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Abstract. The epicyclic gear train (EGT) is an advanced gear transmission mechanism, which is widely ap-
plied in drive systems. It is of great significance to eliminate the same structure in the type synthesis of EGTs.
In this paper, an isomorphism identification method of EGTs based on the singular value decomposition of im-
proved incidence matrix is proposed. Firstly, the improved incidence matrix is used to describe the structure of
EGTs. Then, the degree sequence of links and kinematic pairs can be extracted and used as a basic information
for preliminary screening. The improved incidence matrix can effectively distinguish multiple joints. Next, the
topological connection relationship between the links and the kinematic pairs is extracted by the singular value
decomposition of the matrix, which is used as the final value for isomorphism identification of EGTs. Finally,
the effectiveness of this method is verified through a lot of examples.

1 Introduction

The epicyclic gear train (EGT) has been commonly used in
the transmission of various high-end mechanical equipment
due to its advantages of large transmission ratio range, com-
pact structure, large bearing capacity, etc. The configuration
synthesis is an effective method to ensure the discovery of
potential high-performance EGT structures. The purpose of
configuration synthesis is to generate all feasible configura-
tions required by a given number of links and degrees of free-
dom. In the process of configuration synthesis, it is inevitable
to produce numerous EGTs with the same structure, so the
isomorphism identification of EGTs shows its important sig-
nificance. However, due to the large number of configura-
tions generated during the synthesis process, manual screen-
ing alone is not practical. Therefore, scholars are committed
to developing an algorithm that can automatically distinguish
repetitive structures. Since the 1950s and 1960s, the isomor-

phism identification of kinematic chains has always been a
theoretical conundrum in the process of their configuration
synthesis, and there is still no completed solution to solve
this problem (the EGT is a special kinematic chain with gear
pairs). To solve the problem of isomorphism identification of
kinematic chains, the proposed methods are mainly divided
into the following two categories:

1. The first one is to find the characteristic constant
of kinematic chains. Yan and Hall (1982, 1981),
Tsai (1987), and Tsai and Lin (1989) utilized methods
of the characteristic polynomial based on adjacency ma-
trix for isomorphism identification of kinematic chains,
but there are cases of failure. The standard code method
(Shin and Krishnamurty, 1992, 1993, 1994) was pro-
posed by Shin et al., but its detection efficiency is not
high. The Hamming number (Rao and Rao, 1993a, b;
Rao and Raju, 1991) was also used for isomorphism
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identification of kinematic chains. Its accuracy of the
identification is superior, which can effectively differen-
tiate the structural information of the matrix, but there
are still some failure cases. Sun et al. (2017) used an
improved Hamming number method to solve the prob-
lem of isomorphism identification of kinematic chains
with multiple joints and have achieved good results, but
their method does not have the ability to decode. The
eigenvalues and eigenvectors of the adjacency matrix
(Cubillo and Wan, 2005; Zhou et al., 2018; Liu and
Yu, 2012) were utilized for isomorphism identification,
with a certain accuracy, but there are also counterexam-
ples. The loop method (Yang and Ding, 2018; Prasad
Raju Pathapati and Rao, 2002) was applied for isomor-
phism identification of kinematic chains, but the number
of loops will increase sharply with the increase of the
number of vertices in the topological graph, which will
cause a large number of operations. The distance matrix
(Yadav et al., 1995; Yadav et al., 1996) was used to de-
scribe the connection relationship between the links of
the kinematic chain, which represents the shortest dis-
tance between the links. However, the structural infor-
mation contained in the matrix will be destroyed due
to some highly symmetrical structures. In recent years,
Sun et al. (2020) proposed a set of methods based on the
power of the adjacency matrix to extract the feature in-
variants of kinematic chains, which can be used for the
kinematic chain or the EGT, and have achieved good
results. Deng et al. (2020) proposed a method for iso-
morphism identification using topological index, which
can also be applied to the EGT. It has achieved good
results.

