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Abstract. In this paper, we mainly solve the problem of the trajectory following the control and boundary
transfinite control of the permanent magnet linear motor (PMLM). Using the Udwadia–Kalaba (U–K) method,
the explicit equation of the complete nonholonomic constraint equation is first established, and then the new
input constraint equation is obtained by integrating the inequality constraint and the original equation constraint
through tangent-state transformation mapping. This constraint equation can make the motor move along the
ideal trajectory in a limited range, thus solving the control problem of equality and inequality creatively. The
simulation results and PMLM experiment results, based on control Signal Processing And Control Engineer-
ing (cSPACE), show that the proposed control method can obtain better motion performance, and the motion
displacement does not exceed the boundary while satisfying the trajectory tracking control performance, which
proves the effectiveness and feasibility of the proposed method.

1 Introduction

The linear motor is a kind of mechanical energy that can con-
vert electrical energy directly into linear motion. This motor
does not need any buffer device and can directly convert the
input electrical signal into speed signal or position signal of
linear motion. Therefore, linear motors with high speed and
high precision have been applied to all kinds of machines and
tools. For example, semiconductor manufacturing equipment
and automatic testing equipment used in many factories are
all equipped with this kind of motor (Huang et al., 2021).

The linear motor system has the characteristics of nonlin-
earity, multi-coupling, uncertainty, and so on. At the same
time, due to the cancellation of the intermediate transmission
device of the linear motor, the output of the motor is easily af-
fected by various nonlinear factors, such as system end-effect
and load disturbance. All these factors mentioned above in-
crease the difficulty of electrical control of the linear motor
(Eguren et al., 2020). In the current industrial application of
the moving platform, proportion integration differentiation

(PID) control is still the main control method of motor elec-
trical control. However, because the traditional PID control is
based on error elimination, it is difficult to meet the require-
ments of high-motion precision, fast speed, small overshoot,
and strong anti-interference ability. There is still a lot of op-
timization space (Liu et al., 2020). Therefore, it is of great
significance to study the control strategy of the linear motor.

In the past few decades, in addition to the industry,
academia has also carried out a lot of research on linear mo-
tor motion control. In the control technology of permanent
magnet linear motor (PMLM), precise control of linear motor
displacement is essential. But some unknown external inter-
ference increases the difficulty of linear motor position con-
trol. Therefore, how to improve the control performance of
PMLM has attracted a lot of attention in recent years, and
many researchers have carried out in-depth research on this
topic (Li et al., 2021). Early work includes an H -∞ opti-
mal feedback control that provides high dynamic stiffness, as
seen in Alter and Tsao (1996). The chaos system of perma-
nent magnet linear synchronous motor is analyzed, and a new
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sliding mode composite chaos control strategy is proposed in
Xie et al. (2019). Later, in order to suppress the force dis-
turbance of PMLM, a feedforward neural network, based on
the BP (backpropagation) algorithm, is proposed to approx-
imate and compensate the force fluctuation, so as to achieve
accurate motion control, as seen in Tan and Zhao (2004).
In Krämer et al. (2022), the permanent magnet linear syn-
chronous motors’ high dynamic and energy-efficient opera-
tion is of interest. In particular, a new optimal force control
strategy was developed and experimentally verified on a test
bench.

After that, in order to further improve the precision of mo-
tion control, a lot of research work appeared. For example,
in Chen et al. (2019), Liu et al. (2019), Huang et al. (2021),
Yousefi et al. (2011), Wang et al. (2017), Liu et al. (2021),
and Jafari et al. (2021) the fractional active disturbance re-
jection control strategy, optimal robust controller, input con-
strained nonlinear dynamics model, inequality state con-
straints, and control constraints and other schemes have been
proposed successively. These schemes can achieve good
tracking performance and anti-interference ability and have
been widely applied in various industrial scenarios.

However, in the actual industrial scenarios, the control ac-
curacy and stability of PMLM must be guaranteed, and the
displacement must be limited to within a certain range in or-
der to avoid the collision accident of PMLM under an ex-
ternal interference. Whether these limiting conditions can be
satisfied is actually closely related to safe production. There-
fore, in Meng et al. (2015), the author proposed to use the
system transformation technology to transform the original
constrained system into an equivalent unconstrained system
which successfully solved the output constraint problem. In
Duan and Li (2016), the author studied the modeling of a tar-
get motion under linear constraints. First, explicitly establish
the linear equality constraints imposed by the line. Based on
this, two constrained motion models are obtained by direct
elimination and motion projection. By studying the relation-
ship between the two models, the authors find that, for the
first model, the conditions that guarantee the traditional lin-
ear Gaussian hypothesis can be obtained, while, for the sec-
ond model, the conditions that the motion along each axis are
similar to those along the trajectory can be obtained.

Recently, in Huang et al. (2020), the authors proposed a
robust approximate constraint tracking control method for
PMLM, based on the Udwadia–Kalaba (U–K) basic equation
(Udwadia and Kalaba, 2002; Kalaba and Udwadia, 2001).
There are two basic ideas in this method. One is to assume the
control objectives (system stabilization, trajectory tracking,
optimal control, etc.) of the system as a series of constraints.
Second, the task of control is to drive the system to meet
these constraints (Chen, 2009; Chen and Zhang, 2010; Zhao
et al., 2018). However, most of the existing researchers do
not consider the boundary constraints of PMSM, especially
the problem of out-of-boundary motion control that may oc-
cur after the interference of external environment.

