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Abstract. This paper proposes a spring efficiency assessment of a statically spring-balanced planar serial ma-
nipulator. The admissible spring configurations for the static balancing of planar serial manipulators without
auxiliary links have been determined in the past. Gravity is balanced by the spring configuration systemati-
cally; however, the spring configuration also contains counter-effects between springs. Conceptually, with fewer
counter-effects between springs, there is less burden on the spring system, which means that the springs are used
more efficiently, and accordingly, the system would be safer, and its service life would be longer. In this study,
the spring energy is represented in a quadratic form. The coefficients in a quadratic form represent the change in
elastic energy with the relative position between links, which is named “elastic pseudo-stiffness”. Compared to
the quadratic form of gravity energy, those elastic pseudo-stiffnesses for static balancing are regarded as positive
contributions of a spring, while those that contain counter-effects are seen as negative ones. Spring efficiency is
defined as the ratio of the elastic pseudo-stiffnesses, which has positive contributions for balancing to total elas-
tic pseudo-stiffnesses. To use springs efficiently, the counter-effects, which are functions of spring parameters,
need to be decreased, including spring stiffness and the attachment location of springs on links. A method to use
spring efficiently by adjusting spring parameters is developed. Furthermore, it is found that, for a spring attached
between adjacent links, the spring efficiency is 100 %, and the spring efficiency decreases while the number of
joints over which the spring spans increases. In a spring manipulator system, the efficiency is negatively corre-
lated to the payload. As an example, an efficiency assessment on a 3 degrees of freedom (DOF) manipulator is
shown at the end.

1 Introduction

In recent decades, new static balancing technologies and sys-
tem designs have been developed for multiple applications,
such as a wearable exoskeleton for rehabilitation and training
(Arakelian and Ghazaryan, 2008; Lin et al., 2013; Tschier-
sky et al., 2019; Kuo et al., 2021) and robotic manipula-
tors (Arakelian, 2016; Kim and Cho, 2017). These manip-
ulators provide a better control of the performance and more
efficiency because the actuating force that is sustaining the
weight of their system is partially or fully balanced.

One of the spring balancing methods uses a serially con-
nected, four-bar, parallelogram mechanism; this mechanism
uses auxiliary links to connect other links vertically to the

ground, forming a pseudo-base, and each parallelogram is
independently balanced by a single spring (Nathan, 1985;
Rahman et al., 1995; Lin et al., 2010). Another kind of
spring balancing method uses auxiliary links to form a pan-
tograph mechanism that is located in the center of mass.
Springs are then attached to the center of mass to keep the
total energy constant (Agrawal and Fattah, 2004a, b; Fattah
and Agrawal, 2006; Najafi and Sepehri, 2011). Besides the
methods with auxiliary links, Jamshidifar et al. (2021) pro-
posed an approach by using gravity compensator consisting
of one spring and multiple pulleys, which mitigates the issue
of workspace interference caused by auxiliary linkages. In
addition to the perfect balance, several methods with the par-
tial balancing of a robot are proposed. For instance, adding
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Figure 1. A spring-balanced 2 DOF manipulator.

gear spring modules as gravity compensators on the three
revolute–prismatic–spherical (3 RPS) parallel robot (Nguyen
et al., 2020) can balance the gravity partially. However, ap-
plications with auxiliary links or additional devices have sev-
eral disadvantages, such as motion interference caused by
the auxiliary links. Also, the additional mass of additional
devices may increase the load of springs. To mitigate these
problems, balancing methods that do not use auxiliary links
but directly attach the springs to the manipulator have been
proposed (Lin et al., 2011; Deepak and Ananthasuresh, 2012;
Lee and Chen, 2014; Juang and Chen, 2022) and used in this
paper. The gravity balancing method without auxiliary links
uses springs to balance the gravity of manipulators system-
atically. Ideally, the elasticity of all of the springs is used to
cancel out the gravity, but the method, as the manipulator’s
degrees of freedom (DOF) are more than 2, requires multiple
springs to be installed and therefore contains counter-effects
between springs. In other words, only part of the elasticity is
used to counter the gravity of manipulators; the other parts
are redundant and cancel each other out. For example, for
a 2 DOF manipulator in Fig. 1, referring to Lee and Chen
(2014), two springs S1,3 and S2,3 are installed, where S1,3
is the spring attached between the first link (ground link)
and the third link, which contributes elasticity to balance the
gravity of the manipulator, and also remains the redundant
elasticity that is balanced by S2,3 (the spring attached be-
tween the second link and the third link), so that a counter-
effect exists between S1,3 and S2,3.

Conceptually, the fewer the counter-effects between
springs, the more the burden of the spring system is de-
creased. This means that the springs are more efficiently
used; hence, the system would be safer, and its service life
would be extended. The gravity balancing method by springs
without auxiliary links is developed (Lin et al., 2011; Deepak
and Ananthasuresh, 2012; Lee and Chen, 2014; Juang and

Figure 2. A (j − 1) DOF planar articulated manipulator.

Figure 3. Diagram of a zero-free length (ZFL) spring installed be-
tween links i and j .

Chen, 2022), but there are no research papers discussing the
issue of how to use springs efficiently to balance the gravity
of a manipulator. This study aims to develop a method to use
springs efficiently, and thereby, the assessment of the spring
efficiency is presented here.

The paper is structured as follows. Section 2 discusses the
gravitational and elastic energies of a spring manipulator sys-
tem and the static balancing conditions. Section 3 presents
the concept of spring efficiency and the criteria for the ef-
ficient use of a spring. Furthermore, Sect. 4 discusses the
efficiency assessment of a spring manipulator system, and
the efficient spring configurations are proposed. In addition,
the characteristics of spring parameters and the effect of pay-
load on the system spring efficiency are suggested. Section 5
discusses the efficiency assessment by presenting an illustra-
tive example of a spring-balanced, 3 DOF planar manipula-
tor. The adjustment of spring parameters and payload are also
displayed. Section 6 serves as a conclusion of all the previous
sections.
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Figure 4. Schematic of the installation of the springs and the attachment parameters of a 3 DOF manipulator with a spring configuration31.

