
the cutter inclination angle is, only the tooth line radius of
the tooth surface forming is changed, but the change of the
tooth line radius has no effect on the involute profile of the
middle section.

4.2 Influence of parabolic coefficient a on the curvature

Figure 9 shows the influence of the parabolic coefficient a
on the main curvature along the tooth profile and tooth line

Figure 9. Influence of parabolic coefficient a on main curvature of
the modified concave tooth surface.

direction of the modified concave tooth surface. Figure 10
shows the influence of the parabolic coefficient a on the main
curvature along the tooth profile and tooth line direction of
the modified convex tooth surface. The parabolic coefficient
a is equal to 0,±0.0001,±0.0005,±0.001, respectively. The
cutter inclination angle γ is equal to 0◦. The parabolic vertex
position u0 is equal to 0 mm.

According to Figs. 9a and 10a, the tooth line direction’s
main curvature of the concave and convex tooth surfaces in-
creases with the increase in the parabolic coefficient from the
tooth root to the pitch circle. Contrastingly, it decreases with
the increase in the parabolic coefficient from the pitch circle
to the tooth top, and the closer the tooth root or tooth top is,
the greater the effect of parabolic coefficient on the main cur-
vature is. The reason is the following: the parabolic shaping
blade cuts off part of the material on the tooth surface, and the
cutting amount at the tooth root and tooth top is the largest,
so the tooth line direction’s main curvature of tooth surface is
changed, and the parabolic coefficient has the greatest influ-
ence on the tooth line direction’s main curvature at the tooth
root and tooth top.

According to Figs. 9b and 10b, the tooth profile direction’s
main curvature of the concave and convex tooth surfaces in-
creases with the increase in the parabolic coefficient from the
tooth root to the tooth top, and the parabolic coefficient has
a great influence on the tooth profile direction’s main cur-
vature of the tooth root. The reason is the following: the
parabolic shaping blade cuts off part of the material on the
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Figure 10. Influence of parabolic coefficient a on main curvature
of the modified convex tooth surface.

tooth surface, the arch degree along the tooth profile direc-
tion increases, so the tooth profile direction’s main curvature
decreases. Moreover, because the curvature radius near the
tooth root is small, the main curvature of the tooth profile
near the tooth root changes greatly.

4.3 Influence of parabolic vertex position u0 on the
curvature

Figure 11 shows the influence of the vertex position u0 on the
main curvature along the tooth profile and tooth line direction
of the modified concave tooth surface. Figure 12 shows the
influence of the parabolic vertex position u0 on the main cur-
vature along the tooth profile and tooth line direction of the
modified convex tooth surface. The parabolic coefficient a is
equal to ±0.001. The cutter inclination angle γ is equal to
0◦. The parabolic vertex position u0 is equal to −3, −1.5, 0,
1.5, 3 mm, respectively.

According to Figs. 11a and 12a, the main curvature along
the tooth line direction of the concave and convex tooth sur-
faces increases with the increase in the parabolic vertex po-
sition u0 from the tooth root to the tooth top. According to
Figs. 11b and 12b, the main curvature along the tooth profile
direction of the concave and convex tooth surfaces decreases
with the increase in the parabolic vertex position u0 from the
tooth root to the tooth top. The larger the parabolic vertex
position u0 is, the closer to the tooth top the parabolic vertex
is, the more material is removed near the root, the smaller the

Figure 11. Influence of parabolic vertex position u0 on the main
curvature of the modified concave tooth surface.

curvature radius of tooth profile direction is. In addition, the
curvature radius near the tooth root is small, so the main cur-
vature of the tooth profile near the tooth root changes greatly.

5 Influence of modification parameters on elliptical
contact area

Because the ratio of the elliptic long axis to the gear width is
small, the tooth width is not fully used for the gear contact
load. To analyse the influence of modification on the ellip-
tical contact area, it is necessary to accurately calculate the
meshing points of the VH-CATT cylindrical gear transmis-
sion pair first. Therefore, the meshing transmission coordi-
nate system of the VH-CATT cylindrical gear pair is estab-
lished as shown in Fig. 13. The tooth surfaces of the driving
gear are normal (unmodified) and the driven gear are mod-
ified. The tooth surface of the driving gear is 6I and it is
the unmodified tooth surface; 6II is the tooth surface of the
driven gear and it is the modified tooth surface;M is the con-
tact point of the tooth surface; nc is the common normal of
the contact point,ψ1 is the meshing angle of the driving gear;
and ψ2 is the meshing angle of the driven gear. To establish
the TCA model of the modified tooth surface, it is necessary
to express the tooth surface equation and the normal vector in
a fixed coordinate system. In this paper, the OgXgYgZg co-
ordinate system is taken as the calculation fixed coordinate
system.

