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Abstract. To absorb the vibration of the car body of the high-speed train in multiple degrees of freedom, a
multi-degree of freedom dynamic vibration absorber (MDOF DVA) is proposed. Installed under the car body,
the natural frequency of the MDOF DVA from each DOF can be designed as a DVA for every single degree of
freedom of the car body. Hence, a 12-DOF model including the main vibration system and an MDOF DVA is
established, and the principle of Multi-DOF dynamic vibration absorption is analyzed by combining the design
method of a single DVA and genetic algorithm. Based on a high-speed train dynamics model including an under-
car-body MDOF DVA, the vibration control effect on each DOF of the MDOF DVA is analyzed by the virtual
excitation method. Moreover, a high static and low dynamic stiffness (HSLDS) mount is proposed based on a
cam–roller–spring mechanism for the installation of the MDOF DVA due to the requirement of the low vertical
dynamic stiffness. From the dynamic simulation of a non-linear model in the time domain, the vibration control
performance of the MDOF DVA installed with a nonlinear HSLDS mount on the car body is analyzed. The results
show that the MDOF DVA can absorb the vibration of the car body in multiple degrees of freedom effectively
and improve the running ride quality of the vehicle.

1 Introduction

A gigantic source of discomfort for passengers comes from
the vibration of the car body of high-speed trains. Much re-
search on the vibration control of car body has been mainly
dedicated to improving its ride quality, from which it is ex-
pected to select an optimal set of suspension parameters
or design a piece of equipment for vibration control. As
a classical passive control element, dynamic vibration ab-
sorber (DVA) (Thompson, 2008; Ren, 2001; Seto, 2013),
which is also denoted as the tuned mass damper (TMD), is
widely used in bridge, aviation, and other engineering fields.
Richiedei et al. (2022) proposed a comparative study and a
review of the main TMD techniques proposed in the recent
literature by discussing them through some numerical exam-
ples. Elias et al. (2017) reviewed descriptions of the dynamic
behavior and distinguishing features of various DVA systems
and proposed that the TMDs have a potential for improving
the wind and seismic behaviors of prototype civil structures.

The control mechanism of DVA is used to suppress the vibra-
tion of the rail vehicle system. Gong et al. (2013) proposed
to design an underframe device as a DVA of the vehicle body
to suppress the elastic vertical bouncing vibration of the car
body. By the same principle, a method of multi-mode vibra-
tion control for car body by using the onboard and suspended
devices as DVAs was studied (Gong et al., 2017). Tomioka et
al. (2010) designed the longitudinal vibration of the frame as
a DVA for the vertical bending vibration of the car body. And
it is proved that the vibration of the car body is reduced ef-
fectively by numerical simulation analysis and experimental
research. Shi et al. (2014) modeled the car body as an Euler–
Bernoulli beam and apply DVA theory to restrain the elastic
vibration of car body for high-speed electric multiple units.
The advantage of the elastic vibration suppression method
was verified by a laboratory test on the full-scale test rig.

Previous research on the car-body vibration control with
DVA concentrates on the elastic vibration rather than the
rigid vibration, because of the limitation from the stiffness
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of the mounting components. The DVA for the elastic car-
body vibration control is usually aimed at a frequency band
around 10 Hz, while the rigid one is much lower than that,
with a general figure of 1 Hz. To achieve such a low fre-
quency, it is supposed to install the DVA with extremely
low dynamic stiffness components. But the traditional lin-
ear elastic element, the static deflection, is too large to be
implemented. And this contradiction can be solved by a
nonlinear component with high static stiffness and low dy-
namic stiffness (HSLDS). The HSLDS was first proposed
more than 30 years ago under the name of quasi-zero stiff-
ness (QZS) (Alabuzhewv et al., 1989). Due to its complex
mechanical characteristics, a single component can hardly
obtain equivalent mechanical characteristics. Instead, a neg-
ative stiffness mechanism is used in parallel with a positive
stiffness elasticity, so that it exhibits HSLDS characteris-
tics near the equilibrium position. According to the form of
negative stiffness structure, HSLDS mounts can be achieved
by using three parallel springs (Carrella et al., 2012), disc
springs (Meng et al., 2015), or cam–roller–spring (Zhou
et al., 2015), etc. Danh et al. (2014) proposed to apply
HSLDS to car seat suspension, which can effectively widen
the vibration isolation frequency band and then achieve low-
frequency vibration isolation. Lee et al. (2016) proposed to
apply the negative stiffness for vibration isolation of high-
speed vehicles to improve ride comfort by changing the
structure of the bogie frame. Sun et al. (2019a) proposed to
connect high-speed car body to under-chassis equipment by
HSLDS components to reduce the negative impact of the ex-
citation source equipment on the vibration of the car body.

Combining DVA with HSLDS mounts, Sun et al. (2019b)
proposed a 2-degree-of-freedom DVA under a high-speed car
body to absorb the bouncing and pitching vibration and de-
signed an HSLDS element to install the low-frequency 2-
DOF DVA. Herein is proposed a multi-degree of freedom
DVA (MDOF DVA) to absorb multiple degrees of freedom of
vibration of the main vibration system simultaneously with
one object. The main content of this paper is organized as
follows: in Sect. 2, a 12-DOF model based on two objects
is built, and the design method of DVA is combined with a
genetic algorithm to analyze the principle of MDOF DVA. In
Sect. 3, a high-speed vehicle dynamic model is established,
and the vibration absorption performance of MDOF DVA on
the rigid vibration of the car body is analyzed by the vir-
tual excitation method. To meet the low dynamic stiffness
requirements of the MDOF DVA, an HSLDS mount is de-
signed based on the cam–roller–spring mechanism in Sect. 4.
A time-domain integral simulation analysis model with the
consideration of the nonlinear characteristics of the HSLDS
mount is established in Sect. 5 by MATLAB/SIMULINK
software, and a simulation experiment is utilized to analyze
the vibration control performance of MDOF DVA on the
high-speed car body. Conclusions are in Sect. 6.

