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Abstract. When autonomous vehicles pass through uneven roads, especially the consecutive speed control
humps (SCHs) on expressways, the speed of them will have a significant influence on the safety and comfort of
driving. How to automatically select the most appropriate speed has become a practical research subject. This pa-
per studies the nonlinear vibration process of the suspension system when the autonomous vehicle passes through
the SCHs on a highway. Firstly, the paper establishes a four-degree-of-freedom (4-DOF) nonlinear half-vehicle
model and a stimulation function of trapezoidal SCHs and then uses the Runge–Kutta method to numerically
solve the differential equations of motion of the suspension system. In the next part, the paper chooses the genetic
algorithm to build a multi-objective optimization problem model, which selects the vertical displacement of the
vehicle body, the suspension’s dynamic deflection and the dynamic load of the tire as optimization objectives
and combines the method of the unified objective function to find the optimal passing speed. Finally, the paper
designs and carries out the solution process of the multi-objective optimization problem for the vehicle under
three scenarios, conventional passive suspension, semi-active suspension, active suspension, and compares the
optimized state with the pre-optimized state to prove the effectiveness of the optimization model.

1 Introduction

With the rapid development of sensing control and artifi-
cial intelligence technology, vehicles have shown the devel-
opment trend of automation and intelligence, and the field
related to autonomous driving has become a hot topic in
automotive development. For autonomous vehicles, com-
fort is a vital factor affecting passenger evaluation (Wang et
al., 2020). However, current research related to autonomous
driving is mainly conducted on the premise of flat roads (Ma-
likopoulos et al., 2016; Song et al., 2021), and there is rel-
atively little research on the comfort of autonomous vehi-
cles when passing through consecutive speed control humps
(SCHs). Vehicle speed has a great impact on the comfort
of autonomous vehicles (Du et al., 2018; Yan et al., 2021).
When drivers drive over SCHs, they tend to adjust velocity
based on subjective experience in order to reduce the sensa-

tion of bumping, which is not accurate enough (Jian et al.,
2020).

In our previous research, based on the lightweight neu-
ral network, we realized the specific classification of SCHs
by using the information obtained from the onboard cam-
era and network, so that we can get the relevant parameters
and the types of SCHs encountered during driving. As an ex-
tension of previous research, this paper selects appropriate
evaluation criteria of a vehicle’s comfort and safety to es-
tablish a multi-objective optimization model and studies and
simulates the comfort optimization process when the vehicle
passes through the SCHs. As a result, we obtain the optimal
speed and related parameters and prove its effectiveness.

The 4-DOF half-vehicle model is relatively closer to the
actual vehicle (Yang et al., 2014a). The model not only re-
flects the vertical and pitch motions of the vehicle body, but
also allows the study of the deformation of front and rear
wheels. The Runge–Kutta method is a high-precision single-
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step algorithm which is widely used in engineering to find the
numerical solution of the differential equations. The paper
selects the 4-DOF nonlinear vehicle model as the research’s
object, defines the trapezoidal SCH simulation excitation
function, establishes the nonlinear differential equations of
motion for the vehicle suspension and uses the fourth- to
fifth-order Runge–Kutta method in MATLAB to seek its nu-
merical solution.

A genetic algorithm (GA) is a parametric optimization
method that simulates biological evolution and natural ge-
netic principles. It has the advantages of simplicity, great
generality, parallelism, and robustness and is suitable for
finding optimizing solutions to complex objective functions
with good capability for a global solution search, and the
elite set can accelerate the convergence of the algorithm
(Deng et al., 2022). GA has been widely applied in engi-
neering for optimization solution scenarios; for example, Sun
et al. (2017) optimized multiple indicators of vehicle active
suspension characterization performance and achieved a bet-
ter balance between ride comfort and stability through GA.
Gao and Qi (2021) enhanced the vehicle ride comfort after
optimization and matching of the suspension parameters by
GA. However, current research on vehicle safety and comfort
focuses on using GA or other intelligent algorithms to solve
optimization problems considering a suspension’s design pa-
rameters as variables to obtain the best vehicle suspension
design parameters (Tey et al., 2016; Wang et al., 2019; Ro-
drigues et al., 2021) or the optimal parameters of the SCHs
(Gheibollahi and Masih-Tehrani, 2021), and vehicle speed
often exists as a hypothetical condition. This paper uses GA
with an elitist strategy to obtain the optimal speed of an au-
tonomous vehicle passing highway SCH to achieve the re-
quirement of adaptive speed control in a real-world scenario.

