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Abstract. When the beaver-like underwater robot is swimming, its hind legs provide the main propulsion force
for the body, which is the source of power for the robot’s movement. Hind leg swimming dynamics is the basis
for analyzing the generation and change of propulsion force during the robot swimming process, which directly
determines how the robot swimming trajectory is planned. However, there are few researches on the swimming
dynamics of the hind leg of a beaver-like underwater robot. This paper proposes a rigid–liquid fusion dynamics
modeling method, which simplifies the swimming dynamics of hind legs of beaver-like robot to hydrodynamics
of webbed feet and rigid body dynamics of thighs and calves. The hydrodynamics of the bendable webbed foot
is established based on the integral hydrodynamics method, and the rigid body dynamic model of the thigh and
calf is constructed using the Newton–Euler method. Through the force transmission, the overall swimming dy-
namic model of the hind leg is established, and the propulsion and lift force of the hind leg to body are obtained.
The ANSYS Fluent simulation of the movement of robot’s hind leg and underwater single-leg swimming exper-
iments verify the correctness and effectiveness of the dynamics model. Comparing the theory, simulation, and
experimental results of the propulsion and lift force of the robot’s hind legs under bionic swimming, increased
amplitude swimming, and reduced amplitude swimming, it further verifies the correctness of the proposed rigid–
liquid fusion dynamic modeling method, and proves the superiority of the robot’s bionic swimming trajectory.
This study can provide new ideas for the leg dynamic modeling of underwater swimming robots with bendable
webbed feet, and lay a theoretical foundation for exploring the swimming mechanical process of underwater
robots.

1 Introduction

With the development of ocean exploration, more and more
attention has been paid to the application of underwater
robots. Among them, the underwater bionic robot has a good
movement ability by imitating the structure and motion mode
of underwater organisms, which effectively improves the ef-
ficiency of the underwater robot and the adaptability to com-
plex environments.

Inspired by diving beetles, Kim et al. (2014) developed a
bionic hexapod underwater beetle robot that can swim and
walk underwater. The two feet are designed with web-like
structures to achieve efficient underwater propulsion. Tak-
ing the squid as the bionic object, Tiandong et al. (2019)
designed a squid-like robot with double undulating fins. By

symmetrically installing two modular undulating fins, the
robot achieved better low-speed motion stability and anti-
disturbance performance. Inspired by manta rays, Zhang et
al. (2018) developed a manta-like robot with flexible pec-
toral fins, which successfully simulated the real flexible de-
formation of pectoral fins through the effective combination
of flexible mechanism and rigid support.

The excellent movement ability of underwater bionic
robots is realized through motion control, and the kinematics
and dynamics model of robots usually establish the founda-
tion of robot motion control. In 1994, Healey (1994) put for-
ward the modeling method for the dynamics of underwater
vehicles, and established the propulsion force and lift force
model when the propeller rotates. In 2008, Richards (2008)
proposed a verification model based on the frog-like robot,
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Figure 1. Model and platform of beaver-like underwater robot.

which could predict the swimming speed of the robot ac-
cording to the foot kinematics. In 2003, Johansson and Nor-
berg (2003) studied the effect of triangular flippers on a hy-
drodynamic lift in birds. In 2015, Yang et al. (2015) devel-
oped a study of an amphibious snake-like robot, and de-
rived the analytical kinematics equations and planned the
typical gait. In 2019, inspired by the efficiency and versa-
tility of fish swimming, Moreno Mayz et al. (2019) proposed
two dynamic models, one linear and time-invariant (LTI) and
one non-linear based on the dynamics of conventional sub-
marines. At present, most of the dynamic models of the un-
derwater bionic robot only analyze the force of a single driv-
ing structure, which is suitable for the dynamic modeling of
the robot connected with a single joint. However, this dy-
namic modeling method cannot meet the requirements for the
robot imitated by beavers, frogs, etc., with webbed feet and
multi-joint legs. Therefore, it is necessary to further study the
dynamic modeling method of the robot with webbed feet and
multi-joint legs.