2 Mechanism of MDOF DVA based on acceleration

2.1 Modeling

A typical DVA consists of assistant mass, springs, and
dampers. In a system with DVA, the assistant mass vibrates
along with the vibration of the main system. The force ap-
plied to the main system is opposite to the external excita-
tion force due to the dynamic effect of the DVA. Thereby,
the vibration of the main system is suppressed because the
combined force applied to the main system is reduced.

The schematic diagram of an MDOF DVA is shown in
Fig. 1. The lower object is the main vibration system, and
the upper object is the assistant mass as a DVA. Both the
main system and the assistant mass are regarded as 6-DOF
bodies. The assistant mass is connected to the main system
through four points by elastic mounts. Four points under the
main system are installed at the earth coordinates by elas-
tic elements. Based on the structural model, mathematical
equations are established to analyze the vibration absorption
effect of the DVA on the main system.

By using the matrix assembly method (Zhou, 2012), the
mathematical differential equations of the multi-DOF DVA
structural model can be obtained as follows:

m1ẍ1+ 4(c1x + c2x)ẋ1+ 4(k1x + k2x)x1− 4c2x ẋ2

− 4k2xx2+ 4(c1xh1− c2xh2)θ̇1+ 4(h1k1x

−h2k2x)θ1− 4c2xh3θ̇2− 4h3k2xθ2 = 0 (1)

m1ÿ1+ 4(c1y + c2y)ẏ1+ 4(k1y + k2y)y1− 4c2y ẏ2

− 4k2yy2− 4(c1yh1− c2yh2)ϕ̇1

− 4(h1k1y −h2k2y)ϕ1+ 4c2yh3ϕ̇2

+ 4h3k2yϕ2 = 0 (2)

m1z̈1+ 4(c1z+ c2z)ż1+ 4(k1z+ k2z)z1

− 4c2zż2− 4k2zz2 = 0 (3)

I1x ϕ̈1+ 4(b2c1z+ d
2c2z+ c1yh

2
1+ c2yh

2
2)ϕ̇1

+ 4(b2k1z+ d
2k2z+h

2
1k1y +h

2
2k2y)ϕ1

− 4(d2c2z− c2yh3h2)ϕ̇2− 4(d2k2z−h3h2k2y)ϕ2

− 4(c1yh1− c2yh2)ẏ1− 4(k1yh1− k2yh2)y1

− 4c2yh2ẏ2− 4k2yh2y2 = 0 (4)

I1y θ̈1+ 4(a2c1z+ c
2c2z+h

2
1c1x +h

2
2c2x)θ̇1

+ 4(a2k1z+ c
2k2z+h

2
1k1x +h

2
2k2x)θ1

− 4(c2c2z−h2h3c2x)θ̇2− 4(c2k2z−h2h3k2x)θ2

+ 4(h1c1x −h2c2x)ẋ1+ 4(h1k1x −h2k2x)x1

+ 4h2c2x ẋ2+ 4h2k2xx2 = 0 (5)

I1zψ̈1+ 4(a2c1y + b
2c1x + c

2c2y + d
2c2x)ψ̇1

+ 4(a2k1y + b
2k1x + c

2k2y + d
2k2x)ψ1

− 4(c2c2y + d
2c2x)ψ̇2− 4(c2k2y + d

2k2x)ψ2 = 0 (6)
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Figure 1. Schematic diagram of an MDOF DVA.

m2ẍ2+ 4c2x ẋ2+ 4k2xx2− 4c2x ẋ1− 4k2xx1+ 4c2xh2θ̇1

+ 4h2k2xθ1+ 4c2xh3θ̇2+ 4h3k2xθ2 = 0 (7)

m2ÿ2+ 4c2y ẏ2+ 4k2yy2− 4c2y ẏ1− 4k2yy1− 4c2yh2ϕ̇1

− 4h2k2yϕ1− 4c2yh3ϕ̇2− 4h3k2yϕ2 = 0 (8)
m2z̈2+ 4c2zż2+ 4k2zz2− 4c2zż1− 4k2zz1 = 0 (9)

I2x ϕ̈2+ 4(d2c2z+h
2
3c2y)ϕ̇2+ 4(d2k2z+h

2
3k2y)ϕ2

− 4(d2c2z−h2h3c2y)ϕ̇1

− 4(d2k2z−h2h3k2y)ϕ1

+ 4c2yh3ẏ1+ 4k2yh3y1− 4c2yh3ẏ2

− 4k2yh3y2 = 0 (10)

I2y θ̈2+ 4(c2c2z+h
2
3c2x)θ̇2+ 4(c2k2z+h

2
3k2x)θ2

− 4(c2c2z−h2h3c2x)θ̇1− 4(c2k2z−h2h3k2x)θ1

− 4h3c2x ẋ1− 4h3k2xx1+ 4h3c2x ẋ2

+ 4h3k2xx2 = 0 (11)