The vehicle suspension is currently classified into pas-
sive, semi-active and active suspensions according to the
different control forces. The paper uses GA to design and
study the optimal speed for an autonomous vehicle passing
highway SCHs in each case of these three suspensions and
takes advantage of the established multi-objective optimiza-
tion model to carry out experimental analysis and compare
it with the pre-optimization condition to prove the effective-
ness of the optimization.

The remainder of this paper is organized as follows. The
second part of this paper presents the 4-DOF nonlinear half-
vehicle model, the trapezoidal SCH simulation excitation
function and the simulation-related parameters. In the third
part, this paper constructs a multi-objective function opti-
mization algorithm model based on GA. In the fourth part,
the paper designs and carries out the specific applications
of the optimization model of the three cases of passive sus-
pension, semi-active suspension and active suspension and
analyzes the optimization results. In the last part, the paper
summarizes the research.

Figure 1. Nonlinear 4-DOF half-vehicle model.

2 Simulation model description

2.1 Nonlinear 4-DOF half-vehicle model

The simplified view of the 4-DOF half-vehicle model shown
in Fig. 1 could be regarded as a fully symmetrical mechan-
ical structure, mainly consisting of unsprung mass, spring,
suspension and tire. The 4 degree of freedom includes front
and rear wheel deformation, vertical body vibration and body
pitch motion. The paper also considers the nonlinear charac-
teristics of springs and dampers of front and rear suspension
and front and rear wheels (Yang et al., 2014b).

Table 1 lists the specific meanings of the symbols used in
the model.

Based on Newton’s second law, we obtain the following
model expression:
mbẍb =−Fsf2 −Fcf2 −Fsr2 −Fcr2 +Ffu+Fru−mbg
J θ̈ =

(
Fsf2 +Fcf2 +Ffu

)
lf cosθ

−
(
Fsr2 +Fcr2 +Fru

)
lr cosθ

mfẍf = Fsf2 +Fcf2 +Ffu−Fsf1 −Fcf1 −mfg
mrẍr = Fsr2 +Fcr2 +Fru−Fcr1 −mrg.

(1)

Setting x1 = xb, x2 = ẋb, x3 = θ , x4 = θ̇ , x5 = xf, x6 = ẋf,
x7 = xr, x8 = ẋr, the system state equations could be shown
as Eq. (2):



ẋ1 = x2
ẋ2 =−

1
mb

(
Fsf2 +Fcf2 +Fsr2 +Fcr2 −Ffu−Fru

)
− g

ẋ3 = x4
ẋ4 =

cosθ
J

[(
Fsf2 +Fcf2 +Ffu)lf− (Fsr2 +Fcr2 +Fru

)
lr
]
− g

ẋ5 = x6
ẋ6 =−

1
mf

(
Fsf2 +Fcf2 +Ffu−Fsf1 +Fcf1

)
− g

ẋ7 = x8
ẋ8 =−

1
mr

(
Fsr2 +Fcr2 +Fru−Fsr1 +Fcr1

)
− g.

(2)

The paper uses the fourth- to fifth-order Runge–Kutta
method to solve numerically in MATLAB. It is an adaptive
step method for the solution to ordinary differential equa-
tions that uses the fourth-order method to provide candidate
solutions and the fifth-order method to control errors.
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Table 1. Symbol description for the model.

Symbol Symbol description Symbol Symbol description

mb Sprung mass θ Angular displacement of mb
mf Front unsprung masses mr Rear unsprung masses
lf Front lengths lr Rear lengths
xfd Excitation to the front tire xrd Excitation to the rear tire
xb Displacements of mb xf Displacements of mf
xr Displacements of mr Fsf1 Front nonlinear suspension damper forces
Fsr1 Rear nonlinear suspension damper forces Fsf2 Front nonlinear suspension spring forces
Fsr2 Rear nonlinear suspension spring forces Fcf2 Front suspension damper forces
Fcr2 Rear suspension damper forces Fcf1 Front nonlinear tire spring forces
Fcr1 Rear nonlinear tire spring forces Ffu Active control forces of rear suspensions
Fru Active control forces of front suspensions J The moment of inertia of the pitch axis

Figure 2. Consecutive SCHs’ geometric shape.