In this paper, the swimming dynamics of a beaver-like
robot with webbed feet is studied. A rigid–liquid fusion dy-
namic modeling method for the multi-joint hind legs of the
robot is proposed. The structure of the paper is as follows:
Sect. 2 studies the hind leg kinematics model of the beaver-
like underwater robot. In Sect. 3, the rigid–liquid fusion dy-
namic modeling theory for the swimming process of the hind
leg of a beaver-like robot is analyzed. In Sect. 4, the swim-
ming dynamics of the hind leg is verified by simulations and
experiments. Section 5 summarizes the study and draws the
conclusion.

2 Kinematics modeling of hind legs of beaver-like
underwater robot

The beaver-like underwater robot contains a body, two
forelegs, two hind legs, and a tail. The hind legs of the robot
are articulated with two links, including the thighs, calves,
and webbed feet, and are connected by the hip, knee, and an-
kle joints (as shown in Fig. 1). The webbed feet of the robot

Figure 2. Hind leg model and joint coordinate system of beaver-
like underwater robot.

imitate the structure and the expanding–contracting move-
ment mode of the beaver (Azarsina et al., 2016; Gang et al.,
2021a, c). The webbed foot is driven by wire ropes to fully
open when the robot paddles to generate sufficient propulsion
force and it contracts when the leg returns to minimize the
water resistance (Gang et al., 2021b; Alvarado, 2011). This
can effectively improve the swimming ability of the beaver-
like underwater robot. Taking the hind legs of the beaver-like
underwater robot as the research object, the D–H kinematics
modeling method was used to establish the coordinate sys-
tem {0}, {1}, {2}, {3} at each joint, where the coordinate
system {0} is the fixed coordinate system, and coordinate
systems {1}, {2}, and {3} are the joint coordinate systems,
respectively (as shown in Fig. 2). The D−H parameters of
the hind legs of the robot are shown in Table 1.
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Table 1. D−H parameters of hind legs of beaver-like underwater
robot.

i αi−1 ai−1 di θi−1

1 0 0 0 θ1
2 0 l1 0 θ2
3 0 l2 0 θ3

Since the centroid of each leg, including the webbed foot,
is mainly located at the end of the servo motor, it is assumed
that the centroids of the thigh, calf, and webbed foot are lo-
cated at the hip, knee, and ankle joint. Based on the estab-
lished D−H model and Newton–Euler method, the angular
velocity, angular acceleration, acceleration, centroid acceler-
ation, and inertia force of hip, knee, and ankle joint are re-
spectively obtained as follows:

iwi=
i
i−1R·

i−1wi−1+ θ̇i ·
iẐi (1)

iẇi=
i
i−1R·

i−1ẇi−1+
i
i−1R·

i−1wi−1× θ̇i ·
iẐi + θ̈i ·

iẐi (2)

i v̇i=
i
i−1R ·

(i−1
ẇi−1 ×

i−1Pi+
i−1wi−1

×

(i−1
wi−1×

i−1Pi

)
+
i−1v̇i−1

)
(3)

i v̇ci=
iẇi×

iPci+
iwi × (iwi×iPci )+

i v̇i (4)
iFi =mi ·

i v̇ci , (5)

where i = 1,2,3; the inertia moment is 0 since the mass cen-
ter is located at the end.

3 Rigid–liquid fusion swimming dynamics modeling
of hind leg of beaver-like underwater robot

3.1 Kinematics and hydrodynamic modeling of webbed
foot

As shown in Fig. 3, the webbed foot of the beaver-like un-
derwater robot is divided into three sections based on the
connected joints, and the hydrodynamic force on each sec-
tion can finally be obtained by calculating the hydrodynamic
force on the whole webbed foot. The hydrodynamics on the
webbed foot include propulsion force, lateral force, addi-
tional mass force, and other unknown interference forces, etc.
In this paper, the influence of water propulsion on the webbed
foot will be mainly considered in the hydrodynamics of the
beaver-like underwater robot. The dimension parameters of
the webbed foot are shown in Table 2.

As shown in Fig. 4, a differential segment is chosen from
the first section of the webbed foot, its length is dx, and the
position in the coordinate system X3Y3Z3 is [x;0;0]. The
hydraulic is related to the velocity vector perpendicular to
the webbed foot (as the parameter vy3 shown in Fig. 4), and
the resulting hydraulic propulsion is in the opposite direction
to the velocity vector, as the parameter dtz1 shown in Fig. 4.

Figure 3. Webbed foot of the beaver-like underwater robot.