I2zψ̈2+ 4(c2c2y + d
2c2x)ψ̇2+ 4(c2k2y + d

2k2x)ψ2

− 4(c2c2y + d
2c2x)ψ̇1

− 4(c2k2y + d
2k2x)ψ1 = 0. (12)

The symbols, meanings, and default values involved in the
equations are shown in Appendix Table A1. By writing the
above equation into a compact form, the following equation
is obtained:

MẌ+CẊ+KX = 0, (13)

where X =
[
x1 y1 z1 ϕ1 θ1 ψ1 x2 y2 z2 ϕ2 θ2 ψ2

]T.
M, C, and K are the mass matrix, damping matrix, and
stiffness matrix of the system, respectively, which are shown
in Appendix C. With the character of the stiffness matrix K,
the vertical motion and yaw of the system are completely
decoupled from the movements in the other directions. By
combing Eqs. (3) and (9), the DVA of vertical motion can be

obtained according to the design principle of a single degree
of freedom DVA (Seto, 2013). By the same principle, the
yaw DVA can be obtained from Eqs. (6) and (12). Similarly,
the remaining 4 degrees of freedom of the assistant system
can also be designed as a dynamic vibration absorber of the
main system theoretically.

2.2 Vibration shape and frequency analysis of the main
system

To obtain the design target frequency of the DVA, it is nec-
essary to analyze the natural frequency of the main system
in each degree of freedom without the assist system. A 6-
DOF equation describing the vibration of the main system
can be obtained by removing the assist system in Fig. 1. The
natural vibration frequencies of the main system and the cor-
responding vibration shape (Xia et al., 2019) are shown in
Fig. 2. From that, the lateral motion (the second vibration
shape) is coupled vibration with rolling mode (the fourth vi-
bration shape), and the longitudinal motion (the first vibra-
tion shape) is coupled vibration with pitching mode (the fifth
vibration shape).

2.3 Parameter design and optimization of MDOF DVA

According to the design principle of a single DVA based
on acceleration (Seto, 2013), the natural frequency of the
MDOF DVA can be set as Eq. (14):

fi =
1

√
1+µi

, (14)

where fi (i = 1,2, . . .,6) is the natural frequency of the DVA
of each DOF. µi is the mass ratio or inertia ratio of the DVA
to the main system. The undamped natural frequency of the
MDOF DVA without the consideration of couple vibration
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Figure 2. Vibration shapes of the main system.

can be expressed as Eq. (15):

fx =
1

2π

√
4k2x

/
m2

fy =
1

2π

√
4k2y

/
m2

fz =
1

2π

√
4k2z

/
m2

fϕ =
1

2π

√
4
(
h2

3k2y + d2k2z
)/
I2x

fθ =
1

2π

√
4
(
h2

3k2x + c2k2z
)/
I2y

fψ =
1

2π

√
4
(
c2k2y + d2k2x

)/
I2z.

(15)

It can be noticed that the natural frequency of all DOFs is
decided by six parameters, i.e., k2x , k2y , k2z, h3, c, and d.
Therefore, an MDOF DVA that absorbs the vibrations of the
main system in 6 DOFs can be designed based on the nat-
ural frequency in each DOF of the assist system. However,
the six parameters are related to each other. Some parame-
ters may be unreasonable when the frequency is selected as
the design target. For example, due to space constraints, the
geometric parameters h3,c, and d need to be designed within
a certain range. To ensure the stability of the system, the stiff-
ness parameters k2x , k2y , and k2z cannot be negative.

The acceleration frequency response function (FRF) is ob-
tained to evaluate the vibration absorption performance of
the MDOF DVA, as shown in Eq. (16).

H (ω)= ω2
[
−ω2M+ jωC+K

]−1
De8, (16)

where H (ω) is the acceleration FRF, and De is the excitation
input matrix, which is shown in Appendix D. 8 is the in-
put position matrix; ω is the angular frequency. The input

position matrix is different when calculating the accelera-
tion FRF of different degrees of freedom. For longitudinal
motion FRF, the expression of the input position matrix is
8=

[
1 1 − 1 − 1 01×16

]T.
The natural frequency and installation parameters of the

MDOF DVA can be calculated by Eqs. (14)–(15) and the nat-
ural frequency of the main system which is shown in Fig. 2.
However, the result calculated by this method will appear a
complex result, which is not reasonable. Therefore, here we
set h3 equal to 0.2 m and calculate the natural frequency of all
the DOFs except for yawing by Eq. (14). Then, the installa-
tion parameters of MDOF DVA can be obtained as Table 1b.
After that, the natural frequency of yawing can be calculated
according to Table 1b. The original natural frequency of the
MDOF DVA is shown in Table 1a.

The acceleration FRFs of each DOF of the main system are
calculated by Eq. (16), as shown in Fig. 3. The damping ratio
with a value of 0.06 of the MDOF DVA is selected, and the
installation stiffness is determined by the natural frequency.
In Fig. 3, the dashed line stands for the acceleration FRFs of
the main system without MDOF DVA, and the dash-dotted
line is the calculation result with the original parameters of
the MDOF DVA. As can be seen from that, the vibration of
the longitudinal motion, bouncing, pitching and yawing has
a certain but not optimal effect of vibration absorption af-
ter using the original MDOF DVA. In contrast, the vibration
of lateral motion and rolling has little effect, due to the un-
considered damping of the main system in the MDOF DVA
parameter design and the coupling vibration between lateral
motion and rolling vibration.
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Table 1. Optimized parameters of MDOF DVA.