2. The second one is to detect isomorphism from the iso-
morphic definition of graphs. It is common to start from
the topological graph of the kinematic chain and quickly
search for the bijective relationship between the vertices
and edges of the isomorphic graph through optimization
algorithms. Genetic algorithms (Rao, 2003; Feng and
Chen, 2001) and an ant algorithm (Yang et al., 2007)
were used to identify isomorphism. The advantage of
these methods is the fact that they will not easily fall
into the local optimal solutions but easily find the global
optimal solutions. However, their convergence speed is
slow, and they cannot guarantee a high enough correct
rate. The neural network algorithm (Rao, 2002) also has
similar characteristics.

The research method of pure-rotating-pair kinematic chains
is relatively mature, but the problem of EGTs has become
more complicated due to the addition of gear pairs in ordi-
nary kinematic chains, which leads to the inapplicability of
many existing isomorphism identification methods. There-
fore, people have to explore new solutions to expand the
scope of application of algorithms.

For the isomorphic identification of the EGT, it is most
common to use an adjacent matrix to describe the EGT, but
few scholars use the incidence matrix to describe it, mainly
because the incidence matrix is not necessarily a square ma-
trix, and the subsequent data processing is difficult. Starting
from improving the incidence matrix, the singular value de-
composition of the matrix is applied to extract the incidence
matrix invariants, which is used as a judgment for the iso-
morphic identification of the EGT. The method has certain
advantages in accuracy and efficiency.

2 Topological descriptions of the EGT

In this paper, the structure of the EGT is described in a topo-
logical graph. The topological graph can clearly show its
structural characteristics, and it is convenient to convert it
into a matrix or array to quantify the structural information
of the EGT. Figure 1a shows a three-dimensional model of
a Simpson planetary gear train, and Fig. 1b shows its struc-
tural graph. This paper utilizes the bicolor topological graph
by Yang and Ding (2018) to represent the EGT. As shown
in Fig. 1c, the solid vertex represents the link, the hollow
vertex represents the multiple joints, the solid line edge rep-
resents the rotating pair, and the dotted line edge represents
the gear pair. The edges associated with the hollow vertex
can be regarded as the same kinematic pair. The serial num-
bers of links and kinematic pairs are marked as “ i ” and “ i′ ”,
respectively, in Fig. 1d.

3 The improved incidence matrix

In order to facilitate analysis and processing, the structural
information of the topology can be stored in a digital ma-
trix. Consequently, this paper proposes an improved inci-
dence matrix to describe the topological graph of the EGT.

Definition 1. The definition of the improved incidence ma-
trix A is as follows:

A=
[
aij
]
m×n

, (1)

where i (1, 2, . . . , m) represents the ith vertex (i.e., the ith
link), and j (1, 2, . . . , n) represents the j th edge (i.e., the j th
kinematic pair); then,

aij =

 1 Link i is adjacent to Rotating Pair j,
2 Link i is adjacent to Gear Pair j,
0 Link i is not adjacent to Pair j.

(2)

For example, the following equation (Eq. 3) is the im-
proved incidence matrix corresponding to the EGT topologi-
cal graph in Fig. 1, in which the second row represents Link
2, which is adjacent to Gear Pair 1 in the first column and
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Figure 1. Topological description of the EGT.

Rotating Pair 7 in the seventh column, respectively.

A6×7 =


0 0 0 0 1 2 1
2 0 0 0 0 0 1
2 2 0 0 1 0 0
0 2 2 0 0 0 1
0 0 2 1 0 2 0
0 0 0 1 0 0 1

 (3)

The improved incidence matrix Am×n (i.e., the link–
kinematic-pair matrix) can clearly express the information
about links and kinematic pairs of the EGT. Therefore, the
basic structural constants obtained from the matrix are as fol-
lows:

1. The number of rows of the matrix represents the number
of links of the EGT, and the number of columns of the
matrix represents the number of kinematic pairs of the
EGT.