Table 2. The dimension parameters of the webbed foot of the
beaver-like underwater robot.

Parameters Values m−1

lw1 0.1342
lw2 0.0433
lw3 0.0462
S1 0.0600
S2 0.1027
S3 0.1054
S4 0.1375
S5 0.1418
S6 0.1672

First, the velocity vector of this differential segment in the
ankle coordinate system is

3Vx1 = w3×

 x

0
0

 . (6)

Based on the known hind leg size and transformation ma-
trix, the velocity vector of this segment in the knee joint co-
ordinate system is calculated by the transfer formula,

2Vx1 = w2×L2+
2
3R

3Vx+
2�3×

2
3R

3Q

=

 S3w3x+ S3w2x

l2w2+ c3w3x+ c3w2x

0

 . (7)
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Figure 4. Schematic diagram of hydrodynamic calculation of
webbed foot based on integral.

Similarly, the velocity vector of this segment in the hip
joint coordinate system can be obtained,

1Vx1 = w1×L1+
1
2R

2Vx+
1�2×

1
2R

2Q

=


c2 (w2s3x+w3s3x)+w1 (s2 (l2+ c3x)+ c2s3x)
+s2 (w2l2+w2(l2+ c3x)+w3c3x)
w1 (l1+ c2 (l2+ c3x)− s2s3x)+w1l1− s2 (w2s3x+w3s3x)
+c2 (w2l2+w2(l2+ c3x)+w3c3x)

0

 . (8)

Through the transformation matrix, the velocity vector ex-
pressed in the hip joint is converted to the world coordinate
system, which is expressed as

0Vx1=
0
1R

1Vx1↔

 vx1
vy1
0

 . (9)

The velocity vector 0Vx1 of the first section obtained by
the above formula is its velocity vector relative to the world
coordinate system, and the included angle formed by the first
knuckle in the angle coordinate system X3 is αx3. As shown
in Fig. 5, the projection method is used to calculate the ve-
locity vt1 perpendicular to the direction of the webbed foot.

The hydrodynamic propulsion formula of the webbed foot
is T = 1

2CTρV
2S, where CT is the propulsion coefficient

with a value of 1.112; ρ is the density of water; V is the ver-
tical relative velocity between the webbed foot and the flow
field; and S is the area of the webbed foot. The differential
propulsion is expressed as dtz = 1

2ρCT(vt ×|vt |)ldx, and the
propulsion on the three sections of the foot is obtained by

integral, respectively, and they are expressed as

tz1 =
1
2
ρCT

∫ lw1

0
vt1× |vt1|

(
s2− s1

lw1
· x+ s1

)
dx (10)

tz2 =
1
2
ρCT

∫ lw2

0
vt2× |vt2|

(
s4− s3

lw2
· x+ s3

)
dx (11)

tz3 =
1
2
ρCT

∫ lw3

0
vt3× |vt3|

(
s6− s5

lw3
· x+ s5

)
dx, (12)

where the expression of vt is vt1 =

 vx1
vy1
0

 ·
 sinαx3

cosαx3
0

;

vt2 =

 vx2
vy2
0

·
 sinαx4

cosαx4
0

;vt3 =

 vx3
vy3
0

·
 sinαx5

cosαx5
0

,

in which αx3, αx4, and αx5 are the residual angles of the
acute angle between the webbed foot (x3), knuckles 1(x4),
and 2(x5) and the body coordinate system x0, respectively.

Since the webbed feet are bendable components driven by
steel wire rope, they can be regarded as rigid bodies at every
moment in the calculation, and the mass center of the webbed
foot is mainly concentrated on the servo motor of the ankle
joint, so the moment of inertia is 0, and the hydrodynamic
force Fw on the webbed foot is

Fw = tz1+ tz2+ tz3. (13)

3.2 Overall dynamics modeling in hind leg swimming

Rigid body dynamics and hydrodynamics are combined in
the hind leg swimming of the beaver-like underwater robot.
Webbed feet are mainly affected by hydrodynamics, while
thighs and calves are mainly affected by rigid body dynam-
ics. Therefore, the overall dynamics of hind legs can be sim-
plified as a fusion process of the hydrodynamics of webbed
feet and rigid body dynamics of thighs and calves, specifi-
cally as follows: the thigh, calf, and webbed foot are equiva-
lent to linkages, and the hydrodynamic force of the webbed
foot and the rigid body force of the thigh and calf are trans-
ferred to the hip joint at the root of the hind legs through
the equivalent linkages, and the force of the hind legs on the
robot is obtained.