2 Potential energy and pseudo-stiffness

2.1 Gravitational pseudo-stiffness

For a serial planar manipulator with revolute joints only, we
assume that the center of mass (COM) of each link is located
on the axis between link pivots. In Fig. 2, the symbols used to
represent a link’s dimensions in the manipulator system are
presented. While rj is the length of link j , sj is the distance
between a joint and the center of mass for link j . mj is the
mass of link j , and g is the gravitational acceleration. θj is
the relative angle between link j and the previous link j −1,
and hj is the height of link j from the ground.

For link j , gravitational energy is expressed as follows:

U
j
g =mjghj . (1)

The height of link j is expressed as follows:

hj = sj cos
(
90◦−21,j

)
+

j−1∑
w=2

rwcos
(
90◦−21,w

)
, (2)

where 2u,v represents the angle between link u and link v,
which is expressed as follows:

2u,v =

v∑
t=u+1

θt . (3)

The gravitational energy of the manipulator system can be
expressed as follows:

Ug =

n∑
t=2

mtg

(
stcos

(
90◦−21,t

)
+

t−1∑
w=2

rwcos
(
90◦−21,w

))
, (4)

which can be rewritten in the following quadratic form:

Ug =

n∑
u=2

r1ruG1,u, (5)

where

G1,u =

(
mu

g

r1

su

ru
+
g

r1

n∑
w=u+1

mw

)
cos

(
90◦−21,u

)
for n≥ u≥ 2. (6)

The term G1,u can be viewed as a pseudo-stiffness between
the ground link and link u caused by gravity. G1,u is named
as gravitational pseudo-stiffness. In the following, we set

∣∣G1,u
∣∣= (mu g

r1

su

ru
+
g

r1

n∑
w=u+1

mw

)
, (7)

where
∣∣G1,u

∣∣ is regarded as a parameter that is always posi-
tive since the mass and the length of the manipulator are pos-
itive. Therefore, according to Eq. (6), the sign of the gravita-
tional pseudo-stiffnesses depends on the angle in the cosine
term. Note that, in Eqs. (5)–(7), r1 is the reference length of
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Figure 5. The system’s spring efficiency of the example 3 DOF
manipulator in the workspace.

the ground link, the magnitude is self-defined, and the unit is
in meters (m). Here r1 is set as 1 (m) and is used to normalize
the distances refer to the coordinate system on the ground.

2.2 Elastic pseudo-stiffness

Figure 3 illustrates a zero-free length (ZFL) spring Si,j that is
installed between link i and link j . The ZFL spring denotes
that the spring has zero length in the unstretched condition,
and the length of spring equals the spring’s elongation. In
Fig. 3, ri and rj indicate the lengths of links i and j , lS(i,j )
is the spring elongation of spring Si,j , aS(i,j ) is the attach-
ment distance of Si,j on the proximal link i, bS(i,j ) is the
attachment distance of Si,j on the distal link j , αS(i,j ) is the
attachment angle of Si,j on proximal link i, and βS(i,j ) is the
attachment angle of Si,j on distal link j .

As a ZFL spring is attached between links i and j , the
elongation is expressed as follows:

lS(i,j ) = bS(i,j )− aS(i,j )+

j−1∑
t=i+1

r t , (8)

and the elastic energy of Si,j , with spring stiffness ki,j , is
expressed as follows:

US(i,j ) =
1
2
kS(i,j )l

2
S(i,j ). (9)

Figure 6. The potential energies of the example 3 DOF spring ma-
nipulator system in the workspace.

By substituting Eq. (8) into Eq. (9), US(i,j ) can be ex-
pressed as follows:

US(i,j ) =
1
2
kS(i,j )

(
a2
S(i,j )+ b

2
S(i,j )+

j−1∑
t=i+1

r2
t

)

+ rirjK
S(i,j )
i,j +

j−1∑
v=i+1

rirvK
S(i,j )
i,v

+

j−1∑
u=i+1

rurjK
S(i,j )
u,j

+

∑j−2
u=i+1

j−1∑
v=u+1

rurvK
S(i,j )
u,v , (10)

where

K
S(i,j )
i,j

= (kAB)S(i,j ) cos
(
αS(i,j )−βS(i,j )+ 180◦−2i,j

)
(11a)

K
S(i,j )
i,v = (kA)S(i,j ) cos

(
αS(i,j )+ 180◦−2i,v

)
forv < j (11b)

K
S(i,j )
u,j = (kB)S(i,j ) cos

(
−βS(i,j )−2u,j

)
for u > i (11c)

K
S(i,j )
u,v = kS(i,j ) cos

(
−2u,v

)
for u > i;v < j, (11d)

in which AS(i,j ) and BS(i,j ) represent the ratio of spring at-
tachment distance to the link length, i.e.,

AS(i,j ) =
aS(i,j )

ri
, (12a)

and

BS(i,j ) =
bS(i,j )

rj
. (12b)
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Figure 7. (a) The trend of the system spring efficiency index of
the example 3 DOF manipulator and the attachment distances of
the springs (AS(1,4) and AS(2,4)). (b) The trend of the system of
the spring efficiency index for the example 3 DOF manipulator and
spring stiffnesses (kS(1,4) and kS(2,4)).

Equations (11a)–(11d) can be regarded as pseudo-stiffnesses
between two links, for example, KS(i,j )

u,v is the pseudo-
stiffness between link u and link v caused by the elasticity
of spring Si,j . Thus, KS(i,j )

u,v is named as an elastic pseudo-
stiffness.

According to Eqs. (11a)–(11d), the elastic pseudo-
stiffnesses provided by a spring Si,j existed between all links
between link i and link j .