2.2 Excitation function of the consecutive speed bump

Figure 2 shows a simulated view of the geometry of consec-
utive trapezoidal SCHs (Yang et al., 2022).
p is the length of SCHs, h is the height of SCHs, q is the

distance between two adjacent SCHs and v is the vehicle’s
passing velocity. So, the period of SCH excitation could be
presented as T = t4 =

p
v
+
q
v

, and the relationship between v
and excitation frequency f could be shown as follows:

f =
1
T
=

v

p+ q
. (3)

The excitation shown in Fig. 2 could be presented as

hump(t)=


h
t1
× t, t ≤ t1

h, t1 < t ≤ t2
h

t3−t2
× (t3− t) , t2 < t ≤ t3

0, t3 < t ≤ t4.

(4)

1t represents the time difference when the front and rear
wheels are excited, and lf, lr represent the distance between
the front and rear wheels to the center, so we can obtain

1t =
lf+ lr

v
. (5)

Equations (3) and (5) lead to

1t =
T (lf+ lr)
p+ q

. (6)

Considering the effect of road roughness, A is the ampli-
tude of road roughness excitation, and froad is the frequency
of road roughness excitation. Front-wheel excitation xfd and
rear-wheel excitation xrd could be represented respectively as
follows:

xfd = hump(t)+A · sin(2πfroadt) , (7)
xrd = hump(t +1t)+A · sin(2πfroad (t +1t)) . (8)

2.3 Simulation parameters

Table 2 shows the specific parameters of the simula-
tion. We set the initial balanced simulation parameters
to [xb, ẋb,θ, θ̇,xf, ẋf,xr, ẋr] = [0,0,0,0,0,0,0,0]. Accord-
ing to experience, the simulation step is set to 0.02 km h−1,
and the time of vehicle motion simulation is set to 120 s to
ensure the accuracy of the simulation.

3 Multi-objective optimization model

3.1 Determine the objective function

In order to measure the comfort of the vehicle, this paper
chose the vertical displacement of the vehicle body f1 as
the performance measure (Huang et al., 2015); combining
Eqs. (1) and (2), we have

f1 = xb = x1. (9)

To evaluate the stability of operation, the paper chooses
the front suspension dynamic deflection f2f and the rear sus-
pension dynamic deflection f2r (Guo and Zhang, 2017), re-
spectively, shown as follows:

f2f = xb− xf = x1− x5, (10)
f2r = xb− xr = x1− x7. (11)

To meet the requirement of safety in driving, the paper
chooses the dynamic load of the tire of front wheels f3f and
the dynamic load of the rear wheels f3r , which measures the
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Table 2. Specific parameters set in numerical simulation.

Parameter Value Parameter Value Parameter Value

mb 1180.0 kg J 633.615 kg m2 cr1 10 kg s−1

mf 50.0 kg lf 1.123 m cf2u 500 kg s−1

mr 45.0 kg lr 1.377 m cf2d 359.7 kg s−1

kf1 140 000.0 N m−1 nf1 1.25 cr2u 500 kg s−1

kr1 140 000.0 N m−1 nr1 1.25 cr2d 359.7 g s−1

kf2 36 952.0 N m−1 nf2 1.5 h 0.015 m
kr2 30 130.0 N m−1 nr2 1.5 s1 500 mm
g 9.81 N kg−1 cf1 10 kg s−1 s2 500 mm

tire’s grounding performance (Liu et al., 2017) and sets the
front wheel and rear wheel stiffness coefficient to kf1 , kr1 and
sets the road surface excitation to the front wheel and rear
wheel to xfd, xrd. The dynamic loads of the front wheel and
rear wheel are presented, respectively, as

f3f = kf1 (xf− xfd)= kf1 (x5− xfd) , (12)
f3r = kr1 (xr− xrd)= kr1 (x7− xrd) . (13)

The paper uses the linear weighting method to allocate the
corresponding weight according to the different importance
of sub-objective functions. The sub-objective functions are
multiplied by their weight values and then are added together
to form a unified objective function. Root-mean-square (rms)
values could reduce the impact of unexpected factors (Jiang
et al., 2014), and after dimensionless processing of each sub-
objective function of the optimization model, the paper can
represent the objective function F as

F =min{ω1rms(f1)+ω2f rms
(
f2f

)
+ω2r rms

(
f2r

)
+ω3f rms

(
f3f

)
+ω3r rms

(
f3r

)
}. (14)

w1,w2f ,w2r ,w3f ,w3r are the weights of the corresponding
items and here take approximately 0.2,0.15,0.15,0.25,0.25
as examples, respectively, according to engineer experience.