First, combining Eqs. (8)–(13) and the Newton–Euler for-
mula, the force vector on the ankle joint is calculated as

3f3=
3F3+Fw =m3·

3v̇c3 +Fw, (14)

where Fw is the hydrodynamic resultant force on the webbed
foot.
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Figure 5. Projection method for calculating vertical velocity vector of webbed foot.

Then, the force vectors of knee joint and hip joint are ob-
tained by recursion as follows:

2f2=
2
3R

3f3+
2F2=

2
3R

3f3+m2·
2v̇c2 (15)

1f1=
1
2R

2f2+
1F1=

1
2R

2f2+m1·
1v̇c1 . (16)

Thus, 1f1 can obtain the force of hind legs on the robot
through the transformation matrix,

0f0=
0
1R

1f1 =

 Fkx
Fky
0

 . (17)

4 Dynamics verification of hind leg swimming of
beaver-like robot

The underwater motion simulation and experiment of the
hind leg of the beaver-like underwater robot are carried out
with three kinds of motion trajectories, which are bionic,
increased amplitude, and reduced amplitude trajectory. In-
creased and reduced amplitude motion trajectories are re-
spectively obtained by increasing and decreasing the motion
amplitude based on the bionic motion trajectory. The motion
functions of three trajectories are shown in Table 3, and the
motion angle curves of three joints in three motion modes are
shown in Fig. 6. Based on the software ANSYS Fluent, the
underwater motion simulation of the hind legs of the beaver-
like underwater robot was carried out, and the force of a hind
leg on the robot was obtained (Gang et al., 2021a). At the
same time, the hind leg swimming process of the beaver-like
underwater robot is tested. Specifically, the hip of the hind
leg is fixed on the experimental pool, and the force data of
the hind leg in the swimming is measured through the six-
axis force sensor ME K6D.

4.1 Simulation of hind leg swimming of beaver-like
underwater robot

The underwater movement of the hind legs of the beaver-
like underwater robot is simulated by ANSYS Fluent. When
the hind legs of the beaver-like underwater robot are pad-
dling, the hydrodynamic force of the webbed foot is much
greater than that of the legs. Thus, the leg model is simplified
as link connection in the simulation (as shown in Fig. 7a),
and the surrounding plane is four walls of the flow field. Fig-
ure 8 shows the simulation model after meshing. The motion
grid technology is used to simulate the motion of the robot’s
hind legs, and the motion of each joint is defined by the DE-
FINE_CG_MOTION macro. The calculation model adopts a
modified model. Since the initial setting of the flow field is a
no-flow flow field, the inlet and outlet are all set as pressure
outlets. In the simulation, the hip joint of the hind leg of the
robot is fixed. The joints of the hind leg move according to
the motion functions under three preset motion trajectories,
and the force data of the hip joints in X and Y directions
are obtained, which correspond to propulsion and lift force
respectively (as shown in Fig. 7b).

4.2 Hind leg swimming experiment of beaver-like
underwater robot

The underwater motion experiment of the hind leg of the
beaver-like robot was carried out in a pool (length, width,
and height: 2 m× 1 m× 1.2 m). The experimental system is
shown in Fig. 9, which includes the hind leg drive system,
the six-axis force sensor system ME K6D, and the mechan-
ical connecting mechanism (Wang et al., 2019). Each joint
servo motor of the hind leg is controlled by STM32F107.
The six-axis force sensor system ME K6D collects the force
data of the robot’s hind leg, and receives and displays data in-
formation through the upper computer. The maximum range
is 200 N/5 Nm, and the acquisition frequency is 10 Hz. The
hind leg of the robot is immersed in water, and the hip joint
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Table 3. Motion function of hind legs of beaver-like underwater robot.