A spring attached between two adjacent links, where only
one joint is spanned over, is named a “mono-articulated

Figure 8. The trend of the system spring efficiency index of a
3 DOF manipulator and variable payload.

spring”. Otherwise, a spring attached between a pair of links
that are not adjacent, where multiple joints are spanned over,
is named a “multi-articulated spring”. The number of joints
a spring spans over determines the number of elastic pseudo-
stiffnesses provided by a spring. For a mono-articulated
spring Si,i+1, the elastic energy Eq. (10) can be simplified
as follows:

US(i,i+1) =
1
2
kS(i,i+1)

(
a2
S(i,i+1)+ b

2
S(i,i+1)

)
+ riri+1K

S(i,i+1)
i,i+1 . (13)

It is found that a mono-articulated spring provides only one
elastic pseudo-stiffness that exists between link i and link
i+ 1, as shown in Eq. (11a), as follows:

K
S(i,i+1)
i,i+1 = (kAB)S(i,i+1) cos

(
αS(i,i+1)−βS(i,i+1)

+ 180◦−2i,i+1

)
. (14)

And for a multi-articulated spring that spans over two joints,
Si,i+2, there are three elastic pseudo-stiffnesses, including
the elastic pseudo-stiffness that exists between link i and link
i+ 2, as shown in Eq. (11a), as follows:

K
S(i,i+2)
i,i+2 = (kAB)S(i,i+2) cos

(
αS(i,i+2)−βS(i,i+2)

+ 180◦−2i,i+2

)
. (15a)

The elastic pseudo-stiffness exists between link i and link
i+ 1, according to Eq. (11b), as follows:

K
S(i,i+2)
i,i+1 = (kA)S(i,i+2) cos

(
αS(i,i+2)+ 180◦−2i,i+1

)
. (15b)

And the elastic pseudo-stiffness exists between link i+1 and
link i+ 2, according to Eq. (11c), as follows:

K
S(i,i+2)
i+1,i+2 = (kB)S(i,i+2) cos

(
−βS(i,i+2)−2i+1,i+2

)
. (15c)
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Generally, the number of elastic pseudo-stiffnesses of Si,j
is (j − i)(j − i+ 1)/2, and according to the link number, the
general formulas of elastic pseudo-stiffnesses are Eqs. (11a)–
(11d).

In this paper, only the extension spring is used, i.e., the
spring stiffness kS(i,j ) is positive, and since aS(i,j ) and bS(i,j )
are the attachment distance of a spring which must be posi-
tive, AS(i,j ) and BS(i,j ) are therefore positive. It is shown that
the sign of the elastic pseudo-stiffnesses of the spring, i.e.,
Eqs. (11a)–(11d), depends on the angles in the cosine term.

The term, 1
2kS(i,j )

(
a2
S(i,j )+ b

2
S(i,j )+

j−1∑
t=i+1

r2
t

)
, in

Eq. (10) is a constant which does not vary with the posture
of the manipulator, and the other terms depend on the
postures of the manipulator.

2.3 Gravitational and elastic energies balancing
condition

The static balancing of a spring manipulator system is
achieved when the total energy of the system is a constant
in different postures of the manipulator. Comparing Eq. (5)
with Eq. (10), the summation of the terms, which vary with
the posture of the manipulator, should be zero when static
balancing is achieved. Therefore, the static balancing of a
spring manipulator can be simplified as the summation of the
pseudo-stiffnesses between the links of the spring manipula-
tor system as being zero.

Since the gravitational pseudo-stiffnesses only exist be-
tween the ground and other links, the condition of gravi-
tational energy balancing is that the summation of pseudo-
stiffnesses between the ground and other links is zero, which
can be expressed as follows:

G1,j +
∑

K
S(1,v)
1,j = 0 for v ≥ j. (16a)

According to Eqs. (11a)–(11d), the spring contributes the
elastic pseudo-stiffnesses between the ground and others
which can be used to balance the gravitational pseudo-
stiffnesses, while the spring still contains elastic pseudo-
stiffnesses between non-ground links. That is, such remain-
ing elastic pseudo-stiffnesses need to be balanced by the elas-
tic pseudo-stiffnesses contributed by other springs (i.e., the
counter-effect between springs). The elastic energy balanc-
ing condition is as follows:∑

K
S(u,v)
i,j = 0 for i ≥ u≥ 1;v ≥ j. (16b)

When both conditions in Eqs. (16a) and (16b) are achieved,
then gravity balancing is achieved.

It is shown that, besides the elastic pseudo-stiffnesses used
to balance the gravitational pseudo-stiffnesses, i.e., Eq. (16a),
there are counter-effects between springs, i.e., Eq. (16b).
The counter-effects between springs consist of the remaining
elastic pseudo-stiffnesses which need to be balanced (elas-
tic balanced part), and the corresponding elastic pseudo-
stiffnesses contributed by other springs is used to cancel out

the elastic balanced part (elastic balancing part). The elastic
pseudo-stiffnesses of a spring can therefore be separated into
the “balancing part” and “balanced part”. To identify whether
an elastic pseudo-stiffness is the balancing or the balanced
part, more explanations are given in the following section.

3 Spring efficiency and efficient use of springs

3.1 Spring efficiency

The elastic pseudo-stiffness contributed by a spring can be
classified into two groups, i.e., the balancing part and the bal-
anced part. Accordingly, the spring efficiency is conceptually
defined as ratio of the balancing part to total elastic pseudo-
stiffnesses. The efficiency of a spring Si,j is expressed as fol-
lows:

eS(i,j ) =
balancing part

balancing part + balanced part
. (17)

According to Eq. (17), to enhance the spring efficiency of a
spring, the balancing part should be increased. On the other
hand, the balanced part should also be decreased. The criteria
for the efficient use of springs are discussed in the following
section.

3.2 Criteria for efficient use of a spring

To achieve the gravitational balancing condition in Eq. (16a),
the sign of the elastic pseudo-stiffness must be opposite to
the sign of the corresponding gravitational pseudo-stiffness.
Under this circumstance, such elastic pseudo-stiffness is re-
garded as the balancing part; otherwise, it is regarded as the
balanced part.