Inspired by the above research, a PMLM trajectory track-
ing control method with inequality constraints is proposed in
our paper, which not only ensures the control accuracy and
stability but also considers the uncertainties and unknown ex-
ternal disturbances of the system. From the perspective of
engineering (such as control force, parameter setting, realiz-
ability, generality, etc.), the main contributions of this paper
are as follows:

i. Based on model and error, the proposed method inher-
its the characteristics of traditional U–K control, which
can not only maintain the dynamic characteristics of the
system but also achieve convergence. The strict proof
of the Lyapunov minimax method is given, and the uni-
form boundedness and uniform ultimate boundedness
of the controller are also proved in this paper.

ii. The scheme presented in this paper can solve the sys-
tem control problems with both equality and inequal-
ity constraints. By calling the reversible state transition,
the inequality constraint of the state can be satisfied so
that the actual state is bounded regardless of the uncer-
tainty. This idea provides a general method to deal with
inequality constraints for model-based control design.

iii. The experimental results of the PMLM experiment plat-
form based on control Signal Processing And Con-
trol Engineering (cSPACE) show that the proposed U–
K equality constraint and inequality state transition
method can obtain excellent system control perfor-
mance with small precision loss. The proposed method
has good performance and low control cost and can be
extended to the safe control of other products.

2 System description and constraints

2.1 System description

The PMLM with uncertain parameters can be expressed as
follows:

M(ζ (t),σ (t), t)ζ̈ (t)+C(ζ (t), ζ̇ (t),σ (t), t)

+F (ζ (t),σ (t), t)= τ (t), (1)

where t ∈ Rζ ∈ Rn is the position with inequality con-
straints, ζ̇ ∈ Rn is the velocity, ζ̈ ∈ Rn is the acceleration,
and σ ∈

∑
⊂ RP is the uncertain parameter (possibly time-

varying). Here
∑
⊂ RP is compact but unknown, which

stands for the possible bounding of σ . And τ is the con-
trol input. Furthermore, M (ζ,σ, t) is the inertia matrix,
C
(
ζ, ζ̇,σ, t

)
is the Coriolis/centrifugal force, and F (ζ,σ, t)

is the friction vector. One point needs to be emphasized,
which is that the functions MCF are continuous in Eq. (1).

2.2 Equality constraints

In most practical circumstances, the motion of the system is
constrained in some way. An equality constraint (i.e., bilat-
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eral constraint) is in the following form:

fi(q, q̇, t)= 0, i = 1,2, . . .,m, (2)

where t ∈ R is the time, q ∈ Rn is the position, and q̇ is the
velocity. The class of constraints, in the form of f (q, q̇, t)=
0, contains common types of holonomic and/or nonholo-
nomic equality constraints.

Case 1: holonomic equality constraints

In general, according to the generalized coordinates selected,
the description of the system will include u (u≤m) holo-
nomic constraints. The holonomic equality constraints can
be described as follows:

gi(q, t)= 0, i = 1,2, . . .,u. (3)

Differentiating gi (q, t) in Eq. (3), with respect to t , yields the
following:
n∑
j=1

∂gi(q, t)
∂qj

q̇j +
∂gi(q, t)
∂t

= 0. (4)

The constraint (4) can be written in the following matrix
form:

A(q, t)q̇ = b(q, t), (5)

where A=
[
∂gi (q,t)
∂qj

]
m×n

b = [b1,b2, . . .,bm]T.

Case 2: nonholonomic equality constraints

And the r (r ≤m) nonholonomic constraints form can be de-
scribed as follows:

8i(q, q̇, t)= 0, i = 1,2, . . ., r. (6)

The following constraint is considered:
n∑
i=1

Bi(q, t)q̇ + di(q, t)= 0, i = 1,2, . . ., r. (7)

Continuing to calculate the derivative of the constraint’s
second-order form with respect to t gives the following:
n∑
j=1

Bij (q, t)q̈j +
n∑
j=1

n∑
k=1

∂Bij (q, t)
∂qk

q̇k q̇j

+

n∑
j=1

∂Bij (q, t)
∂t

q̇j +

n∑
k=1

∂di(q, t)
∂qk

q̇k

+
∂di(q, t)
∂t

= 0. (8)

Moreover, these constraints are all assumed to be smooth
enough so that they are of sufficient differentiability with re-
spect to time t to be transformed into their second-order form
in Eq. (9) as follows:

A(q, q̇, t)q̈ = c(q, q̇, t), (9)

where A ∈ Rm×n is termed as the constraint matrix, and c =
[c1,c2, . . .,cm]T. Chen (1999, 1998) shows how to calculate
the constraint force when the uncertainty is known.

Because of the presence of constraints, the system should
be subjected to extra generalized constraint forces. Thus, the
actual explicit equation of the motion of the constrained sys-
tem could be expressed as follows:

M(q, t)q̈ =Q(q, q̇, t)+Qc(q, q̇, t), (10)

where Qc(q, q̇, t) is the constraint force matrix that guides
the system to satisfy the restrictions. The work done by the
constraint force Qc under virtual displacement is zero, ac-
cording to D’Alembert’s principle (Udwadia and Kalaba,
2000; Udwadia, 2005). As a result, Qc may be defined as
follows:

Qc
=M1/2B+(c−AM−1Q), (11)

where B = AM−
1
2 , and the superscript + indicates the

Moore–Penrose generalized inverse. Consequently, the ex-
plicit motion equation of constrained system can be written
as follows:

Mq̈ =Q+M1/2B+(c−AM−1Q). (12)

Remark 1

A number of common constraints are included in the second-
order form of constraint Eq. (9), including the holonomic
constraint, nonholonomic constraint, scleronomic constraint,
rheonomic constraint, and so on. The system’s motion is al-
tered by the combined action of the primary force and the
binding force.