This paper mainly concerns how to find the optimal values
of the variable speed v, and here the paper takes an example
of a decelerated road with a speed limit of 60 km h−1, which
limits the constraint condition of 0 km h−1 < v ≤ 60 km h−1.

3.2 Procedure of the optimization model based on GA

Figure 3 shows the basic procedure of the optimization model
based on GA. The basic idea of the GA simulates the genetic
structure and behavior of the population’s chromosomes. The
paper chooses the inverse of the objective function F es-
tablished in Sect. 3.1 as the fitness function of individuals
to calculate the fitness of each individual, which means that
the higher the value of fitness, the better the individual per-
formed. According to a series of experiments and a compari-
son of the effect of choosing different parameters, this paper
decides to set the maximum evolution number to 200. The se-
lection operation adopts the classic roulette algorithm, which

means the chromosome with a higher fitness value is more
likely to be selected in the roulette so as to pass the chromo-
somes of more excellent individuals to the next generation.
Crossover operation simulates mating between individuals,
so that different genes can be randomly combined. Accord-
ing to the results of multiple experiments, the paper decides
to set the crossover rate to 0.6. Mutation operation simu-
lates gene mutation in nature, which inserts random genes
into offspring for the sake of maintaining the diversity of the
population. Based on the comparisons of parameters in many
experiments, the mutation rate is set to 0.1. The selection op-
eration keeps the good chromosome, while the crossover and
mutation operation embody the global searching ability of
the algorithm.

The input of this model is the initial value of speed:
40 km h−1 and the value range of relevant parameters. The
model uses the elitist strategy when generating new popu-
lations, which means replacing the worst individuals of the
current generation with the best individuals of the previous
generation, ensuring that the genetic structure of the best in-
dividuals is not destroyed, which is also a guarantee of the
convergence of the algorithm. When the number of evolu-
tionary generations reaches the maximum number of gener-
ations, the evolutionary process ends and outputs the best in-
dividual searched so far, and the output of this model is the
optimal value of speed and related parameters.

4 Analysis of the results of the optimization model
application

4.1 Classification of the vehicle suspension system

At present, vehicle suspension is divided into passive suspen-
sion, semi-active suspension and active suspension according
to the different control forces. Figure 4 shows the structural
diagram of three kinds of suspension. In Fig. 4,m1 represents
sprung mass, m2 represents unsprung mass, k1, k2 represents
the vibration isolation spring, c represents the damper, and u
represents the actuator.

Most vehicle suspension systems are equipped with
springs and shock absorbers. There is no energy supply de-
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Figure 3. Basic step of the optimization model.

Figure 4. Structure of three types of suspension. (a) Passive suspension. (b) Semi-active suspension. (c) Active suspension.

vice in the suspension system, and its elasticity and damping
cannot change based on external working conditions. This
kind of suspension is called passive suspension, as shown in
Fig. 4a.

Semi-active suspension can be regarded as a suspension
system composed of spring and shock absorber with variable
characteristics, which is relatively simple, stable and with
low cost (Tran et al., 2010). The damping coefficient of the
semi-active suspension shock absorber is variable, and it can
adjust the damping state of the shock absorber according to
the parameter instructions stored in the computer under var-
ious conditions. The damping coefficient of the damper can
be adjusted, as shown in Fig. 4b.

The active suspension has a direct force generator of the
actuator, which could exercise the optimal feedback control
according to the input and output, so that the suspension has
better damping characteristics to improve the car ride and
handling stability. The U shown in Fig. 4c represents the ac-
tuator that can produce the active control force.

4.2 Multi-objective optimization model in passive
suspension vehicles passing the SCHs

For the traditional passive suspension, the design variable of
the optimization model only needs to include the speed v, and
the constraint condition is set to 0 km h−1 < v ≤ 60 km h−1.
After the experiment of the optimization model established
in Sect. 3, the optimal individual’s v of the population after

200 generations of evolution is 14.33 km h−1, and the opti-
mal fitness is stable at 1.2213.