In a previous study (Juang and Chen, 2022), the admissible
attachment angles of springs for statically balanced planar
articulated manipulators have been proposed. For a ground-
connected spring S1,v , to ensure that S1,v is efficiently used
to balance the gravity rather than having negative effects
on balancing, all the elastic pseudo-stiffnesses KS(1,v)

1,j for
2≤ j ≤ v are required to be shown as the opposite sign of
the corresponding gravitational pseudo-stiffnessG1,j . Refer-
ring to Juang and Chen (2022), the ground-connected springs
should be attached with

(
αS(1,v),βS(1,v)

)
= (90◦,0).

A criterion for using a ground-connected spring efficiently
is proposed as C1, which is defined below.

C1 will ensure that a ground-connected spring
is efficiently used to balance the gravity, so the
ground-connected spring should be attached with(
αS(1,v),βS(1,v)

)
= (90◦,0).

For such a ground-connected spring to satisfy C1,
the elastic pseudo-stiffnesses KS(1,v)

1,2 K
S(1,v)
1,3 . . .K

S(1,v)
1,v

are the balancing part. However, the ground-connected
spring not only contributes the balancing elastic pseudo-
stiffnesses which are used to offset gravitational
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pseudo-stiffnesses but also leaves the elastic pseudo-
stiffnesses which need to be balanced. The elastic
pseudo-stiffnesses KS(1,v)

i,j for i > 1 are left as the bal-
anced part. Therefore, non-ground-connected springs
need to be installed.

To ensure that a non-ground connected spring Sp,q is ef-
ficiently used to balance the elasticity, rather than hav-
ing negative effects on balancing, the elastic pseudo-
stiffnesses contributed by the non-ground-connected
spring should be used to compensate for the corre-
sponding elastic-stiffnesses KS(1,v)

i,j left by the ground-
connected springs. Referring to Juang and Chen (2022),
the ground-connected springs should be attached
with

(
αS(p,q),βS(p,q)

)
= (0◦,0◦) or

(
αS(p,q),βS(p,q)

)
=

(180◦,180◦). For the non-ground connected spring
attached with

(
αS(p,q),βS(p,q)

)
= (0◦,0◦), the elastic

pseudo-stiffnesses K
S(p,q)
p,p+1K

S(p,q)
p,p+2. . .K

S(p,q)
p,q are con-

tributed as the balancing part, and the elastic pseudo-
stiffnesses KS(p,q)

i,j for i > p are left as the balanced
part. For the non-ground connected spring attached with(
αS(p,q),βS(p,q)

)
= (180◦,180◦), the elastic pseudo-

stiffnesses KS(p,q)
p,q K

S(p,q)
p+1,q . . .K

S(p,q)
q−1,q are contributed as

the balancing part, and the elastic pseudo-stiffnesses
K
S(p,q)
i,j for j < q are left as the balanced part.

A criterion for using non-ground-connected spring effi-
ciently is proposed as C2 below.

C2 will ensure that a non-ground-connected spring
is efficiently used to balance the elasticity, so
the non-ground-connected spring should be attached
with

(
αS(p,q),βS(p,q)

)
= (0◦,0◦) or

(
αS(p,q),βS(p,q)

)
=

(180◦,180◦).

In a spring manipulator system, if there are balanced
elastic pseudo-stiffnesses that do not correspond to any
balancing elastic pseudo-stiffness, then the additional
spring needs to be installed. Not until all the balanced
elastic pseudo-stiffnesses are offset can the elastic en-
ergy balancing condition in Eq. (16b) can be achieved.

3.3 Attachment of spring and spring efficiency

For a multi-articulated spring Si,j for j − i > 1, according
to Eq. (17), the spring efficiency of Si,j can be expressed as
follows:

eS(i,j ) =
x

x+ y
, (18)

where x is the magnitude of balancing elastic pseudo-
stiffnesses contributed by spring Si,j , and y is the magnitude
of the balanced elastic pseudo-stiffnesses remained by spring
Si,j . According to the criteria for C1 and C2, for the efficient
use of a spring, there are three types of springs, namely the

ground-connected spring with (90◦,0) and the non-ground-
connected spring with (0◦,0◦) and (180◦,180◦), while x and
y are different among the spring types.

For a ground-connected spring S1,j with (90◦,0), the mag-
nitude of balancing elastic pseudo-stiffnesses contributed by
S1,j is as follows:

x = kS(1,j )

(∣∣(AB)S(1,j ) cos
(
270◦−21,j

)∣∣
+

j−1∑
q=2

∣∣AS(1,j ) cos
(
270◦−21,q

)∣∣). (19a)

And the magnitude of the balanced elastic pseudo-stiffnesses
left by S1,j is as follows:

y = kS(1,j )

( j−1∑
p=2

∣∣BS(1,j ) cos
(
−2p,j

)∣∣
+

j−2∑
p=2

j−1∑
q=2

∣∣cos
(
−2p,q

)∣∣). (19b)

According to Eqs. (18), (19a), and (19b), it is shown that the
spring attachment parameters, AS(1,j ) and BS(1,j ), determine
the magnitude of spring efficiency. While the larger AS(1,j )
have the larger x, and y is unchanged, the condition leads to
a better eS(1,j ), and while the larger BS(1,j ) have the larger x
and y, the result leads to a worse eS(1,j ).