2.3 Inequality constraints

We consider the uncertain parameters that PMLM has to
move in the limit range, such as the mass displacement of
the moving platform, the dynamic displacement of the foun-
dation bed, and the guide rail deflection, as shown in Fig. 1.
Therefore, it is necessary to consider inequality constraints to
prevent uncertainties from bumping into the bumper block,
which can be written as a dual inequality constraint, as fol-
lows:

lm < ϕi(q, t)< lM, i = 1,2,3. . .,k, (13)

where lm, lM are constants.
Suppose that ϕi (q, t)→ ϕd (q, t) as t→+∞, and the in-

equality constraint is lm < ϕi(q, t)< lM, where ϕd (q, t) is
the desired value of ϕ, lm, and lM are the maximum and min-
imum of ϕ, respectively.

Then, we can choose a proper transformation function for
ϕ as Eq. (14) as follows:

ζi = I (ϕi), i = 1,2,3. . .,k. (14)
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Figure 1. Permanent magnet linear motor structure diagram.

The state of ϕ can be transformed to a new state ζ without
any limitation. The function ζ = I (ϕ) should satisfy the con-
dition that ζ ∈ (−∞,+∞) as ϕ ∈ (lm, lM). Since ζi = I (ϕi),
we have the following:

ϕi = I
−1(ζi). (15)

Apparently, the tangent function is a map that can be used
to construct a diffeomorphism for Eq. (15). Therefore, the
following diffeomorphisms are selected for ϕ, where, in the
following:

ζi = I (ϕi)= tan
(
li − lm

lM− lm
π −

π

2

)
(16)

ζd = I (ϕd)= tan
(
ld− lm

lM− lm
π −

π

2

)
. (17)

This means that, in the following:

ϕi = I
−1(ζi)=

lM− lm

π
arctanζi +

lM+ lm

2
(18)

ϕd = I
−1(ζd)=

lM− lm

π
arctanζd+

lM+ lm

2
. (19)

In this section, the state variable domain is transformed based
on state transformation so that it can satisfy the inequality
constraints of controlled outputs.

Remark 2

In this study, the inequality constraints of PMLM must be
satisfied at any given time. On the contrary, the equality con-
straints shown in Eq. (9) may not be satisfied at some given
time (e.g., the initial time) but only ensure that the motion of
PMLM converges to the equality constraints.

3 Control design incorporating inequality
constraints

3.1 Control design

Since the number of the items in Î := [ζ1ζ2, . . .ζk]
T may be

smaller than that of the items in q (i.e., k ≤ n), we need
to introduce (n− l) additional variables so that the items
in q can be expressed as explicit functions of Eq. (9). Let
Ĩ := [ζk+1ζk+2, . . .ζn]

T, and the vector Î and Ĩ constitute
the vector I = [Î Ĩ ]T, which is a set of independent vari-
ables. The set Ĩ may be related to the diffeomorphisms and
contains the inequality constraints for state transitions, and
ζi (i = k+ 1,k+ 2. . .n) are functions of items in q. By this,
we may have the following relation between q and ζ :

q = h(ζ, t), (20)

where h (·) : Rn×R→ Rn can be derived according to the
diffeomorphisms in Eq. (16) and the choice of Ĩ . Differenti-
ating Eq. (20) with respect to t yields the following:

q̇ =
∂h(ζ, t)
∂ζ

ζ̇ +
∂h(ζ, t)
∂t

. (21)

Next, by differentiating Eq. (21) with respect to t , we can
obtain the following:

q̈ =
∂h(ζ, t)
∂ζ

ζ̈ +
∂2h(ζ, t)
∂ζ 2 + 2

∂2h(ζ, t)
∂ζ∂t

ζ̇ +
∂2h(ζ, t)
∂t2

. (22)

Substituting Eqs. (20)–(22) into the constraint in Eq. (9)
yields the following:

Ã(ζ, ζ̇, t)ζ̈ = c̃(ζ, ζ̇, t), (23)

where, in the following:

Ã= A
∂h(ζ, t)
∂ζ

c̃ = c−A

(
∂2h(ζ, t)
∂ζ 2 + 2

∂2h(ζ, t)
∂ζ∂t

Ḟ +
∂2h(ζ, t)
∂t2

)
. (24)

The constraint in Eq. (23) is consistent since the constraint
in Eq. (9) is consistent. By substituting Eqs. (20)–(22) into
Eq. (10), we yield the dynamic equation in the space of ζ .

M̃(ζ, t)ζ̈ = Q̃(ζ, ζ̇, t)+ Q̃c(ζ, ζ̇, t), (25)

where, in the following:

M̃ =M
∂h(ζ, t)
∂ζ

,Q̃c
=Qc

Q̃=Q−M

(
∂2h(ζ, t)
∂ζ 2 + 2

∂2h(ζ, t)
∂ζ∂t

ζ̇ +
∂2h(ζ, t)
∂t2

)
. (26)

Accordingly, by the U–K approach and the diffeomorphisms,
we can obtain the constraint force accounting for both equal-
ity and inequality constraints as follows:

Qc
= Q̃c

= M̃1/2B̃+ (̃c− ÃM̃−1Q), (27)

where B̃ = ÃM̃−
1
2 .
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Assumption 1

For each (ζ, t) ∈ Rn×R,σ ∈
∑
,M(ζ,σ, t)> 0.