https://doi.org/10.5194/ms-13-909-2022 Mech. Sci., 13, 909–920, 2022
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Figure 12. Influence of parabolic vertex position u0 on the main
curvature of the modified convex tooth surface.

Equation (18) is the tooth contact analysis model, there
are 6 unknown variables such as θ1, ϕ1, ψ1, θ2, ϕ2, and ψ2
in the model. The driving gear angle ψ1 is the input quan-
tity. According to the tooth top circle of the driven gear, the
starting angle of the driving gear angle ψ1 is determined in
OpXpYpZp. According to the tooth top circle of the driving
gear, the end angle is determined inOgXgYgZg. Then θ1(ψ1),
ϕ1(ψ1), θ2(ψ1), ϕ2(ψ1), and ψ2(ψ1) can be obtained by solv-
ing the nonlinear Eq. (18) and the coordinates of tooth con-
tact points can be obtained further:{

r1
g (θ1,ϕ1,ψ1)= r2

g (θ2,ϕ2,ψ2)

n1
g (θ1,ϕ1,ψ1)= n2

g (θ2,ϕ2,ψ2) .
(18)

5.1 Influence of cutter inclination angle γ on the
elliptical contact area

Figure 14 shows the influence of the cutter inclination an-
gle γ on the elliptical contact area. The cutter inclination an-
gle γ is equal to 0 (unmodified), 3, 5, and 7◦, respectively.
According to Fig. 14, it is obvious that the elliptical contact
area increases with the increase in the cutter inclination an-
gle γ . When the cutter inclination angle γ is between 5 and
7◦, the elliptical contact area increases by a large scale. The
reason is the following: when the cutter inclination angle γ
increases, the curvature along the tooth line direction of the

Figure 13. Meshing transmission coordinate system of the gear
pair.

driven gear’s convex tooth surface decreases, and the clear-
ance between the driving and driven surfaces of the gear pair
decreases. So the long axis of the contact ellipse increases,
shown in Fig. 15. As a result, the elliptical contact area of
the gear pair increases. Figure 16 shows the contact model of
concave and convex tooth surfaces when the cutter inclina-
tion angle γ is equal to 5 and 20◦, respectively. It is obvious
that Fig. 16a is the point contact and Fig. 16b is the “bridge”
contact. The reason is the following: when the cutter inclina-
tion angle γ is too large, the curvature radius of the driven
gear convex surface is larger than that of the driving gear
concave surface. The “bridge” contact is a kind of contact
form that cannot mesh correctly. Therefore, when the cutter
inclination method is used to modify tooth surface, the cutter
inclination angle γ cannot be greater than a certain limit an-
gle γmax. Tooth surface clearance is an important factor for
the elliptical contact area, the larger the tooth surface clear-
ance is, the smaller the elliptical contact area is. The calcu-
lation method of tooth surface clearance is given in literature
(Fang, 1998) and the calculation method is used to calcu-
late the tooth surface clearance of the modified VH-CATT
cylindrical gear system. Additionally, taking the end clear-
ance approaching 0 for the first time (error within 10–4 mm)
as the judgement standard, the limit value γmax correspond-
ing to each tooth radius was obtained. Figure 17 shows the
relationship between the limit value of cutter inclination an-
gle and tooth line radius. It can be seen from the figure that
the larger the tooth radius is, the smaller the limit value of
cutter inclination angle is.

Mech. Sci., 13, 909–920, 2022 https://doi.org/10.5194/ms-13-909-2022



Y. Liu and D. Ma: Surface modification and tooth contact analysis 917

Figure 14. Influence of cutter inclination angle γ on contact area.

Figure 15. Effect of cutter inclination angle γ on the long and short
axes of the contact ellipse.