For a non-ground-connected spring Si,j with (0◦,0◦), the
magnitude of the balancing part contributed by spring Si,j is
as follows:

x = kS(i,j )

(∣∣(AB)S(i,j ) cos
(
180◦−2i,j

)∣∣
+

j−1∑
q=i+1

∣∣AS(i,j ) cos
(
180◦−2i,q

)∣∣). (20a)

And the magnitude of the balanced part that left by spring
Si,j is as follows:

y = kS(i,j )

( j−1∑
p=i+1

∣∣BS(i,j ) cos
(
−2p,j

)∣∣
+

j−2∑
p=i+1

j−1∑
q=i+2

∣∣cos
(
−2p,q

)∣∣). (20b)

According to Eqs. (18), (20a), and (20b), it is found the larger
values of AS(i,j ) have the larger x, and y is unchanged. The
condition leads to a better eS(i,j ) and with a larger BS(i,j ),
which have the larger x and y leading to a worse eS(i,j ).

For a non-ground-connected spring Si,j with (180◦,180◦),
the magnitude of the balancing part contributed by the spring
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Si,j is as follows:

x = kS(i,j )

(∣∣(AB)S(i,j ) cos
(
180◦−2i,j

)∣∣
+

j−1∑
p=i+1

∣∣BS(i,j ) cos
(
180◦−2p,j

)∣∣). (21a)

And the magnitude of the balanced part remained by spring
Si,j is as follows:

y = kS(i,j )

( j−1∑
q=i+1

∣∣AS(i,j ) cos
(
−2i,q

)∣∣
+

j−2∑
p=i+1

j−1∑
q=i+2

∣∣cos
(
−2p,q

)∣∣). (21b)

According to Eqs. (18), (21a), and (21b), it is found that,
where the larger value of BS(i,j ) have the larger x, and y is
unchanged, it leads to a better eS(i,j ). Where the largerAS(i,j )
have the larger x and y, it leads to a worse eS(i,j ).

Note that, for a mono-articulated spring Si,i+1, according
to Eq. (14), it is found that only one balancing elastic pseudo-
stiffness is contributed. Therefore, for a mono-articulated
spring, x =KS(i,i+1)

i,i+1 , y = 0, so the efficiency must be 100 %.

ei,i+1 =
K
S(i,i+1)
i,i+1

K
S(i,i+1)
i,i+1

= 100%. (22)

According to Eqs. (18) and (19), it is known that the
mono-articulated must have better efficiency than a multi-
articulated spring. As the number of joints that the spring
spans over increases, the number of balancing and balanced
elastic pseudo-stiffnesses are both increased, and the spring
efficiency is changed as follows:

e′S(i,j ) =
x+1x

x+1x+ y+1y
. (23)

The 1x and 1y are the additional terms to the balancing
and balanced part, respectively, for the same spring under the
same condition, while the number of joints the spring spans
over increases. According to Eq. (23), it is shown that the ad-
ditional terms in the denominator are larger than those in the
numerator; therefore, eS(i,j ) > e

′

S(i,j ), the spring efficiency,
decreases as the number of joints the spring spans over in-
creases.

In this section, how the spring attachment parameters af-
fect the spring efficiency is examined. Also, it is shown that,
as the spring is installed under the same condition, the lower
the number of joints the spring spans over, the better the
spring efficiency. However, to achieve the static balancing
of the spring manipulator system, the spring attachment pa-
rameter and the number of joints the spring spans over are
not arbitrary. In the following section, the constraints of the

spring attachment parameter and the assessment of system
spring efficiency are discussed. Note that, referring to Juang
and Chen (2022), the non-ground-connected springs can
also be attached with

(
αS(p,q),βS(p,q)

)
= (0◦,180◦), which

is not considered in this paper. Since the number of joints
that the springs span over in the configuration with such
a spring is more than the configurations with only (0◦,0◦)
and (180◦,180◦) springs, the spring efficiency is worse if
(0◦,180◦) spring is used, according to the conclusion above.
Hence, the non-ground-connected spring with (0◦,180◦) is
not considered in this paper.

4 System spring efficiency assessment

4.1 System spring efficiency and efficient spring
configurations

The efficiency of a spring manipulator system can be con-
ceptually defined, as follows, to show the performance of ef-
ficiency in the system.

esys =
balancing part of all the springs in the system

total elastic pseudo-stiffnesses of all the springs in the system
. (24)

It is known that the lower the number of joints that the springs
span over, the better the performance on spring efficiency.
Therefore, the spring configuration with a lower total number
of joints that springs span over conceptually has a better sys-
tem spring efficiency. According to Juang and Chen (2022),
the admissible spring configurations have been proposed in
which the configurations with the minimum total number of
joints which springs span over for a 1–3 DOF manipulators
are listed in Table 1, which can be regarded as efficient spring
configurations.

In the system, the spring attachment parameters are con-
strained by the balancing equations as in, i.e., Eqs. (16a)
and (16b), so the spring parameters are not arbitrarily used.
According to Eqs. (16a) and (16b), to attain static balanc-
ing, the magnitude of the balancing elastic pseudo-stiffnesses
should be equal to the corresponding magnitude of the bal-
anced gravitational / elastic pseudo-stiffnesses. We set the
summation of the magnitude of the balanced gravitational
pseudo-stiffnesses as X and the summation of the magnitude
of the balanced elastic pseudo-stiffnesses as Y . The balanc-
ing part of all the springs in the system should be equal to the
summation of the balanced gravitational pseudo-stiffnesses
and the balanced elastic pseudo-stiffnesses, i.e., X+Y , and
the total elastic pseudo-stiffnesses (balanced elastic pseudo-
stiffnesses+ balancing elastic pseudo-stiffnesses) of all the
springs are equal to X+ 2Y . The system spring efficiency in
Eq. (24) can be rewritten as follows:

esys =
X+Y

X+ 2Y
, (25)

where X is given by the length/mass of the manipula-
tor. Therefore, the magnitude of balanced elastic pseudo-
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Table 1. The efficient spring configurations for the 1–3 DOF manipulators.