(a) Natural frequency of MDOF DVA before and after optimization.

Freedom Vibration Shape Natural frequency (Hz)

Original Optimized

1 longitudinal motion 8.20 10.9
2 lateral motion 9.01 8.46
3 bouncing 9.46 10.20
4 rolling 12.10 17.2
5 pitching 12.34 11.30
6 yawing 17.85 13.50

(b) Installation parameters of MDOF DVA

Parameter Value Unit

Original Optimized

k2x 3.32× 105 5.89× 105 N m−1

k2y 4.01× 105 3.53× 105 N m−1

k2z 4.42× 105 5.14× 105 N m−1

c 1.15 0.966 m
d 0.359 0.739 m
h3 0.2 0.2 m

Figure 3. Acceleration FRF of the main system. Dashed line: without MDOF DVA; dotted line: with original MDOF DVA; solid line: with
optimized MDOF DVA.
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Based on the original MDOF DVA parameters, a genetic
algorithm is utilized to optimize the natural frequency in each
DOF of MDOF DVA. The objective function and constraints
can be set as

min g1(x)=
6∑
i=1
αi ·max(Hi)

s.t. h3 = 0.2
0.1≤ c ≤ 2
0.1≤ d ≤ 2

104
≤ k2x ≤ 107

104
≤ k2y ≤ 107

104
≤ k2y ≤ 107,

(17)

whereHi stands for the acceleration FRF of each DOF of the
main system, and αi is a weight coefficient.

By setting αi = 1 (i = 1–6), the optimized natural fre-
quency and installation parameters of MDOF DVA are cal-
culated, which are shown in Table 1a and b, respectively. The
optimized acceleration FRFs of the main system are shown
in Fig. 3 with the solid line. It illustrates that the optimal vi-
bration absorption effects of longitudinal motion, bouncing,
rolling, pitching are achieved after optimization. Compared
with the results without MDOF DVA, the peak values of the
4 DOFs are declined by 37.7 %, 40.5 %, 42.1 %, and 49.4 %,
respectively. The amplitude of lateral motion increases due
to its coupling vibration with rolling, and the optimization
process of the genetic algorithm makes the FRF peak value
of rolling greatly reduced, while the FRF peak value of lat-
eral motion increases to a certain extent. The yawing vibra-
tion is not much different from the vibration absorption ef-
fect before optimization. This is due to the limitation of the
parameters, which makes it difficult to further optimize the
yawing vibration. As shown in Fig. 3, MDOF DVA can si-
multaneously absorb the vibration of multiple DOFs of the
main system, but the existence of coupling vibration and the
limitation of the parameters make it difficult to absorb all the
vibration shapes at the same time.

3 Establishment and analysis of a high-speed train
dynamic model

3.1 Model establishment of a high-speed train

A high-speed train dynamic model is established to analyze
the vibration suppression performance of the MDOF DVA
for the car body, the schematic diagram of which is shown in
Fig. 4. The model has 28 DOFs that include four wheel sets
which consider the lateral motion and yawing (4× 2 DOFs),
two bogies, one car body, and one MDOF DVA which con-
siders lateral motion, bouncing, rolling, pitching, and yaw-
ing (5× 4 DOFs). In the simulation analysis, it is assumed
that the wheel set is close to the rail surface in the verti-
cal direction, and the vertical irregular excitation is applied
through the axle box (Zhou, 2012). The lateral irregularities
are imposed by the wheel–rail linear contact relationship.

The completed dynamic model is shown in Appendix B.
The parameters and their meanings in the model are shown
in Appendix Table A2. By extracting the coefficients from
the equations and writing the equations into a compact form,
the following equation is obtained:

Mt Ÿ +Ct Ẏ +KtY = DwYw, (18)

where Mt , Ct , and Kt are the mass matrix, damping matrix,
and stiffness matrix of the vehicle system, respectively. Dw
stands for excitation input matrix, and Yw stands for the track
irregularity.

3.2 Vibration shape and frequency analysis of the
high-speed train

The vibration shape of the high-speed train without DVA is
obtained for the frequency design of the MDOF DVA. As
shown in Fig. 4, a high-speed vehicle model with 23 DOFs is
established for eigenvalue and vibration shape analysis with-
out DVA, and the results are shown in Fig. 5. It illustrates that
the lateral motion is coupled vibration with rolling. When the
two DOFs vibrate in the same direction, it is the upper core
rolling, as shown in Fig. 5c; when they vibrate in the oppo-
site direction, it is the lower core rolling, as shown in Fig. 5a.
For the clarity of the subsequent description, considering the
amplitude ratio of the coupled modes, the upper core rolling
mode is regarded as rolling, and the lower core rolling mode
is regarded as lateral motion.