Figure 5 shows that the optimal fitness reached a stable
state roughly between 40 and 60 generations, and v also
reached an optimal value roughly between 40 and 60 gen-
erations.

We draw the response curves of various parameters of the
vehicle suspension system when it enters the steady state and
compare them with the response curves before optimization.

The vehicle speed before the optimization is 40 km h−1,
while it becomes 14.33 km h−1 after optimization. Accord-
ing to Fig. 6, while the vertical displacement of the body has
little difference, the objective function value, the system re-
sponse value of the dynamic deflection of the suspension and
the dynamic load of the wheel after optimization are signif-
icantly lower than those before optimization, which proves
the effectiveness of the optimization model.

4.3 Multi-objective optimization model in semi-active
suspension vehicles passing the SCHs

For the semi-active suspension, the design variables of the
optimization model need to include the vehicle speed v,
the front suspension damping coefficient cf2 and the rear
suspension damping coefficient cr2 . The constraint condi-
tions are 0 km h−1<v ≤ 60 km h−1, 0 kg s−1 < cf2 ≤ 2000,
0 kg s−1<cr2 ≤ 2000 kg s−1. After the experiment of the op-
timization model in the third part, the optimal fitness of
the optimal individual after the 200 generation evolutionary
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Figure 5. The iterative process of each variable of the passive suspension vehicle. (a) All individuals’ optimal fitness. (b) Optimal individ-
ual’s v.

Figure 6. Comparison of system response curves of each parameter of a passive suspension vehicle before and after optimization. (a) Objec-
tive function F . (b) The vehicle body’s vertical displacement. (c) The front suspension’s dynamic deflection. (d) The front wheel’s dynamic
load.
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is 1.2361, v is 15.20 km h−1, cf2 is 1823 kg s−1, and cr2 is
1372 kg s−1.

Figure 7 shows that the optimal fitness reaches a stable
state between 140 and 160 generations, v reaches the opti-
mal value between 60 and 80 generations, cf2 converges be-
tween 100 and 120 generations, and cr2 remains unchanged
between 100 and 120 generations.

We draw the system response curve of various parameters
of the vehicle suspension system when entering the steady
state and compare it with the response curve before optimiza-
tion.

The vehicle speed before the optimization is 40 km h−1,
and the speed after optimization is 15.20 km h−1. According
to Fig. 8, while the vertical displacement of the vehicle body
has little difference, the value of the objective function, the
system response value of suspension dynamic deflection and
wheel dynamic load after optimization are obviously lower
than those before optimization, which proves the effective-
ness of the optimization model.

4.4 Multi-objective optimization model in active
suspension vehicles passing the SCHs

For the active suspension, the design variables of the op-
timization model need to include the vehicle speed v, the
front suspension active control force Ffu and the rear suspen-
sion active control force Fru. The constraint conditions are
set to 0 km h−1 < v ≤ 60 km h−1, −2000 N<Ffu ≤ 2000,
−2000 N<Fru ≤ 2000 N. After the experiment of the opti-
mization model in the third part, the optimal individual v af-
ter the 200 generations’ evolutionary is 14.72 km h−1, Ffu is
1982 N, and Fru is 1047 N.

Figure 9 shows that the optimal fitness reaches a stable
state between 120 and 140 generations, and v reaches the
optimal value between 20 and 40 generations, Ffu converges
roughly between 120 and 140 generations, and Fru begins to
remain stable between 120 and 140 generations.

We draw the system response curve of various parameters
of the vehicle suspension system when entering the steady
state and compare it with the response curve before optimiza-
tion.

The vehicle speed before the optimization is 40 km h−1,
and the speed after optimization is 14.72 km h−1. From
Fig. 10, we can see that the objective function value, the
system response values of suspension dynamic deflection
and wheel dynamic load after optimization are significantly
lower than those before optimization, which proves the ef-
fectiveness of the optimization model.

4.5 Comparison and analysis of optimal results of three
types of suspension

By analyzing Table 3, we can find that, after using the op-
timization model, three suspension systems obtain the opti-
mal passing speed and relevant parameter values. Compared

with those before optimization, the indexes of vehicle safety
and comfort have been significantly improved, and the op-
timization degree of active suspension is the most obvious,
followed by semi-active suspension, and the optimization ef-
fect of passive suspension is relatively the lowest.