Assumption 2

The uncertain parameter σ ∈
∑

is known.
The constraint force that satisfies Gauss’s principle and

Lagrange’s form of D’Alembert’s principle is explicitly sup-
plied, based on the U–K equation and two aforementioned
above.

Qc
s(ζ, Ḟ, t)= M̃

1/2
(ζ,σ, t)

(
Ã(ζ, t)M̃

−1/2
(ζ,σ, t)

)+
×

{
c̃(ζ, ζ̇, t)− Ã(ζ, t)M̃

−1
(ζ,σ, t)

×

[
C̃(ζ, ζ̇,σ, t)ζ̇ + F̃ (ζ,σ, t)

]}
. (28)

Supposed that the variablesM , C, and F in Eqs. (1) and (28)
can be decomposed into the following:

M(ζ,σ, t)= M̃(ζ, t)+1M(ζ,σ, t)

C(ζ, ζ̇,σ, t)= C̃(ζ, ζ̇, t)+1C(ζ, ζ̇,σ, t)

F (ζ,σ, t)= F̃ (ζ, t)+1F (ζ,σ, t), (29)

where M , C, and F indicate the nominal portions, and 1M ,
1C, and 1F represent the uncertain portions in the con-
straint system. In order to simplify the controller design, let
the following apply:

H (ζ, t)= M̃
−1

(ζ, t)

1H (ζ,σ, t)=M−1(ζ,σ, t)− M̃
−1

(ζ, t)

5(ζ,σ, t)= M̃(ζ, t)M−1(ζ,σ, t)− I. (30)

According to formula (30), we can obtain 15 (ζ,σ, t)=
H (ζ, t)5 (ζ,σ, t).

Assumption 3

For any (ζ, t) ∈ Rn×R with inequality constraints, if A (ζ, t)
is full rank, then it can be inverted.

Assumption 4

There is a constant ρ5 >−1 such that (ζ, t) ∈ Rn×R satis-
fies the following:

1
2

min
σ∈
∑λm[5(ζ,σ, t)+5T(ζ,σ, t)] ≥ ρ5. (31)

The constant ρ5 is usually unknown because the uncertain
boundary is unknown. In special cases, if there is no uncer-
tainty, then let M = M̃ (no uncertainty) and 5= 0. Finally,
ρ5 = 0 is optional.

Assumption 5

Based on the provision of Assumption 3, for a given P ∈
Rm×mP > 0, let the following apply:

4(ζ, t) := PA(ζ, t)H (ζ, t)H (ζ, t)AT(ζ, t)P. (32)

There is a constant λ > 0, let the following apply:

inf
(F,t)∈Rn×R

λm[4(ζ, t)] ≥ λ. (33)

The matrix4 (ζ, t) is uniformly positive definite, so the lower
bound of its smallest eigenvalue is positive.

Based on Assumptions 1 and 2 and 3–5, a robust controller
based on the U–K equation is given as follows:

τ (t)= p1(ζ, ζ̇, t)+p2(ζ, ζ̇, t)+p3(ζ, ζ̇, t), (34)

with the following:

p1(ζ, ζ̇, t)=Qc
s

p2(ζ, ζ̇, t)=−κM̃
−1

(ζ, t)ÃT(ζ, t)Pβ(ζ, ζ̇, t)
p3(ζ, ζ̇, t)=−γ (ζ, ζ̇, t)µ(ζ, ζ̇, t)ρ(ζ, ζ̇, t), (35)

where p1 is the calculated ideal binding force. In the case of
certainty, p2 can make the control system stable and conver-
gent, and p3 is the ideal trajectory correction in the case of
uncertainty. Here, κ > 0, the function γ

(
ζ, ζ̇, t

)
is the adap-

tive control law which can be written as follows:

γ (ζ, ζ̇, t)=


[1+ρ5(ζ,ζ̇,t)]−1

‖µ(ζ,ζ̇,t)‖

∥∥µ(ζ, ζ̇, t)
∥∥> ε

[1+ρ5(ζ,ζ̇,t)]−1

ε

∥∥µ(ζ, ζ̇, t)
∥∥≤ ε (36)

β(ζ, ζ̇, t)= Ã(ζ, t)Ḟ − c(ζ, t)

µ(ζ, ζ̇, t)= η(ζ, ζ̇, t)ρ(ζ, ζ̇, t)
η(ζ, ζ̇, t)= µ(ζ, ζ̇, t)β(ζ, ζ̇, t)

µ(ζ, ζ̇, t)=H (ζ, t)AT(ζ, t)P. (37)

The function ρ (·) is chosen such that, in the following:

ρ(ζ, ζ̇, t)≥ min
σ∈
∑‖P Ã[1H (−Cζ̇ −F +p1+p2)

+H (−1Cζ −1F )]‖. (38)

By choosing suitable parameters κ and ε, the system input
moment τ can be obtained according to Eqs. (34)–(38). Be-
sides, under the action of the moment τ , β can satisfy con-
sistent boundedness and consistent final boundedness.