3.3 Track irregularity input

Track irregularity is the main excitation of the vehicle sys-
tem during the operation of the high-speed train. Track irreg-
ularity excitation is input to the vehicle system through the
wheel sets, and a time delay exists between each wheel set.
The acceleration power spectral density (PSD) of each DOF
is applied to evaluate the vibration of the car body for investi-
gating the vibration absorption performance of MDOF DVA.
The calculate method is

S=ω4ψY∗YTψT, (19)

where (·)∗ stands for conjugate matrix, (·)T stands for trans-
pose matrix, S is the acceleration PSD of each DOF of the
car body, and ψ is a coordinate transformation matrix. Y is
related to vehicle system parameters, excitation input matrix,
and input time delay. The expression of Y is

Y=
[
−ω2Mt + jωCt +Kt

]−1
DwTd

√
SFF (ω), (20)

where Dw is the excitation input matrix, Td is the time delay
matrix, and SFF (ω) is the PSD of track irregularity. The high-
speed track irregularity is adopted in the model (Zhou, 2012),
the vertical and lateral PSD of which are as follows:

Sv (�)=
Av�c(

�2+�2
r
)(
�2+�2

c
) (21)
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Figure 4. Dynamic model of the high-speed train.

Figure 5. Vibration shapes of the car body.

Sa (�)=
Aa�c(

�2+�2
r
)(
�2+�2

c
) , (22)

where � is spatial circular frequency (rad m−1), Av is
4.032× 10−7 m rad−1, Aa is 2.119× 10−7 m rad−1, �c is
0.8246 rad m−1, and �r is 0.206 rad m−1.

3.4 Optimal design of MDOF DVA for the high-speed
train

A genetic algorithm is utilized to optimize the parameters of
the MDOF DVA. Due to the space limitation of the chassis
of the car body, here the original parameters of the MDOF
DVA do not need to be calculated based on Eq. (15) and Ta-
ble 1, but they set the parameter constraint range and use a
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Table 2. Optimized parameters of MDOF DVA of the car body.

(a) Natural frequency of the MDOF DVA.

Freedom Vibration shape Natural frequency
of MDOF DVA (Hz)

1 lateral motion 0.971
2 bouncing 0.859
3 rolling 0.545
4 pitching 1.26
5 yawing 1.75

(b) Installation parameters of MDOF DVA.

Parameter Value Unit

kex 2.70× 105 N m−1

key 5.58× 104 N m−1

kez 4.37× 104 N m−1

lex 4.77 m
ley 1.60 m

genetic algorithm to optimize the parameters of the MDOF
DVA. Considering that the installation height of the DVA is
usually close to the bottom of the car body, the installation
height parameter hsee can be set to a constant value. Limited
by installation space, the half of the longitudinal lex and lat-
eral spans ley and the installation stiffness kex , key , kez of the
three directions need to set a constraint range. The objective
function and constraints can be set as

min g2(x)=
5∑
i=1
βi ·max(Si)

s.t. hsee = 0.3
2≤ lex ≤ 6

0.8≤ ley ≤ 1.6
104
≤ kex ≤ 107

104
≤ key ≤ 107

104
≤ key ≤ 107

,

(23)

where Si stands for the power spectrum density (PSD) of
each DOF of the car body, and βi is a weight coefficient.

The optimized natural frequency and the installation pa-
rameters of the MDOF DVA can be obtained according to the
optimization steps as shown in Table 2a and b, respectively.

Figure 6 shows the comparison of the acceleration PSD
of the car body with the optimized MDOF DVA and with-
out DVA. In the simulation, the installation damping ratio of
the DVA is set as 0.06. This is because the damping ratio of
natural rubber is 0.05–0.075 (Sun, 2016), and if the damping
ratio is too high, the rubber is easy to be heated and the pro-
cess of aging and creep will be accelerated. Figure 6a and b
illustrate that after the MDOF DVA is applied, the maximum
of the lateral motion and bouncing acceleration PSD change
from one to two equal values, indicating that the lateral mo-
tion and bouncing modes achieved the optimal vibration ab-
sorption. The maximum of the lateral motion decreases from

0.045 (m s−2)2 Hz−1 to 0.0035 (m s−2)2 Hz−1, with a reduc-
tion of 92.2 %. The maximum of the bouncing mode de-
creases from 0.041 (m s−2)2 Hz−1 to 0.0063 (m s−2)2 Hz−1,
with a reduction of 84.6 %. It can be seen from Fig. 6c that
the rolling vibration mode has a certain vibration absorption
effect, but it is not optimal. It lies a cause that the rolling vi-
bration is coupled with lateral motion, which makes it dif-
ficult to optimize both simultaneously. Figure 6d demon-
strates that the pitching vibration is well suppressed. Fig-
ure 6e indicates that the yawing mode has no obvious vibra-
tion absorption effect because it is difficult to design the nat-
ural frequency of the yawing mode to the optimal vibration-
absorbing due to the limitation of the parameter constraint
range. All in Fig. 6 show that the MDOF DVA can absorb
multiple vibration modes of the car body at the same time,
and some of them can achieve optimal vibration absorption.
However, the limitation of parameter constraint range and
coupling vibration makes it impossible to design all vibra-
tion modes at the same time as the optimal DVA of the car
body.

4 Design of high static and low dynamic stiffness
mounts

With linear elastic isolators as the installation mounts of the
MDOF DVA, the relationship of parameters of a DVA is writ-
ten as

fd =
1

2π

√
kz

m
,δst =

mg

nkz
=

g

(2πfz)2 , (24)

where m, kz, fz, and δst are mass, vertical installation stiff-
ness, installation frequency, and static deflection respec-
tively; n is the mounting number, which is set as 4 in this
research. Equation (24) shows that the vertical installation
frequency directly determines the vertical stiffness and the
static deflection. The static deflection would be extremely
large if the vertical installation frequency were relatively low.
According to the main vertical vibration frequency of the
MDOF DVA with a value of 0.859 Hz, the static deflection
is 0.337 m with the linear elastic isolators. It is obvious that
such a large static deflection is difficult to apply in engineer-
ing.