1 DOF manipulator 2 DOF manipulator 3 DOF manipulator

[
∗ 1α−β=90◦

∗

]
31

 ∗ 0 1(90◦,0)

∗ 1α−β=0

∗


32


∗ 1α−β=90◦ 0 1(90◦,0)

∗ 0 1(0,0)

∗ 1α−β=0

∗


33−1

∗ 1α−β=90◦ 0 1(90◦,0)

∗ 1α−β=0 1(180◦,180◦)

∗ 0
∗


33−2

stiffnesses, which is composed of Y , determines the perfor-
mance of system spring efficiency. To determine the magni-
tude of the balanced elastic pseudo-stiffnesses in a system,
the constraints of spring parameters should be discussed.

4.2 Spring parameter determination and system spring
efficiency

The spring parameters can be determined by the balanc-
ing Eqs. (16a) and (16b). We take an efficient spring con-
figuration for a 3 DOF manipulator 33−1 as an example.
The balanced gravitational pseudo-stiffnesses are G1,2, G1,3
and G1,4. According to C1, S1,4 is attached with (90◦,0◦),
which leaves the balanced elastic pseudo-stiffnesses KS(1,4)

2,3 ,

K
S(1,4)
2,4 , and KS(1,4)

3,4 . According to C2, S2,4 is attached with(
αS(2,4),βS(2,4)

)
= (0◦,0◦), and the balanced elastic pseudo-

stiffness KS(2,4)
3,4 is left. S1,2 and S3,4 are mono-articulated

springs which have no balanced elastic pseudo-stiffness. Ac-
cording to Eqs. (16a) and (16b), the balancing equations are
listed as follows:

− (kAB)S(1,4) cos
(
90◦−21,4

)
+
∣∣G1,4

∣∣cos
(
90◦−21,4

)
= 0 (26a)

− (kA)S(1,4) cos
(
90◦−21,3

)
+
∣∣G1,3

∣∣cos
(
90◦−21,3

)
= 0 (26b)

− (kA)S(1,4) cos
(
90◦−21,2

)
− (kAB)S(1,2) cos

(
90◦−21,2

)
+
∣∣G1,2

∣∣cos
(
90◦−21,2

)
= 0 (26c)

−(kAB)S(2,4) cos
(
22,4

)
+ (kB)S(1,4) cos

(
22,4

)
= 0 (26d)

−(kA)S(2,4) cos
(
22,3

)
+ kS(1,4) cos

(
22,3

)
= 0 (26e)

− (kAB)S(3,4) cos
(
23,4

)
+ (kB)S(1,4) cos

(
23,4

)
+ (kB)S(2,4) cos

(
23,4

)
= 0. (26f)

According to Eqs. (26a), (26b), (26d), and (26e), the con-
straints of spring parameters are found in the following:

BS(1,4) =

∣∣G1,4
∣∣∣∣G1,3
∣∣ (27a)

kS(1,4) =

∣∣G1,3
∣∣

AS(1,4)
(27b)

BS(2,4) =

∣∣G1,4
∣∣∣∣G1,3
∣∣ (27c)

kS(2,4) =

∣∣G1,3
∣∣

AS(1,4)AS(2,4)
(27d)

(kAB)S(3,4) =
(
kS(1,4)+ kS(2,4)

) ∣∣G1,4
∣∣∣∣G1,3
∣∣ . (27e)

The balanced gravitational pseudo-stiffnesses are as follows:

G1,2 =
∣∣G1,2

∣∣cos
(
90◦−21,2

)
(28a)

G1,3 =
∣∣G1,3

∣∣cos
(
90◦−21,3

)
(28b)

G1,4 =
∣∣G1,4

∣∣cos
(
90◦−21,4.

)
(28c)

According to Eqs. (27a)–(27d), the balanced elastic pseudo-
stiffnesses can therefore be rewritten as follows:

K
S(1,4)
2,3 =

∣∣G1,3
∣∣

AS(1,4)
cos

(
22,3

)
(29a)

K
S(1,4)
2,4 =

∣∣G1,4
∣∣

AS(1,4)
cos

(
22,4

)
(29b)

K
S(1,4)
3,4 =

∣∣G1,4
∣∣

AS(1,4)
cos

(
23,4

)
(29c)

K
S(2,4)
3,4 =

∣∣G1,4
∣∣

AS(1,4)AS(2,4)
cos

(
23,4

)
. (29d)

That is, for 33−1,

X =
∣∣∣∣G1,2

∣∣cos
(
90◦−21,2

)∣∣
+
∣∣∣∣G1,3

∣∣cos
(
90◦−21,3

)∣∣
+
∣∣∣∣G1,4

∣∣cos
(
90◦−21,4

)∣∣ (30a)

Y =

∣∣∣∣∣
∣∣G1,3

∣∣
AS(1,4)

cos
(
22,3

)∣∣∣∣∣+
∣∣∣∣∣
∣∣G1,4

∣∣
AS(1,4)

cos
(
22,4

)∣∣∣∣∣
+

∣∣∣∣∣
∣∣G1,4

∣∣
AS(1,4)

cos
(
23,4

)∣∣∣∣∣+
∣∣∣∣∣

∣∣G1,4
∣∣

AS(1,4)AS(2,4)
cos

(
23,4

)∣∣∣∣∣ . (30b)
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Table 2. Adjustment of the spring attachments for efficient spring configurations.