Movement type Joint motion functions / rad

Bionic trajectory The hip joint: 30/180 ·π · sin(π · time)
The knee joint: 5.0/180 ·π · sin(π · time)
The ankle joint: 30/180 ·π · sin(π · time)

Increased amplitude trajectory The hip joint: 45/180 ·π · sin(π · time)
The knee joint: 7.5/180 ·π · sin(π · time)
The ankle joint: 60/180 ·π · sin(π · time)

Reduced amplitude trajectory The hip joint: 20/180 ·π · sin(π · time)
The knee joint: 3.3/180 ·π · sin(π · time)
The ankle joint: 30/180 ·π · sin(π · time)

Figure 6. Motion angles of three joints under three trajectories.

is fixed with the force sensor through the connector and
placed above the water. The force sensor is connected with
the acrylic plate fixed above the pool to ensure the move-
ment stability of the robot. The hind leg of beaver-like un-
derwater robot paddles according to three kinds of motion
trajectories, and the force sensor collects the propulsion and
lift force generated during the swimming of the hind leg in
real time (Kim, 2014). Figures 10, 11, and 12 respectively
show a single period experiment of the hind leg with bionic,
increased amplitude, and reduced amplitude trajectory.

4.3 Result analysis

Through theoretical calculations, Fluent simulation, and un-
derwater experiments, the result curves of three periods with
total 6 s are obtained in which the experimental lift results
have been subtracted from the gravity of the connector. Fig-
ures 13 and 14 show the propulsion and lift force curves
of swimming with bionic motion trajectory. Figures 15 and
16 show the resultant curves of swimming with increased

amplitude motion trajectory. Figures 17 and 18 show the
resultant curves of swimming with reduced amplitude mo-
tion trajectory. In the forward force curve, the negative value
is the propulsion force, and the positive value is the resis-
tance force. In the lift curve, the positive value is the posi-
tive lift force, and the negative value is the negative lift force
(Jizhuang, 2017; Gang et al., 2020).

4.3.1 Experimental result analysis of hind leg swimming
with bionic motion trajectory

Figure 12 shows the forward force curve of swimming with
bionic motion trajectory and we can see the following:

1. In the first period, the trends of the three curves are sim-
ilar, but the difference in amplitude is large. The peak
values of the propulsion force in the theoretical calcula-
tion, simulation, and experiment are about−112,−197,
and−150 N which appear at the time 0.6, 0.5, and 0.5 s.
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Figure 7. Simulation model.

Figure 8. Simulation model grid.

The peak values of resistance force are 51, 71, and 50 N
at the time 1.4, 1.5, and 1.7 s, respectively.

2. In the second period, the theoretical calculation results
are almost consistent with the simulation results. The
theoretical calculation, simulation, and experimental re-
sults of the propulsion force achieve the largest values
−112, −124, and −142 N at the time of 2.6, 2.5, and
2.6 s. The peak values of resistance force are 51, 51, and
50 N at the time of 3.4, 3.5, and 3.8 s. Certain phase dif-
ferences exist in the experimental, simulation, and the-
oretical calculation results.

3. In the third period, the largest values of propulsion force
in theoretical calculation, simulation, and experiment
are about −112, −115, and −146 N and they appear at

Figure 9. Experimental platform.

the time of 4.6, 2.5, and 4.7 s, respectively. The peak val-
ues of resistance force are 51, 48, and 50 N at the time of
5.4, 5.5, and 6 s, respectively. The theoretical model re-
sults are in good agreement with the simulation results,
and the phase difference between the peak values of the
experimental result and the others increases.

4. As the period increases, the peak value of the simula-
tion result gradually decreases. According to the results,
the theoretical calculation, simulation, and experimen-
tal results in the first cycle show that the ratios of the
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Figure 10. A single period (2 s) experiment with bionic motion trajectory.

Figure 11. A single period (2 s) experiment with increased amplitude motion trajectory.

propulsion and resistance force are 2.2, 1.8, and 3.0, re-
spectively, which proves that the beaver-like underwater
robot with the bionic motion trajectory can produce ef-
fective propulsion.

The reasons for the above differences are as follows: (1) in
the experiment, the hydrodynamic force of the leg and servo
motors will have an effect on the force of the hip joint at the
same time, but it is reduced and ignored in the simulation
and theoretical calculations. This results in the difference of
peak values of propulsion force being large in the first pe-
riod. (2) With the period increasing, the peak values of the
simulation and the experiment result gradually decrease. The
main reason for this phenomenon is that the hydrodynamic
force received by the webbed foot is mainly determined by
the velocity difference between the foot and the surround-
ing flow field. In the simulation and experiment, due to the
movement of the legs, the surrounding flow field will have
a certain speed, which reduces the velocity difference with
the foot. (3) In the experiment, the operation deviation of the
underwater servo motor, the installation error of the mechan-
ical structure, and the pulling effect of the control cable on
the structure cause the differences between experimental re-
sults and theoretical calculation and simulation results.