Hence, a high static and low dynamic (HSLDS) mount
based on a cam–roller–spring mechanism is proposed. The
schematic figure of the HSLDS mount is shown in Fig. 7. It
is composed of a negative stiffness structure and a positive
stiffness spring. The negative stiffness structure is composed
of roller guide support, lateral springs, and rollers. The ver-
tical dynamic stiffness of the HSLDS mount is given by the
sum of the dynamic stiffness of the negative stiffness struc-
ture and the vertical spring. In addition, a height adjuster
is set to arrange that the midpoint of the curved surface is
in contact with the roller when the isolated object is placed
in equilibrium. Different from the design of a QZS isolator

Mech. Sci., 13, 239–256, 2022 https://doi.org/10.5194/ms-13-239-2022



Y. Sun et al.: Study on MDOF DVA of the car body of high-speed trains 247

Figure 6. PSD of each DOF of the car body. Dashed line: without MDOF DVA; solid line: with optimized MDOF DVA.

Figure 7. Schematic design of the HSLDS mount based on target
force curve (1 – roller guide support, 2 – lateral spring, 3 – roller,
4 – vertical spring, 5 – isolated object, 6 – fitting seat, 7 – height
adjuster).

in Sun et al. (2019a), this type of mount is intended for an
HSLDS mount with low positive stiffness near the equilib-
rium position in this research.

The left and right guides are assumed to be symmetrical,
and the force analysis of the left guide is used as an example,
as shown in Fig. 8. This produces a negative stiffness in the
vertical direction when the roller guide surface is convex, as
shown in Fig. 8a. In this case, when the isolated object moves
upwards, and the vertical component of the force exerted by
the rollers is also upward, which corresponds to a negative
stiffness.

The shape of the guide surface is defined by the function
y = g(x). It can be assumed that the effect of the roller radius
on the system is negligible. As shown in Fig. 8a, the contact
point is (x, g(x)) when the deflection of the isolated object
from the equilibrium position is x (g is negative in Fig. 8a).

Figure 8. Force schematic of the HSLDS mount.

The gradient at the contact point is g′(x), which is equal to
tan θ . The spring deformation can be expressed as1l+g(x),
where 1l is the initial pre-deformation of the lateral springs.
Based on the force analysis, the force of the mount in the
vertical direction can be expressed as

f (x)= kvx+ kh (1l+ g(x))g′(x), (25)

where g′(x)= dg
dx , kv is the stiffness of the vertical spring,

and kh/2 is the stiffness of the lateral spring for one side.
Rearranging Eq. (25) and integrating both sides, it can be
obtained as follows:∫
f (x)dx = kh1lg(x)+

1
2
khg(x)2

+
1
2
kvx

2
+C, (26)

where C is a constant. According to the desired equilibrium
condition, the boundary conditions of Eq. (26) are f (0)
= g(0) = 0 and C = 0. For a specific target force curve, the
corresponding roller slide curve can be obtained by numeri-
cal calculation. Equation (26) can be regarded as a quadratic
polynomial equation in g(x), and the solution can be ob-
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tained as

g(x)=−1l+

√
1l2−

(
kv

kh
x2
−

2
kh

∫
f (x)dx

)
. (27)

It can be verified that the same result can be acquired accord-
ing to the force analysis of Fig. 8b.

According to the installation parameters of the optimized
MDOF DVA in Table 2, the vertical stiffness of which is
4.37× 104 N m−1. To obtain a component with a high static
stiffness while the dynamic stiffness is kez near the equilib-
rium position, the target force curve can be set as

F (x)= kezx+pkvx
3. (28)

By differentiating Eq. (28), the stiffness of the HSLDS mount
can be obtained as

K (x)= kex + 3pkvx
2. (29)

By assuming the static deflection as δst , and setting p = δ−2
st ,

the following equation can be obtained when the displace-
ment of the suspension object is equal to its static deflection:

kv=
mg
4δst
− kez. (30)

By setting δst = 0.03 m, the mechanical and stiffness charac-
teristics of the HSLDS mount are obtained as Fig. 9a and b,
respectively. It can be seen from Fig. 9a that when the dis-
placement is 0.03 m, and the restoring force of the HSLDS
mount is mg / (4kez). Figure 9b illustrates that the stiffness
of the HSLDS mount is kez at the equilibrium position. The
roller guide curves of the HSLDS mount obtained according
to Eq. (27) for 1l = 0.1 m, kh = kv, is shown in Fig. 9c. It
can be found that the use of HSLDS mount as the installa-
tion component of MDOF DVA can reduce the static deflec-
tion from 0.337 to 0.03 m, with a reduction of 91 %.

5 Simulation experiment

In Sect. 3, the mounting component of the MDOF DVA is a
linearly elastic spring. To verify the vibration absorption per-
formance of the MDOF DVA when the installation compo-
nents are HSLDS mounts, a nonlinear simulation experiment
is applied in this section.