2. Nonzero elements in Row i of the matrix represent kine-
matic pairs adjacent to Link i, and different numbers
represent different types of kinematic pairs.

3. The number of nonzero elements in Column j of the
matrix is the number of links adjacent to Kinematic Pair
j . When it is more than two, it is with multiple joints,
i.e., the compound kinematic pair.

Definition 2. The code of link (CL) is the kinematic pair
information connected with the corresponding link; the se-
quence of the CL from large to small is called the CLS, which
is expressed as CL in the paper. It is defined as follows:

CL
= [cl

i]1×m, (4)

where

cl
i = rpi + gpi · 10−p; (5)

10p−1
≤max{gpi}< 10p,p ∈N+. (6)

Here, rpi represents the number of rotating pairs associated
with Link i, and gpi represents the number of gear pairs as-
sociated with Link i.

Definition 3. The code of kinematic pair (CKP) is the num-
ber of links connected with the corresponding kinematic pair;
the sequence of the CKP from large to small is called the
CKPS, which is expressed as Ckp in the paper. It is defined
as follows:

Ckp
=

[
c

kp
j

]
1×n

, (7)

where

c
kp
j = nlj . (8)

Here, nlj indicates the number of links adjacent to Kinematic
Pair j .
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Figure 2. The flowchart of isomorphism identification.

Figure 3. The topological graphs of 6-link EGTs a1 and a2.

4 Isomorphism identification

Definition 4. (Feng and Chen, 2001) Given undirected graphs
G1 = (V1,E1) and G2 = (V2,E2) and if there is bijection f
such that ∀u,v ∈ V1, [u,v] ∈ E1⇔ [f (u),f (v)] ∈ E2, then
G1 and G2 are isomorphic and denoted as G1 'G2.

According to the definition of isomorphism, the nodes of
the topological graph with the same structure have a one-to-
one mapping relationship. It is deduced that the topological
adjacency relationship between nodes of isomorphic topo-
logical graph is also the same. There is then the following
definition:

Definition 5. If the number and type of links and kinematic
pairs and the topological constraints between links in two
EGTs are identical, then these two EGTs could be considered
to be isomorphic.

For the above basic structural constants, the CLS and the
CKPS can be obtained directly from the improved incidence
matrix. However, it is difficult to extract directly the topo-

logical constraints between links. Generally, the eigenvalue
and eigenvector method is used to extract the characteristic
structural constants of matrices, but the precondition for this
method is that the matrix must be a square matrix. The num-
bers of rows and columns of the improved incidence matrix
are related to the numbers of links and kinematic pairs, so it is
not necessarily a square matrix. The singular value does not
change with the exchange of rows and columns of the matrix,
so it is a characteristic invariant of the matrix. Therefore, the
singular value of the improved incidence matrix can be used
as the structural characteristic information of the topological
connection between the EGT’s links.

For the matrix A ∈ Rm×n, where m and n are any positive
integers, the following matrix decomposition theorem exists:

Theorem 1. If A ∈ Rm×nr , where r > 0, then there is the
orthogonal matrix Um×m, Vn×n, which makes

A= UDVT, (9)
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Figure 4. The topological graphs of 10-link EGTs b1 and b2.

where Dm×n is a rectangular diagonal matrix, and r is the
number of nonzero elements on the diagonal of the matrix.

It has the following definition: if A ∈ Rm×n, then the non-
negative square root of the nonzero eigenvalue of the matrix
ATA is the singular value of matrix A, and all of them are
denoted as σ (A). Equation (9) is called the singular value
decomposition (SVD). The calculation formula of SVD is as
follows:

ATAx = λx, (10)

where λ is the eigenvalue of the matrix ATA, and x is the
eigenvector corresponding to λ.

|ATA− λE| = 0 (11)

By solving Eq. (11), we can obtain the eigenvalue set 3=

[λ]1×r of the matrix ATA. Thus, the singular value set σ (A)
of matrix A is

σ (A)=
[√
λ
]

1×r
. (12)

Therefore, the algorithmic steps of isomorphism identifica-
tion are as follows:

– Step 1. One should attain the bicolor topological graphs
of the two EGTs to be compared and construct the im-
proved incidence matrices of the two EGTs.