By comparison, the change trends and peak values of the
three curves are relatively similar, which proves that the
rigid–liquid fusion dynamics model is correct for the propul-
sion calculation of the single-legged beaver-like underwater
robot.

Figure 13 shows the lift curve of swimming with bionic
motion trajectory and we can see the following:

1. Theoretical calculation and simulation results have two
maximums and two minimums in each period. The re-
sults of the theoretical calculation are the same during
the cycle, and the extreme values of the lift forces are
about 16, −76, 69, and −19 N, the four extreme values
appear in a period of 0.2, 0.7, 1.3, and 1.8 s, respectively.
The simulation results gradually decrease with the pe-
riod increasing. In the first period, the four extreme val-
ues are 31, −84, 49, and −4 N, respectively, and de-
crease to 13,−47, 27, and−3 N in the third period. The
four extreme values appear at a relatively fixed time in
each period which are about 0.3, 0.7, 1.2, and 1.8 s.

2. The experimental results are quite different with the the-
oretical calculation and simulation results. The ampli-
tude of the maximum negative lift force is about−89 N,
but the number and amplitude of its extreme values and
the change trend are quite different. For example, in the
first period, the theoretical calculation and simulation
results have a positive lift force in the first 0.2–0.3 s, but
the experimental results show a decreasing trend from
the beginning to the maximum value of the negative
lift force, and the maximum value appears at 0.5 s, and
the phase difference with the other two results is about
0.2 s. Meanwhile there is an unusual amplitude increase
at 0.7 s, and the rate of change is low after 1 s, the max-
imum positive lift force is about 27 N, and the phase
difference with the other two is about 0.4 s.

The reasons for the difference in lift force between the
experiment and the theoretical calculation and simulation
are the following: (1) in the experiment, the hydrodynamic
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Figure 12. A single period (2 s) experiment with reduced amplitude motion trajectory.

Figure 13. Forward force curve of swimming with bionic motion
trajectory.

Figure 14. Lift curve of swimming with bionic motion trajectory.

forces of the leg and the underwater servo motors affect the
results, and these are ignored in the theoretical calculation
and simulation results; (2) the operating deviation of the un-
derwater servo motor, the installation error of the mechanical
structure, and the pulling effect of the control cable on the
structure have an impact on the experimental results; (3) in
the experiment, the flow field around the leg has a certain
speed with the movement of the leg which reacts to the leg,
while the influence of fluid-structure coupling is ignored in
the theoretical calculation and simulation; and (4) in the ex-
periment, the fixed device has certain flexibility. Part of the
mechanical vibration of the robot’s leg in the paddling is ab-
sorbed by the fixed device, which causes the phase difference
between the experimental result with the others.

4.3.2 Experimental result analysis of increased and
reduced amplitude motion trajectory

Figures 15 and 17 are the forward force curves of swimming
with increased and reduced amplitude motion trajectory. The
maximum propulsion forces of swimming with increased
amplitude motion trajectory in the theoretical calculation,
simulation, and experiment are −129, −231, and −187 N,
and the maximum resistance force is 49, 58, and 59 N, re-
spectively. The maximum propulsion forces of swimming
with reduced amplitude motion trajectory are−41,−44, and
−43 N, and the maximum resistance forces are 19, 16, and
24 N, respectively.

Figures 16 and 18 show the lift curves of swimming with
increased and reduced motion trajectory. The maximum pos-
itive lift forces of swimming with increased motion trajectory
in the theoretical calculation, simulation, and experiment are
98, 108, and 62 N, and the maximum negative lift forces re-
spectively reach −109, −171, and −147 N. The theoretical
calculation, simulation, and experimental results of swim-
ming with reduced motion trajectory show that the maximum
positive lift forces are 17, 23, and 18 N, and the maximum
negative lift forces are −26, −59, and −57 N.