A nonlinear time-domain high-speed train model is estab-
lished by MATLAB/SIMULINK software based on Fig. 4.
Using the object-oriented modeling method, the vehicle dy-
namics system components can be divided into four cate-
gories (Zhou, 2012): (1) structure, (2) suspension, (3) wheel–
rail contact, and (4) track input. The structure category in-
cludes one car body, one MDOF DVA, two bogies, and four
wheel sets. The suspension category is eight primary sus-
pensions, four secondary suspensions, and four springs for
MDOF DVA. The wheel–rail contact category considers the

linear wheel–rail contact relationship. Track input is a time-
domain spectrum that is translated according to the PSD of
high-speed track irregularity. The nonlinear force character-
istics of the HSLDS mount are built in the simulation model
by interpreted function.

The Sperling indices (Deng et al., 2019) of the car body
with and without MDOF DVA are shown in Fig. 10 at differ-
ent operating speeds. It can be seen from the figure that the
vertical and lateral Sperling indices at the car body middle
and above the trailing bogie have certain improvements after
MDOF DVA is applied. Comparing the calculation results of
the car body with MDOF DVA installed by HSLDS mounts
and without DVA at the speed of 350 km h−1, the vertical
Sperling index at the car body middle and above the trailing
bogie decreased by 0.16 and 0.11, respectively, and the lat-
eral Sperling index at the same positions decreased by 0.26
and 0.10, respectively. The vertical and lateral Sperling in-
dexes of the car body above trailing bogie exceed 2.5 when
the operating speeds are over 250 km h−1, which is not ac-
ceptable for the operation of high-speed trains. By the appli-
cation of MDOF DVA, the Sperling indices at this position
are reduced to below 2.5, which means that the ride quality
level is excellent.

The acceleration rms values of each DOF of the car body
with and without MDOF DVA are shown in Fig. 11 at dif-
ferent operating speeds. It can be seen from the figures that
the vibrations of all DOFs of the car body are suppressed by
MDOF DVA. Among these, the vibration suppression perfor-
mance on lateral motion is the best, the acceleration rms of
which is reduced by 39 %, 34 %, 38 %, and 33 % at operation
speeds of 200, 250, 300, and 350 km h−1, respectively. When
the operating speed is 350 km h−1, the vibration acceleration
rms of bouncing, rolling, pitching, and yawing is reduced by
15 %, 34 %, 6 %, and 5 %, respectively.

Summarizing Figs. 10 and 11, it can be found that the
MDOF DVA installed under the car body by using HSLDS
mounts can simultaneously achieve dynamic vibration ab-
sorption of the car body in 5 degrees of freedom. Affected by
the limitation of parameters and the coupled vibration, the
vibration absorption performance of lateral motion, bounc-
ing, and rolling have a significant effect, while pitching and
yawing are not very obvious. The vibration of the car body is
suppressed, and the ride quality is improved when the MDOF
DVA is applied on a high-speed train.

6 Conclusions

In this paper, an MDOF DVA is proposed to suppress the
rigid vibration of high-speed trains. The main conclusions
are shown as follows.

1. A 12-DOF model of two objects is established, and the
vibration absorption mechanism of the MDOF DVA is
introduced. By combining the design method of classi-
cal single DVA and genetic algorithm, it found that the
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Figure 9. Force, stiffness, roller guide curve of the HSLDS mount.

Figure 10. Sperling indexes of different connection methods (white column – with MDOF DVA; black column – without DVA).

Figure 11. Acceleration rms values of different connection methods (white column – with MDOF DVA; black column – without DVA).
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MDOF DVA can absorb the longitudinal motion, bounc-
ing, rolling, pitching, and yawing vibrations of the main
system simultaneously.

2. A high-speed train dynamic model is established, and
an MDOF DVA that absorbs the different vibrations si-
multaneously is designed. With the MDOF DVA, the
lateral motion, bouncing, and pitching can achieve the
best vibration absorption performance at the same time.
For the installation of MDOF DVA with the low vertical
dynamic stiffness, an HSLDS mount is designed based
on a cam–roller–spring mechanism. Compared with the
linear elastic spring, the equipment can obtain the ex-
tremely low static deflection with a drop of 91 % and
even the same dynamic stiffness near the equilibrium
position.

3. A high-speed train dynamic model with the considera-
tion of the nonlinearity of the stiffness of the installed
components is established. By using a time-integration
simulation experiment, the vibration suppression per-
formance of the MDOF DVA with the installation of the
HSLDS mount is verified. The results show that MDOF
DVA can effectively absorb the rigid vibration of the
car body and improve the ride quality of the high-speed
train.

Appendix A

Table A1. Parameters for the multi-DOF DVA.

Symbols Meanings Values Units

m1 Main system mass 5000 kg
I1x Main system rolling inertia 300 kg m2

I1y Main system pitching inertia 400 kg m2

I1z Main system yawing inertia 500 kg m2

m2 Assist system mass 500 kg
I2x Assist system rolling inertia 100 kg m2

I2y Assist system pitching inertia 150 kg m2

I2z Assist system yawing inertia 200 kg m2

k1x Longitudinal stiffness of the main system 3.99× 106 kN m−1

k1y Lateral stiffness of the main system 5.91× 106 kN m−1

k1z Vertical stiffness of the main system 4.93× 106 kN m−1

c1x Longitudinal damping of the main system 16 900 kN s m−1

c1y Lateral damping of the main system 20 700 kN s m−1

c1z Vertical damping of the main system 18 800 kN s m−1

k2x Longitudinal stiffness of the assist system 3.75× 106 kN m−1

k2y Lateral stiffness of the assist system 2.01× 105 kN m−1

k2z Vertical stiffness of the assist system 4.02× 105 kN m−1

c2x Longitudinal damping of the assist system 5200 kN s m−1

c2y Lateral damping of the assist system 1200 kN s m−1

c2z Vertical damping of the assist system 1700 kN s m−1

h1 Center of gravity of the main system 0.1 m
h2 Vertical distances between gravity center of the main system and assist installation point 0.1 m
h3 Vertical distances between gravity center of assist system and installation point 0.2 m
a Half of the longitudinal distance of the main system installation point 0.4 m
b Half of the lateral distance of the main system installation point 0.3 m
c Half of the longitudinal distance of assist system installation point 0.2 m
d Half of the lateral distance of assist system installation point 0.2 m
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Table A2. Parameters for the high-speed train dynamic model.