3.2 Controller stability analysis

Theorem 1

Subject to Assumptions 1–5, consider the mechanical sys-
tem incorporating inequality constraints. The control design
renders the error β.
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(i) Uniformly bounded

For any r > 0, there is a d (r)<∞, such that if ‖β(t0)‖ ≤ r ,
then ‖β((t))‖ ≤ d (r) for all t ≥ t0.

(ii) Uniformly and ultimately bounded

For any r > 0 with ‖β(t0)‖ ≤ r , there exists a d > 0, such
that ‖β(t)‖ ≤ d (r) for any d > d .

Proof

The candidate for the Lyapunov function is provided.

V (β)= βTPβ. (39)

For the corresponding β and uncertainty σ (t) expected by the
control system, the first-order derivative of V (β) is expressed
as follows:

V̇ = 2βTP β̇ = 2βTP (Ãζ̈ − c̃)

= 2βTP
{
Ã[M−1(−Cζ̇ −F )

+M−1(p1+p2+p3)] − c̃
}
. (40)

Substituting Eq. (30) into Eq. (40), we obtain the following:

V̇ = 2βTP
{
Ã[(H +1H )(−C̃ζ̇ − F̃ −1Cζ̇ −1F )

+ (H +1H )(p1+p2+p3)] − c̃
}

= 2βTP
{
Ã [H (−C̃ζ̇ − F̃ +p1)+Hp2

+H (−1Cζ̇ −1F )+1H (−Cζ̇ −F +p1+p2)
+ (H +1H )p3] − c̃} . (41)

Considering p1
(
ζ, ζ̇, t

)
=Qc

s , we can obtain the following:

Ã[H (−C̃ζ̇ − F̃ )+Hp1] − c̃ = 0. (42)

By substituting Eq. (42) into Eq. (41), Eq. (41) can be rewrit-
ten as follows:

V̇ = 2βTP Ã
[
H (−1Cζ̇ −1F )+1H

(
−Cζ̇

−F +p1+p2
)
+Hp2+ (H +1H )p3

]
. (43)

Splitting Eq. (43) into three parts, according to Eq. (38), we
obtain the following:

2βTP Ã[H (−1Cζ̇ −1F )

+1H (−Cζ̇ −F +p1+p2)]

≤ 2‖β‖‖P Ã[H (−1Cζ̇ −1F )
+1H (−Cζ̇ −F +p1+p2)]‖
≤ 2‖β‖ρ(ζ, ζ̇, t), (44)

according to Eqs. (35) and (37). Then the parameters can be
expanded within p2, so that the above formula can be further

simplified as follows:

2βTP ÃHp2 = 2βTP ÃH (−κM̃
−1
ATPβ)

=−2κβTP ÃM̃
−1

(HÃTPβ)

=−2κ(HÃTPβ)T(HÃTPβ)

=−2κηTη =−2κ‖η‖2. (45)

Considering 15=H5, M̃
−1
=H , and Eqs. (35) and (37),

as follows:

2βTP Ã(H +1H )p3

=−2βTP Ã(H +H5)γµρ

= 2(HÃTPβρ)T(I +5)(−γµ)

= 2µT(I +5)(−γµ)

=−2γµTµ− 2γµT5µ

≤−2γ ‖µ‖2− 2γmin(5+5T)‖µ‖2

≤−2γ (1+ ρE)‖µ‖2. (46)

When ‖µ‖> ε, with Eqs. (36) and (37), then following oc-
curs:

−2γ (1+ ρE)‖µ‖2 =−2
(1+ ρ(ζ, ζ̇, t)−1∥∥µ(ζ, ζ̇, t)

∥∥ (1+ ρE)‖µ‖2

=−2‖µ‖ . (47)

When ‖µ‖< ε, by Eqs. (36) and (37), then following occurs:

− 2γ (1+ ρE)‖µ‖2 =

− 2
(1+ ρ(ζ, ζ̇, t)−1

ε
(1+ ρE)‖µ‖2 =−2

‖µ‖2

ε
. (48)

Combining Eqs. (42)–(48), we can obtain, when ‖µ‖> ε,
the following:

V̇ ≤−2κ‖η‖2− 2‖µ‖+ 2‖β‖ρ. (49)

When ‖µ‖< ε, then following occurs:

V̇ ≤−2κ‖η‖2− 2
‖µ‖2

ε
+ 2‖β‖ρ. (50)

By using Eqs. (33) and (37), we obtain the following:

‖η‖2 = ηTη = βTP ÃHHÃTPβ

≥ λm(P ÃHHÃTP )‖β‖2

≥ λ‖β‖2. (51)

Therefore, in the following:

V̇ ≤−2κλ‖β‖2+ ε/2. (52)

Mech. Sci., 13, 297–310, 2022 https://doi.org/10.5194/ms-13-297-2022



X. Chen et al.: Constraint-following control design with inequality constraints 303

We conclude that uniform boundedness is as follows:

d(r)=

 R

√
λmax(P )
λmin(P ) , r ≤ R

r

√
λmax(P )
λmin(P ) , r > R

R =

√
ε

4κλ
. (53)

In addition, the consistent final boundedness is expressed as
follows:

T (d,r)=

 0
λmax(P )r2

−λmin(P )R2

2κλR2
−(ε/2)

, R = d

√
λmin

λmax
. (54)

d determines the radius of consistent final boundedness, and
the system can remain stable by selecting appropriate ma-
trix P and ε. The uniform boundedness and uniform ulti-
mate boundedness are guaranteed with the performance in
Eqs. (53)–(54).