31 32

S1,3
A′
S(1,3) =

∣∣∣G′1,2∣∣∣
kS(1,3)

S1,2 (AB)′
S(1,2) =

∣∣∣G′1,2∣∣∣
kS(1,2)

B ′
S(1,3) =

∣∣∣G′1,3∣∣∣∣∣∣G′1,2∣∣∣
S2,3 (AB)′

S(2,3) =
kS(1,3)
kS(2,3)

∣∣∣G′1,3∣∣∣∣∣∣G′1,2∣∣∣
33−1 33−2

S1,4
A′
S(1,4) =

∣∣∣G′1,3∣∣∣
kS(1,4) S1,4

A′
S(1,4) =

∣∣∣G′1,3∣∣∣
kS(1,4)

B ′
S(1,4) =

∣∣∣G′1,4∣∣∣∣∣∣G′1,3∣∣∣ B ′
S(1,4) =

∣∣∣G′1,4∣∣∣∣∣∣G′1,3∣∣∣
S2,4 B ′

S(2,4) =

∣∣∣G′1,4∣∣∣∣∣∣G′1,3∣∣∣ S2,4 B ′
S(2,4) =

kS(1,4)
kS(2,4)

∣∣∣G′1,4∣∣∣∣∣∣G′1,3∣∣∣
S3,4 (AB)′

S(3,4) =
kS(1,4)+kS(2,4)

kS(3,4)

∣∣∣G′1,4∣∣∣∣∣∣G′1,3∣∣∣ S2,3 (AB)′
S(2,3) =

kS(1,4)+kS(2,4)
kS(2,3)

It is shown that, for a 3 DOF manipulator installed with
spring configuration 31, where the workspace, dimension,
and the mass of the links are given, X would be a con-
stant. Conceptually, the larger AS(1,4) and AS(2,4) bring the
smaller value of Y , leading to a better system spring effi-
ciency. Therefore, considering the reasonable spring attach-
ment distance, it is suggested to choose the allowed maxi-
mumAS(1,4) andAS(2,4) for a better system spring efficiency.

On the other hand, according to Eqs. (27b) and (27d),
the constraints indicate that the spring stiffness kS(1,4) is in-
versely proportional to AS(1,4), and kS(2,4) is inversely pro-
portional to AS(1,4) and AS(2,4). Therefore, considering the
reasonable spring stiffness, it is suggested to choose the min-
imum kS(1,4) and kS(2,4) for a better system spring efficiency.

Similarly, for a 2 DOF manipulator with the spring config-
uration 32, the spring S1,3 is attached with (90◦,0◦), so that
the balanced pseudo-stiffness KS(1,3)

2,3 is left. S2,3 is a mono-
articulated spring; therefore, no balanced pseudo-stiffness
is left. For a 3 DOF manipulator with a spring configu-
ration 33−2, the spring S1,4 is attached with (90◦,0◦), so
the balanced pseudo-stiffnesses KS(1,4)

2,3 , K
S(1,4)
2,4 , and KS(1,4)

3,4
are left. S2,4 is attached with (180◦,180◦), so the balanced
pseudo-stiffness KS(2,4)

2,3 is left. S1,2 and S2,3 are mono-
articulated springs. According to the balancing equations
(i.e., Eqs. 16a and 16b), the constraints of the spring param-
eters and the factors to determine the esys can be found. The
methods for the efficient use of springs in the configurations
are developed as follows.

– R1 is used for a better esys using a 2 DOF manipulator
with the spring configuration 32, where the spring S1,3
is suggested to be attached with a larger AS(1,3) and a
smaller kS(1,3).

– R2 is used for a better esys using a 3 DOF manipulator
with the spring configuration 33−1, where S1,4 is sug-
gested to be attached with a larger AS(1,4) and a smaller
kS(1,4). S2,4 is suggested to be attached with a larger
AS(2,4) and a smaller kS(2,4).

– R3 is used for a better esys using a 3 DOF manipulator
with the spring configuration 33−2, where S1,4 is sug-
gested to be attached with a larger AS(1,4) and a smaller
kS(1,4). S2,4 is suggested to be attached with a larger
BS(2,4) and a smaller kS(2,4).

For a 1 DOF manipulator, only one mono-articulated
spring S1,2 with αS(1,2)−βS(1,2) = 90◦ is attached; therefore,
the system spring efficiency of the 1 DOF manipulator is
equal to the spring efficiency of S1,2, which always achieves
100 %.

esys = 100%. (31)

Note that, for the method using auxiliary links which are ver-
tical to the ground and form a pseudo-base (Lin et al., 2010),
each link of the manipulator is independently balanced by a
spring. Based on that method, the balancing of each link can
be regarded as the balancing of the 1 DOF manipulator in our
method. Therefore, the spring efficiency can be seen as being
100 %.
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Table 3. The dimension, mass, and workspace for the links of an example 3 DOF planar manipulator.

Link dimension (m) Link mass (kg) Workspace

r1 = 1.000 − −

r2 = 0.360 m2 = 25 θ2 : +180◦ to −20◦

r3 = 0.445 m3 = 26 θ3 : +140◦ to −140◦

r4 = 0.300(an additional link) m4 = 18 θ4 : +140◦ to −140◦

Table 4. Spring parameters for the example 3 DOF manipulator.

kS(i,j ) (N m−1) aS(i,j ) (m) bS(i,j ) (m) αS(i,j ) βS(i,j )

S1,4 3038 0.100 0.087 90◦ 0◦

S1,2 4998 0.100 0.180 90◦ 0◦

S2,4 6076 0.180 0.087 0◦ 0◦

S3,4 6615 0.223 0.240 180◦ 180◦

4.3 Payload and system spring efficiency

In the previous section, the dimensions and mass of the links
are given; therefore,

∣∣G1,j
∣∣ is considered to be a constant.

To go further, in this section, the effect of adding payload on
system spring efficiency is discussed.

For a given manipulator, when a payload 1m is added at
the COM of the end link,

∣∣G1,2
∣∣ . . . ∣∣G1,n

∣∣ are changed, as
follows:

∣∣∣G′1,2∣∣∣= ∣∣G1,2
∣∣+1m g

r1∣∣∣G′1,3∣∣∣= ∣∣G1,3
∣∣+1m g

r1
...∣∣∣G′1,n∣∣∣= ∣∣G1,n

∣∣+1m g
r1

sn
rn
.

(32)

According to Eqs. (30a) and (30b), it is found that, when a
payload is added, bothX and Y are increased, i.e., the system
spring efficiency is changed as follows:

e′sys =
X+1X+Y +1Y

X+1X+ 2(Y +1Y )
, (33)

where1X is the additional term ofX in which a payload1m
is added at the COM of the end link, and1Y is the additional
term of Y where a payload 1m is added at the COM of the
end link. According to Eq. (33), the amount of change in the
denominator is greater than that in the numerator; therefore,
e′sys < esys.