– Step 2. One should compare the basic structure con-
stants of the two matrices, including the sequence of the
CL and the sequence of the CKP. If they are the same,
then go to Step 3; if not, they are isomeric, so go to
Step 4.

– Step 3. Calculate the singular values of the two inci-
dence matrices. If they are the same, then they are con-
sidered to be isomorphic; otherwise, they are isomeric,
so go to Step 4.

– Step 4. The algorithm is over.

The isomorphism identification flowchart is given in
Fig. 2.

5 Numerical examples

Case 1. Figure 3 shows the bicolor topological graphs of two
6-link EGTs with multiple joints. The method in this paper is
utilized in the isomorphism identification of the two EGTs,
and the specific process is as follows.

The two improved incidence matrices of the two EGTs are
as follows:

Aa1 =


2 0 0 0 1 0 0
2 1 0 0 0 0 2
0 1 2 0 1 0 0
0 0 2 2 0 1 0
0 0 0 2 1 0 2
0 0 0 0 1 1 0

 , (13)

Aa2 =


2 0 0 0 1 0 0
2 1 0 0 0 2 0
0 1 2 0 1 0 0
0 0 2 1 0 0 2
0 0 0 1 1 0 0
0 0 0 0 1 2 2

 , (14)

CL
a1
= CL

a2
= [2.1, 2, 1.2, 1.2, 1.2, 1.1], (15)

C
kp
a1 = C

kp
a2 = [4, 2, 2, 2, 2, 2, 2]. (16)

That is, the basic structure constants of the two EGTs are the
same.

The singular value decompositions of the two matrices are
performed:

σ (Aa1 )= [4.0851, 3.3098, 2.5041, 1.6807,

1.5164, 0.9811], (17)

https://doi.org/10.5194/ms-13-535-2022 Mech. Sci., 13, 535–542, 2022



540 M. Zhou et al.: The singular value decomposition method

Figure 5. The topological graphs of 10-link EGTs c1 and c2.

σ (Aa2 )= [4.0851, 3.3098, 2.5041, 1.6807,

1.5164, 0.9811]. (18)

Here, σ (Aa1 )= σ (Aa2 ), which proves that the two EGTs are
isomorphic. By changing the positions of vertex 6 and ver-
tex 5 in Fig. 3, right, we can know that they are isomorphic.
The result of isomorphism identification is consistent with
reality.

Case 2. Figure 4 shows the topological graphs of two 8-
link EGTs. It is observed that the two are isomeric. The
method in this paper is used in the isomorphism identifica-
tion of the two EGTs, and the specific process is as follows.

The two improved incidence matrices of the two EGTs are
as follows:

Ab1 =



2 0 0 2 1 0 0 0 0 0
2 2 0 0 0 1 0 0 0 0
0 2 1 0 0 0 0 0 2 2
0 0 1 2 0 1 1 0 0 0
0 0 0 0 0 0 1 2 2 0
0 0 0 0 0 1 0 2 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 0 0 2


, (19)

Ab2 =



2 0 0 2 1 0 0 0 0 0
2 2 0 0 0 1 0 0 1 0
0 2 1 0 0 0 2 0 0 2
0 0 1 2 0 1 0 0 0 0
0 0 0 0 0 1 2 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 1 0 2 0 0
0 0 0 0 0 0 0 2 1 2


, (20)

CL
b1
= [3.1, 2, 1.3, 1.2, 1.2, 1.2, 1.1, 1.1], (21)

CL
b2
= [2.2, 2.1, 2.0, 1.3, 1.2, 1.2, 1.1, 1.1], (22)

C
kp
b1
= [5, 2, 2, 2, 2, 2, 2, 2, 2, 2], (23)

C
kp
b2
= [5, 2, 2, 2, 2, 2, 2, 2, 2, 2]. (24)

Here, C
kp
b1
= C

kp
b2

but CL
b1
6= CL

b2
, which shows that the two

EGTs are isomeric. The result of isomorphism identification
is consistent with reality. The judgment process is over in
advance.