4 Case study: position tracking control of PMLM

4.1 Dynamic model of PMLM

Compared with the rotary motor, the permanent magnet lin-
ear synchronous motor eliminates the indirect mechanical
transmission device and improves the response time and con-
trol accuracy of the servo system. However, since the per-
manent magnet linear synchronous motor drives the load di-
rectly, various disturbances, such as sudden load changes,
friction, and thrust fluctuations will also act directly on the
motor without buffering, which will seriously affect the ac-
curacy of the servo system if not taken into account. In order
to meet the high-performance requirements, the main nonlin-
ear effects, such as friction and ripple forces are considered
in the PMLM dynamics model, which can be approximated
by the following equation:

Mẍ+Keẋ+F = u, (55)

where x indicates the linear displacement, ẋ is the linear ve-
locity, and ẍ is the linear acceleration, accordingly. Ke is the
back electromotive force, and u is the input voltage as the
control signal. M is the mass of the inertia load plus the coil
assembly, which is given by the following:

M =
Rm

Kf
. (56)

Here, R is the total resistance between any two phases, m is
the mass of the moving thrust block, andKf is the magnitude
of the force generated by the motor.

In fact, friction and inertia will increase with the increase
in load. When there are uncertainties, the friction and inertia
may change. In this paper, the superiority of the proposed ro-
bust control with inequality constraint has been verified in the
presence of uncertain external disturbances. When there is an
external disturbance, the load on the linear motor will also

change. The term of F is the normalized lumped effect of
uncertain nonlinearities, which mainly consists of frictional
forces Ffric and ripple forces Fripple, as follows:

F = Ffric+Fripple (57)
Ffric = Bẋ+Ffricn (58)

Ffricn = [fc+ (fs− fc)e−(ẋ/ẋs)2
+ fvẋ]sign(ẋ), (59)

whereB is an equivalent viscous friction parameter, fv is vis-
cous friction coefficient, fs is the static friction coefficient, fc
is the Coulomb friction coefficient, and ẋs is lubricant param-
eter that empirical experiments may determine.

The ripple force is described as follows:

Fripple = A1 sin(ωx)+A2 sin(3ωx)+A3 sin(5ωx). (60)

Here A1,A2,A3,ω are constant.
Therefore, the PMLM model in Eq. (55) can also be ex-

pressed as follows:

Mẍ+ (Ke+B)ẋ+F = u,xm < x < xM. (61)

xm and xM are the lower and upper bound of state x, respec-
tively.

4.2 Inequality state transformation

In the mechanical systems of PMLMs, the state displace-
ment value should be within the specified boundaries in some
applications where the operating conditions are demanding.
However, due to uncertain external disturbances in PMLM
systems, the state variables often exceed specified boundaries
in some cases. Therefore, based on the equation and inequal-
ity constraints described in the previous section, we propose
a state transformation that converts the unbounded state y to
a bounded displacement x to ensure that the displacement x
does not exceed the limits. Let the state transformation equa-
tion be the following:

y = tan
[

π

xM− xm
(x− xm)−

π

2

]
yd = tan

[
π

xM− xm
(xd− xm)−

π

2

]
, (62)

where xd is the desired position or trajectory of state x.
Considering y→ yd, when x→ xd, and xm < x < xM for

all y ∈ R. Thus, by choosing a suitable function, the state
transition function can convert an unbounded state y to a
bounded state x, and then we can obtain the following:

x =
xM− xm

π
arctany+

xM+ xm

2

ẋ =
xM− xm

π

ẏ

1+ y2

ẍ =
xM− xm

π

(1+ y2)ÿ− 2y · ẏ2

(1+ y2)2 . (63)

https://doi.org/10.5194/ms-13-297-2022 Mech. Sci., 13, 297–310, 2022



304 X. Chen et al.: Constraint-following control design with inequality constraints

Substituting Eq. (63) into Eq. (61), we obtain the following:

Rm

Kf

xM− xm

π

(1+ y2)ÿ− 2y · ẏ2

(1+ y2)2

+ (Ke+B)
xM− xm

π

ẏ

1+ y2 +Ffricn+Fripple = u. (64)

Equation (64) can be further simplified into a general form
of the dynamics model, which is expressed as follows:

Rm(xM− xm)(1+ y2)
Kfπ (1+ y2)2 ÿ+

(Ke+B)(xM− xm)
π (1+ y)2 ẏ

−
2Rm(xM− xm)yẏ2

Kfπ (1+ y2)2 +Ffricn+Fripple = u. (65)

Accordingly, the inertia matrix M, the Koch force/centrifugal
force matrix C, and the friction vector F of the linear motor
mechanical system after state transition can be obtained.

M=
Rm(xM− xm)(1+ y2)

Kfπ (1+ y2)2

C=
(Ke+B)(xM− xm)

π (1+ y)2

F = Ffricn+Fripple−
2Rm(xM− xm)yẏ2

Kfπ (1+ y2)2 . (66)

4.3 Simulation and experimental analysis

In this section, simulation and experimental results are pre-
sented to illustrate the tracking performance of the bounded
controller for PMLMs under the proposed equation and in-
equality constraints.