As the payload changed, the attachment of springs is ad-
justed accordingly. Assuming that the spring stiffnesses are
fixed, only the attachment distances of the springs AS(i,j )
or BS(i,j ) are adjustable. According to Eqs. (27a)–(27e) and
(32), as a payload, 1m is added at the COM of the fourth
link, and the required adjustment of the attachment distances
of the springs 33−1 can be determined. It is found that the
springs S1,4, S2,4, and S3,4 are adjusted, and S1,2 remained
unchanged. Similarly, the adjustment of springs as a payload

added at the COM of the end link for the efficient spring
configurations (Table 1) can be found by the balancing equa-
tions. The results are listed in Table 2.

5 Illustrative example: system spring efficiency
assessment of a 3 DOF manipulator

The ABB IRB 140 robot arm (ABB Inc., Auburn Hills, MI
48326, USA), an industrial manipulator with six rotational
axes, was used in the real world (Suárez and Heredia, 2013;
Almaged, 2017). The example referring to the dimension,
mass, and workspace of the links of the ABB IRB 140 in-
dustrial manipulator is proposed. The operation of the ma-
nipulator is assumed to work at a constant speed. Only a pla-
nar motion is considered, and an additional link is added to
form a 3 DOF planar manipulator. The dimension, mass, and
workspace are listed in Table 3.

After substituting the dimension and mass of the links into
Eq. (7),

∣∣G1,2
∣∣ becomes 553.7,

∣∣G1,3
∣∣ becomes 303.8, and∣∣G1,4

∣∣ becomes 88.2.
In the example, the spring configuration33−1 is used. The

spring design parameters of the example 3 DOF manipulator
are listed in Table 4.

The schematic of the manipulator and spring attachment
parameters are presented in Fig. 4 (note that, in Fig. 4, the
springs attached to a manipulator are ZFL springs that can
be formed by adopting a cable pulley arrangement; Ou and
Chen, 2017).

Substituting the spring parameters in Table 4 and
∣∣G1,2

∣∣,∣∣G1,3
∣∣ and

∣∣G1,4
∣∣ into Eqs. (30a) and (30b), it is found that

X and Y are variables which are determined by the posture
of the links (i.e., θ2, θ3 and θ4). Hence, according to Eq. (25),
the system spring efficiency is also a variable. The system
spring efficiency in the workspace is shown in Fig. 5 (note
that, to present the figure clearly, several θ2 angles are used
to represent the system spring efficiency of workspace).
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Table 5. System efficiency index after adjustment of spring parameters.

Note that, according to the constraints of spring parameters in Eqs. (27b), (27d), and (27e), the
spring stiffnesses are changed with adjustment of spring attachment points.

The system spring efficiency is a variable which is deter-
mined by the posture of the links. Therefore, the “system
spring efficiency index” is proposed, which is defined as the
mean of esys in the workspace. The index can fairly represent
the efficiency of springs in a spring manipulator system. For
the case in Fig. 5, the system efficiency index is 0.5389.

To show the quality of static balancing, the gravitational
and elastic energies in the workspace are presented in Fig. 6.

According to R2, the spring parameters can be adjusted to
achieve a better esys. As AS(1,4) is adjusted to 0.4, kS(1,4) is
changed to 760 (N m−1), and the spring S2,4 remains at the
same attachment points, so the system efficiency index would
increase to 0.6224. As AS(2,4) is adjusted to 0.8, kS(2,4) is
changed to 3798 (N m−1), and the spring S1,4 remains at the
same attachment points, so the system efficiency index would
slightly increase to 0.5426. Table 5 shows the improvement
in the system efficiency index after adjustment.

The system efficiency index variance over AS(1,4) and
AS(2,4), from 0–1, is shown in Fig. 7a. One varied over
kS(1,4), and kS(2,4) is presented in Fig. 7b.

When a payload 1m is added to the center of mass of the
end link, the trend of the spring efficiency index with the
increasing of payload 1m is shown in Fig. 8.

Note that the unit of the payload 1m is the ratio of 1m
to the mass of the end link m4. In Fig. 8, it is shown that,
although in this example there is a slight effect of payload
on the spring system efficiency index, the trend still shows
that, when the payload increases, the spring system efficiency
index decreases.

6 Conclusions

This paper proposes a method to assess the spring effi-
ciency and other methods for the efficient use of springs.
The definition of pseudo-stiffness is provided, which can
be regarded as the effect of the relative position between
two links on potential energy. Static balancing condition can
be simplified as the summation of pseudo-stiffnesses be-
ing zero. The elastic pseudo-stiffnesses of springs are clas-
sified into two categories, namely the balancing part and
the balanced part. In this paper, spring efficiency is de-
fined as the ratio of balancing part to total elastic pseudo-
stiffnesses. Conceptually, for the efficient use of a spring,
it requires an increase in the balancing part. Following this
concept, the criteria for the efficient use of springs are pro-
posed, where the pseudo-stiffnesses contributed by ground-
connected springs should be used to compensate the grav-
itational pseudo-stiffnesses, and the pseudo-stiffnesses con-
tributed by non-ground-connected springs should be used to
compensate the elastic pseudo-stiffness retained by ground-
connected springs. Also, a method to use a spring efficiently
by adjusting the spring attachment points on the links and
spring stiffness is developed. Furthermore, it is found that,
as the number of joints that the spring spans over increases,
so the spring efficiency decreases. By extending the result of
the efficient use of a spring to the spring manipulator sys-
tem, it is shown that spring configurations with the minimum
number of joints that a spring spans over can be regarded as
efficient spring configurations. Furthermore, considering that
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a payload is added at the COM of the end link, it is found
that the system spring efficiency is negatively correlated to
the amount of payload. Finally, a 3 DOF manipulator sys-
tem spring efficiency assessment is shown as an illustrative
example.
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