5 Conclusion

In this paper, by establishing a multi-objective optimization
model based on GA with the elitist strategy and selecting the
vertical displacement of the vehicle body, the dynamic de-
flection of the suspension and the dynamic load of the wheels
as the optimization objectives, carrying out the optimization
experiment to seek the optimal speed and related design vari-
ables for the nonlinear 4-DOF half-car model under the sim-
ulated excitation function of trapezoidal SCHs, we could ob-
tain the conclusions as follows.

i. The vehicles with the passive suspension, semi-active
suspension or active suspension could get the optimal
speed of passing through the SCHs on a highway by
the multi-objective optimization model presented in the
paper.

ii. In addition to the speed-adaptive control, the semi-
active suspension can also adjust the damper damping
coefficient according to the optimization model, and the
active suspension can adjust the active control force.
Both of them could further improve vehicle safety and
comfort.

iii. After the optimization of the three types of the sus-
pension system, the safety and comfort of vehicles
have been significantly improved. After the optimiza-
tion and adjustment of the model, the comprehensive
performance of safety and comfort of active suspension
is best, followed by the semi-active suspension vehi-
cle, and the passive suspension’s comprehensive per-
formance is relatively the lowest. The comprehensive
performance improvement percentage are, respectively,
34.29 %, 33.25 % and 32.11 %.

When the autonomous vehicle passes through the SCHs, the
central processing system of the vehicle can get the specifi-
cation of the SCHs by using the information obtained from
the onboard camera and network (Yun et al., 2019). Then
the central processing system informs the telex system of the
pre-stored corresponding optimal speed and relevant param-
eters according to the specification of the SCHs. The telex
system controls the mechanical device according to the sig-
nal and controls the vehicle to take corresponding actions so
as to achieve the best balance between comfort and safety
when passing through the SCHs.

The conclusion can provide an effective solution for the
adaptive speed regulation of autonomous vehicles passing
the highway SCHs and also provide a certain theoretical ref-
erence for the research of a vehicle’s safety and comfort. In
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Figure 7. The iterative process of each variable of the semi-active suspension vehicle. (a) All individuals’ optimal fitness. (b) Optimal
individual’s v. (c) Optimal individual’s cf2 . (d) Optimal individual’s cr2 .

Figure 8. Comparison of system response curves of each parameter of the semi-active suspension vehicle before and after optimization.
(a) Objective function F . (b) The vehicle body’s vertical displacement. (c) The front suspension’s dynamic deflection. (d) The front wheel’s
dynamic load.
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Figure 9. The iterative process of each variable of the active suspension vehicle. (a) All individuals’ optimal fitness. (b) Optimal individual’s
v. (c) Optimal individual’s Ffu. (d) Optimal individual’s Fru.

Figure 10. Comparison of system response curves of each parameter of the active suspension vehicle before and after optimization. (a) Ob-
jective function F . (b) The vehicle body’s vertical displacement. (c) The front suspension’s dynamic deflection. (d) The front wheel’s
dynamic load.
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Table 3. Comparison of optimal results of three types of suspension.

Parameters Before Passive suspension Semi-active suspension Active suspension
optimization after optimization after optimization after optimization

v (km h−1) 40 14.33 15.2 14.72
cf2 (kg s−1) 500 500 1823 500
cr2 (kg s−1) 500 500 1372 500
Ffu 0 0 0 1982
Fru 0 0 0 −1047
The rms value of xb (m) 0.0112 0.0109 0.0094 0.0088
The rms value of df (m) 0.0135 0.0075 0.0049 0.0077
The rms value of dr (m) 0.0143 0.0086 0.0087 0.0091
The rms value of lf (N) 2608 1518.9 1367.6 1498.9
The rms value of lr (N) 2124.9 1658.6 1591 1664.4
Objective function value F 1.2092 0.8209 0.8084 0.7946
Comprehensive performance improvement percentage 0 % 32.11 % 33.25 % 34.29 %

the follow-up, further verification and scheme optimization
can be carried out through real-vehicle experiments. What is
more, adding more constraints and objective functions to the
optimization model during further research can make the de-
sign of the optimization model closer to the actual situation.
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