4.3.1 Simulation result

The control ratios (11) and (28) of the PMLM system sat-
isfying the U–K equation constraints in Eq. (2) and in-
equality constraints in Eq. (13) are established in MAT-
LAB/Simulink. In order to better illustrate the validity of the
proposed inequality constraint, the performance of PMLM
trajectory tracking of these two methods is compared. All the
simulations are implemented by using ode45 on the MAT-
LAB platform. The physical parameters of the PMLM con-
sidered in the simulations are described as follows.

In the simulations, we use the step and sinusoidal signal
response to evaluate the dynamic characteristics and the abil-
ity to deal with uncertainty of the U–K controller under both
inequality and inequality constraints.

(i) Step response

The step signal utilized in this section is shown as follows:

x = 2cm. (67)

Table 1. Simulation parameters and variables for the PMLM sys-
tem.

Description System parameters

Mass of the linear motor m= 1.4 kg
Resistance of the system R = 4.2�
Force constant Kf = 1 N A−1

Back electromotive force Ke = 60 (V m−1) s−1

Coulomb friction coefficient fc = 5 N
Static friction coefficient fs = 8 N, fv = 5 N
Lubricant parameter ẋs = 0.5 m s−1

Proportion of coefficient A1 = 3,A2 = 2,A3 = 1

Figure 2. PMLM displacement under the step response.

We set the position x as the limit of the motor to
[−2.01,2.01]. The step response of the PMLM system is
shown in Fig. 2. Figure 3 shows the trajectory error. We can
see that the proposed inequality constrained control method
(see the red line in Figs. 2 and 3) can restrict the tracking
trajectory within the boundaries on the premise of ensuring
the control accuracy. However, the tracking speed of the pro-
posed method is inferior to the U–K equality constraint (see
the blue line) and PID (see the yellow line). Specifically, the
U–K equality constraint and PID method both have an obvi-
ous out-of-bounds result. For example, U–K equality con-
straint has an out-of-bounds result of about 0.01 s, with a
maximum error of 0.03 cm, while the PID method also has
an out-of-bounds result of about 0.02 s, with a 0.025 cm er-
ror. Compared with those two methods, the U–K inequality
constraint control method converges to the reference trajec-
tory gradually without any out-of-bounds result. But the sta-
ble tracking time of the U–K inequality constraint is 0.2 s,
which is a little longer than the equality constraint (0.01 s)
and PID (0.02 s).
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Figure 3. PMLM error under the step response.

(ii) Tracking a sinusoid signal

In the following simulations, we propose using the sinusoidal
signal to realize sinusoidal trajectory tracking in the PMLM
system. The sinusoidal signal is shown below, as follows:

x = 2sin(t). (68)

Similarly, we restricted the position of the motor
[−2.01,2.01]. The curves of displacement and the dis-
placement error of the PMLM under different control
algorithms are shown in Figs. 4 and 5. It can be seen from
the figures that the designed inequality constraints controller
can quickly track the desired trajectory of continuous time-
varying signals, and it has a good steady-state performance.
The U–K and PID methods without inequality-constrained
transformations have exceeded the boundaries in the period
of 0.7–0.9 and 1–5 s, respectively, after which a better track-
ing effect can also be achieved. However, in comparison, the
method with inequality constraint proposed in this paper is
faster and more stable in tracking.

4.3.2 Experimental results

The experimental test device is shown in Fig. 6, which is
mainly composed of PMLM, a cSPACE control platform, a
computer with MATLAB/Simulink, a grating displacement
sensor, a linear motor driver, etc. In the MATLAB environ-
ment, cSPACE can be used to observe the variables, modify
the control parameters, and graphically display the control
results in real time. Besides, the data collected by DSP (dig-
ital signal processing) can be saved to the disk in the form of
MATLAB data files.

The parameter setting of the controller is the same as that
of the simulation part, and the sampling period is 0.02 s. This
real-time experiment is designed to further verify the effec-
tiveness of the proposed control method. The following four
scenarios will be considered in the experiments.

Figure 4. PMLM displacement under the sinusoid signal.

Figure 5. PMLM error under the sinusoid signal.

(i) Transient performance of the U–K equality constraint

The step signal is added as the reference signal. Figure 7
shows the experimental results of the step response curves
of U–K equality constraint and the PID method, and the cor-
responding error curves are shown in Fig. 8. In addition, the
PMLM control input response curves are shown in Fig. 9.
Comparing the experimental results, we find that the U–K
equality constraint method reaches a steady state at 0.4 s,
which has a certain delay compared with the simulation re-
sult in Fig. 2. Besides, in the period of 0.2–0.3 s, the U–K
equality constraint method also exceeded the upper limit of
the control, and then the error stabilizes within 0.01 cm with-
out major fluctuations. In contrast, the PID method reached
the stable state after 8 s, and the maximum error reached
0.4 cm during this time. Furthermore, it is clear in Fig. 9
that the initial time torque of U–K equality constraint varied
greatly from 0.5 to −0.5 A. After that, the overall torque is
stable, except for slight variations at some certain moments,
while the PID method has a large variation.
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Figure 6. Experimental platform in our experiments.

Figure 7. Experimental results of the transient performance of U–K
and PID.