Case 3. Figure 5 shows the topological graphs of two 10-
link EGTs. It is carefully observed that the two EGTs are
isomorphic. Then the method in this paper is employed in
the isomorphism identification of the two EGTs.

Ac1 =



2 0 0 0 1 0 0 0 2 0 0 0 0
2 2 0 0 0 0 0 0 0 1 0 0 0
0 2 1 0 1 0 0 0 0 0 0 0 0
0 0 1 2 0 0 0 0 0 0 2 0 0
0 0 0 2 1 0 0 0 0 1 0 2 2
0 0 0 0 1 2 0 0 0 0 0 0 0
0 0 0 0 0 2 1 0 0 0 0 0 2
0 0 0 0 1 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 1 2 0 0 2 0
0 0 0 0 1 0 0 0 0 0 2 0 0


,

(25)

Ac2 =



2 0 0 0 0 0 1 2 0 0 0 0 0
2 2 0 1 0 0 0 0 0 0 0 0 0
0 2 2 0 0 0 0 0 1 0 0 0 0
0 0 2 1 0 0 0 0 0 1 0 0 0
0 0 0 1 2 0 0 0 0 0 0 0 0
0 0 0 0 2 1 0 0 0 0 0 0 2
0 0 0 1 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 2 2 0
0 0 0 1 0 0 0 0 0 0 2 0 0
0 0 0 1 0 0 0 2 1 0 0 2 2


,

(26)

CL
c1
= CL

c2
= [3, 2.3, 2.1, 1.2, 1.2, 1.2, 1.2, 1.2, 1.1, 1.1],

(27)

C
kp
c1 = C

kp
c2 = [6, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2], (28)

σ (Ac1 )= σ (Ac2 )= [4.5835, 3.7688, 3.3779, 3.2899,

2.7814, 2.1596, 1.7020, 1.4714, 1.3280, 1.1526]. (29)

These two EGTs are isomorphic, which means that the result
of isomorphism identification is consistent with reality.

The three above cases show two different results, namely,
isomorphism and isomerism. Since the number of links of the
EGTs in the first two cases is small, we can easily observe
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whether the two EGTs are isomorphic manually. However,
in the last case, the EGTs have a large number of links and
complex topology, so it will be difficult to manually judge
whether they are isomorphic. Moreover, in the process of
configuration synthesis, a large number of EGT structures
will be generated, and manual comparison will be very time-
consuming. Therefore, the automatic algorithm of isomor-
phism identification shows its main significance.

6 Conclusions

1. In this paper, the improved incidence matrix is used
to describe the EGT structure. The improved incidence
matrix is convenient to retain the information of links
and kinematic pairs of the EGT. Compared with the ad-
jacency matrix, it can effectively and intuitively deter-
mine multiple joints.

2. Compared with some mainstream methods, the SVD
method is very simple in implementation and judgment
efficiency is high. For example, the loop method needs
to find all loops (or loops with given requirements) and
then classify and code these. As the number of loops
increases, the amount of computation increases expo-
nentially. The adjacency matrix eigenvalue and eigen-
vector method utilizes the link-to-link adjacency matrix
to store structural information. The method is relatively
simple, but there are many counterexamples and low
reliability. The standard code is used for isomorphism
identification, but the power of the matrix needs to be
used many times to compare the symmetrical links in
the mechanism. It is computationally expensive and has
many steps. Relatively speaking, the SVD method only
needs to compare CLS and CKPS for preliminary dis-
crimination, and the two can be obtained directly from
the improved incidence matrix. Calculating the singular
value of the improved incidence matrix, the topologi-
cal connection relationship between EGTs’ links can be
obtained. At present, there have been no failure cases.
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