5.2 Influence of parabolic coefficient a on the elliptical
contact area

Figure 18 shows the influence of the parabolic coefficient
a on the elliptical contact area. The parabolic coefficient a
is equal to 0, −0.0001, −0.0005, and −0.001, respectively.
According to Fig. 18, it is obvious that the elliptical contact
area increases with the increase in the parabolic coefficient a
when the contact point is between the tooth root and the pitch

Figure 16. Modified gear contact pair (black surface is the driving
wheel, and red surface is the driven wheel).

Figure 17. Limit value of the cutter inclination angle.

circle; it also increases with the decrease in the parabolic co-
efficient a when the contact point is between the pitch circle
and tooth top. According to Figs. 10 and 19, the reason is the
following: when the parabolic coefficient increases, the main
curvature along the tooth line direction of the driven gear
convex tooth surface decreases from the tooth top to the pitch
circle, and the curvature radius increases; the main curvature
along the tooth line direction of the driven gear convex tooth
surface from the pitch circle to the gear top increases, and
the curvature radius decreases. As a result, the long axis of
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Figure 18. Influence of parabolic coefficient a on the contact area.

Figure 19. Effect of parabolic coefficient a on the long and short
axes of the contact ellipse.

the ellipse between the driving tooth root and the pitch circle
increases, and the long axis of the ellipse between the pitch
circle and the driving tooth top increases. Finally, it leads to
the corresponding change of the elliptical contact area. At the
same time, it can be seen that although the variation law of
the short axis of the ellipse is consistent with that of the el-
liptical contact area, it is the long axis that mainly affects the
contact area.

Figure 20. Influence of parabolic vertex position u0 on the contact
area.

5.3 Influence of parabolic vertex position u0 on the
elliptical contact area

Figure 20 shows the influence of the parabolic vertex posi-
tion u0 on the elliptical contact area. The parabolic vertex
position u0 is equal to 3, 1.5, 0, −1.5, and −3 mm, respec-
tively. From the graphs, it is obvious that the elliptical contact
area decreases with the increase in the parabolic vertex posi-
tion u0. According to Figs. 12 and 21, the reason is the fol-
lowing: when the parabolic vertex position u0 increases, the
main curvature along the tooth line direction of the driven
gear convex tooth surface gradually increases, and the curva-
ture radius decreases. As a result, the tooth surface clearance
between the driving and driven surfaces increases, the long
axis of the contact ellipse decreases, and the elliptical con-
tact area decreases. At the same time, it can be seen that the
parabolic vertex position u0 has little influence on the short
axis of the contact ellipse, and the main influencing factor of
the contact area change is the long axis.

6 Conclusion

This paper discusses the surface modification and tooth con-
tact analysis (TCA) of the VH-CATT cylindrical gear. Firstly,
the tooth surface modification method was proposed. Next,
the modified tooth surface equation was deduced, and the 3D
reconstruction is realised. Thereafter, the influence of modifi-
cation parameters on curvature characteristics was analysed.
Finally, the TCA model was established to discuss the in-
fluence of modification parameters on the elliptical contact
area. The main conclusions can be expressed as follows.

1. The main curvature along the tooth line direction of the
concave tooth surface increases with the increase in γ ,
and the principal curvature of the convex tooth surface
is opposite, γ has no effect on the main curvature along
the tooth profile. The main curvature along the tooth line
direction increases with the increase in a from the tooth
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Figure 21. Effect of parabolic vertex position u0 on the long and
short axes of the contact ellipse.

root to the pitch circle, but the change rule is opposite
from the pitch circle to tooth top; the main curvature
along the tooth profile direction increases with the in-
crease in a. The main curvature along the tooth line di-
rection increases with the increase in u0; the main cur-
vature along the tooth profile direction decreases with
the increase in u0.

2. The elliptical contact area increases with the increase in
γ , and when γ is greater than a certain critical value and
the contact form becomes a “bridge” contact, the ellipti-
cal contact area increases with the increase in the a be-
tween the tooth root and the pitch circle and decreases
with the increase in a between the pitch circle to the
tooth top. The elliptical contact area decreases with the
increase in the value of u0.

3. The modified tooth surface mathematical model of the
VH-CATT cylindrical gear can provide a mathematical
basis for vibration and noise reduction of the system,
and the cutter inclination method can effectively im-
prove the bearing capacity of the system.
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