According to the results, the propulsion force of increased
amplitude motion trajectory is larger and the propulsion ef-
ficiency is higher, but the maximum amplitude of its lift
reaches about 207 N, which will greatly reduce the motion
stability of the robot. However, the propulsion efficiency of
the reduced amplitude motion trajectory is low, which is not
suitable for the efficient propulsion of the robot. Based on the
above analysis of increased and reduced amplitude motion
trajectory and the bionic motion trajectory, it is proved that
the bionic motion trajectory has better stability than the in-
creased amplitude motion trajectory and better propulsion ef-
ficiency than the reduced amplitude motion trajectory. There-
fore, the bionic motion trajectory is more suitable for the hind
leg motion planning of the beaver-like underwater robot.

The analysis results of swimming with the bionic, in-
creased, and reduced amplitude motion trajectory show that
the rigid–liquid fusion dynamics model can accurately pre-
dict the swimming lift, forward force, and force peaks of the
hind leg of the beaver-like underwater robot. It proves the
correctness of the rigid–liquid fusion dynamics model, and
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Figure 15. Forward force curve of swimming with increased am-
plitude motion trajectory.

Figure 16. Lift curve of swimming with increased amplitude mo-
tion trajectory.

lays the foundation for the subsequent research on the motion
and attitude control algorithm of the beaver-like underwater
robot.

4.3.3 Flow velocity analysis with hind leg motion in
simulation

Figure 19 shows the flow velocity when the hind leg of the
beaver-like robot moves in one cycle, where the selected in-
stantaneous has been marked in the diagram. As shown in
the figure, the X axis direction is the negative direction of
the propulsion force. In the process of 0–0.79 s, the veloc-
ity difference between the left side and the right side of the
webbed foot gradually increases, and the propulsion force on
the hind leg increases accordingly. Subsequently, in the pro-
cess of 0.79–1.57 s, the flow velocity value on the left side
gradually decreased, which was lower than that on the right
side, so the propulsion force gradually decreased and turned
into a negative value at this stage. In the process of 1.57–
2.36 s, the difference value was small, so the propulsion force
changed little at this stage. The results in the simulation are
consistent with the propulsion force results in Figs. 12, 14,
and 16.

Figure 17. Forward force curve of swimming with reduced ampli-
tude motion trajectory.

Figure 18. Lift curve of swimming with reduced amplitude motion
trajectory.

5 Conclusions

In this paper, the swimming force analysis of the hind leg
of the beaver-like underwater robot is discussed. The rigid–
liquid fusion method is used to fuse the rigid body dynam-
ics of the thighs and calves with the hydrodynamics of the
bendable webbed foot. A dynamics model of the robot’s hind
leg is established, and the forward and lift force acting on
the body during swimming of the hind leg are obtained. The
hind leg of the beaver-like underwater robot swims with the
bionic, increased, and reduced amplitude motion trajectory,
respectively. Comparing the forward and lift force generated
by the robot’s hind leg swimming in the theoretical calcula-
tion, Fluent simulation, and experiment, the results are basi-
cally the same. This proves the correctness of the rigid–liquid
fusion dynamic modeling method proposed for the hind leg
swimming of the beaver-like robot. Comparing the theoret-
ical calculation, simulation, and experimental results of the
forward and lift force generated by the robot’s hind leg swim-
ming under the three motion trajectories, it can be seen that
the bionic motion trajectory has higher propulsion efficiency
and better motion stability. It verifies the rationality and supe-
riority of the bionic motion trajectory. The proposed dynamic
model of hind leg swimming can provide theoretical support
for the mechanical analysis of the robot swimming process.
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Figure 19. Flow velocity with the hind leg motion.

In future work, we will further combine the proposed
rigid–liquid fusion dynamics model of the hind leg swim-
ming of the beaver-like robot with the force of the robot body
to establish the overall dynamics model of the robot’s swim-
ming, and analyze the relationship between the robot’s move-
ment posture and hind leg swimming. This will lay the me-
chanics foundation for the swimming control of the beaver-
like underwater robot.

Data availability. In the future, we will conduct more in-depth hy-
drodynamics research on the beaver-like robot, and some data used
in this paper will be involved. The data sets generated and analyzed
during this study are not public, but can be obtained from the corre-
sponding authors upon reasonable request.
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