(ii) Transient performance of the U–K inequality constraint

The experimental curves of the step response of the U–K in-
equality constraint and PID methods are shown in Fig. 10.
Figure 11 shows the corresponding error curves of the two
methods being compared. As can be seen in Fig. 10, the con-
trol method containing U–K inequality constraint can limit
the motor motion displacement within the agreed boundary
and can limit the overshoot well. Although the overall sta-
bility time of PID method is 0.5 s, which is shorter than that
of U–K inequality constraint (0.7 s), this method is always
out of bounds in the first 8 s, and the maximum tracking er-
ror even reaches 0.3 cm (please see Fig. 11). By comparison,
the error of the U–K inequality constraint can be stabilized
within 0.1 cm, except for the starting moment, and is stable
on the whole. Figure 12 shows the control inputs of the U–
K inequality constraint and PID method. The experimental
results show that the fluctuation of the U–K inequality con-
straint is much smaller than PID after reaching the stability.

Figure 8. Experimental error of the transient performance of U–K
and PID.

Figure 9. The control input of the transient performance of U–K
and PID.

Although the response time is sacrificed, the U–K inequality
constraint method can restrain the motion of the motor well
within the boundary and obtain better control input.

(iii) Steady-state performance of the U–K equality
constraint and PID

In this part of the experiment, we mainly test the dynamic
error of the linear motor. The motor was tuned to a sinu-
soidal trajectory at the start of the experiment, and a spike
pulse interference was delivered in the first half period. Fig-
ure 13 depicts the linear motor’s response time under the U–
K equality constraint and the PID under a sinusoidal signal.
And Fig. 14 reflects the dynamic changes in the historical
errors over time for these two methods. It can be seen from
Figs. 13 and 14, in the whole tracking process, that the U–
K equality constraint method has higher tracking accuracy,
and overshoot only occurs in the peak region of disturbance.
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Figure 10. The experimental results of the transient performance
of U–K with the inequality constraint and PID.

Figure 11. The experimental error of the transient performance of
U–K with the inequality constraint and PID.

However, the PID method has a large disturbance error when
the motor starts and also obviously exceeds the control limits
at the disturbance peek.

Figure 15 shows the control inputs for both methods. It is
clear that the overshoot caused by the disturbance will sig-
nificantly increase the control input of the PID method, with
a maximum change of 1.5 A, while the influence of the dis-
turbance on the U–K equality method is not obvious, indicat-
ing that the U–K method can better solve the problem of in-
compatible initial conditions. Therefore, to sum up, the con-
strained method containing only the U–K equation has bet-
ter performance in sinusoidal wave tracking without distur-
bances, but this method cannot handle the overshoot caused
by external disturbances.

Figure 12. The control input of the transient performance of U–K
with the inequality constraint and PID.

Figure 13. The experimental results of the steady-state perfor-
mance of the U–K equality constraint and PID.

(iv) Steady-state performance of the U–K inequality
constraint

Figures 16 and 17, respectively, show the displacement
curves and error curves of the sinusoidal steady state tracking
of U–K inequality constraint and PID methods. It should be
noted that some anthropogenic disturbances were added in
the first half of the experiment. It is obvious that the tracking
trajectory of the U–K inequality constraint method basically
coincides with the reference trajectory, and tracking accuracy
is obviously better than that of the PID method. Moreover,
even in the presence of obvious disturbances, no boundary
crossing phenomenon occurs with the U–K inequality con-
straint. As can be seen from Fig. 17, the U–K inequality con-
straint method can limit the error within 0.15 cm. Because of
the transformation problem of the inequality constraint, the
error curve will appear at the peak value and have periodicity.
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Figure 14. The experimental error of the steady-state performance
of the U–K equality constraint and PID.

Figure 15. The control input of the steady-state performance of the
U–K equality constraint and PID.

Figure 18 shows the control input of the compared meth-
ods. We can see from the figure that external interference will
obviously affect the control input of the PID method. On the
contrary, the U–K inequality constraint method is robust to
some extent. Even if there is a certain intensity of external
interference, the control input of this method basically does
not fluctuate.

Finally, we can conclude from this experiment that the U–
K inequality constraint can handle the overrun motion caused
by external interference well, and the error is slightly re-
duced, which further improves the motor control’s ability to
handle uncertainty.

5 Conclusions

In this paper, we propose a kind of PMLM with inequality
constraints to transform a constraint tracking control method

Figure 16. The experimental results of the steady-state perfor-
mance of U–K with the inequality constraint and PID.

Figure 17. The experimental error of the steady-state performance
of the U–K inequality constraint and PID.

based on the equality constraint and U–K inequality status
transformation. In this method, we can not only take advan-
tage of the tangent function change to deal with the bilateral
inequality constraints problem but also solve the problem of
the control system of equality constraints and inequality con-
straints without the need for the linearization of nonlinear
system. Thus, the explicit equation of the control system can
be obtained without any variables, such as Lagrange multi-
pliers.

The experimental results of PMLM experimental plat-
form, based on cSPACE, show that, although the pro-
posed U–K equality constraint and inequality state transi-
tion method slightly increases the tracking stabilization time,
it greatly improves the control performance of the system
while ensuring control safety and PMLM tracking displace-
ment. We can see from the comparative experiments that
the method has excellent performance and low control cost,
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Figure 18. The control input of the steady-state performance of the
U–K inequality constraint and PID.

which proves that the method has certain advantages and can
be extended to the safety constraint control of other products.
The constraint interval in this paper is open, which is deter-
mined by the conversion function we design. The tan func-
tion has the definition domain of {x|x 6= (π/2)+kπ, k ∈ Z},
which is only applicable to the open interval by definition.
The next step is to explore the transformation of inequality-
constrained closed intervals, but other transformation func-
tions are required.
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