Symbols Meanings Values Units

mc Car-body mass 38 000 kg
Jcx Car-body rolling inertia 1.2× 105 kg m2

Jcy Car-body pitching inertia 1.65× 106 kg m2

Jcz Car-body yawing inertia 1.6× 106 kg m2

mf Frame mass 2200 kg
Jfx Frame rolling inertia 1240 kg m2

Jfy Frame pitching inertia 1230 kg m2

Jfz Frame yawing inertia 2340 kg m2

me DVA mass 6000 kg
Jex DVA rolling inertia 40 000 kg m2

Jey DVA pitching inertia 65 000 kg m2

Jez DVA yawing inertia 65 000 kg m2

mw Wheel-set mass 1520 kg
Jwz Wheel-set yawing inertia 693 kg m2

ksx Longitudinal stiffness of the secondary suspension 3× 105 kN m−1

csx Longitudinal damping of the secondary suspension 70 000 N s m−1

ksy Lateral stiffness of the secondary suspension 3× 105 kN m−1

csy Lateral damping of the secondary suspension 5000 N s m−1

ksz Vertical stiffness of the secondary suspension 4× 105 kN m−1

csz Vertical damping of the secondary suspension 10 000 N s m−1

kex Longitudinal stiffness of DVA suspension 46 900 kN m−1

cex Longitudinal damping of DVA suspension 2010 N s m−1

key Lateral stiffness of DVA suspension 52 600 kN m−1

cey Lateral damping of DVA suspension 2130 N s m−1

kez Vertical stiffness of DVA suspension 46 900 kN m−1

cez Vertical damping of DVA suspension 2010 N s m−1

kpx Longitudinal stiffness of the primary suspension 1.5× 107 kN m−1

kpy Lateral stiffness of the primary suspension 6.25× 106 kN m−1

kpz Vertical stiffness of the primary suspension 1.28× 106 kN m−1

cpz Vertical damping of the primary suspension 10 000 N s m−1

hdf Half of bogie distance 8.7 m
hda Half of axle distance 1.25 m
hdp Half of the primary suspension lateral distance 1 m
hds Half of the secondary suspension lateral distance 0.95 m
r0 Radius wheel 0.46 m
λ Tread conicity 0.05 –
f11 Longitudinal creep coefficients 1.2× 107 N
f22 Lateral creep coefficients 9.8× 106 N
hsee Vertical distance between DVA and its installation point 0.3 m
hsce Vertical distance between car body and DVA installation point 0.65 m
lex Half of the longitudinal DVA installation point 2 m
ley Half of the lateral DVA installation point 1 m
v Velocity 300 km h−1

hpsf vertical distance between primary suspension and bogie 0.16 m
hssc ertical distance between second suspension and car body 0.738 m
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Appendix B

The equations of motion for the first wheel set, first bogie
frame, car body, and MDOF DVA in the high-speed train dy-
namic model are written as{
mwÿw1+ 2kpyyw1− 2kpyyf1− 2hdakpyψf1+ 2hdakpyψw1− 2hpsf kpyϕf1 = 0
Iwzψ̈w1+ 2(h2

dakpy +h
2
dpkpx)ψw1− 2(h2

dakpy +h
2
dpkpx)ψf1− 2hdakpyyf1+ 2hdakpyyw1− 2hdahpsf kpyϕf1 = 0

mfÿf1+ 2csy ẏf1+ 2(2kpy + ksy)yf1− 2csy ẏc− 2ksyyc− 2kpyyw1− 2kpyyw2+ 2hssf csy ϕ̇f1+ 2(2hpsf kpy
+hssf ksy)ϕf1− 2hdf csyψ̇c− 2hssccsy ϕ̇c− 2hdf ksyψc− 2hsscksyϕc− 2hdakpyψw1− 2hdakpyψw2 = 0
mfz̈f1+ 2(2cpz+ csz)żf1+ 2(2kpz+ ksz)zf1− cpzżw11− cpzżw12− cpzżw21− cpzżw22− 2cszżc− kpzzw11
−kpzzw12− kpzzw21− kpzzw22− 2kszzc+ 2hdf cszθ̇c+ 2hdf kszθc = 0
Ifx ϕ̈f1+ 2(2h2

dpcpz+h
2
dscsz+h

2
ssf csy)ϕ̇f1+ 2(2h2

dpkpz+h
2
dsksz+ 2h2

psf kpy +h
2
ssf ksy)ϕf1− 2(h2

dscsz+hsschssf csy)ϕ̇c

−2(h2
dsksz+hsschssf ksy)ϕc+ 2hssf csy ẏf1+ 2(2hpsf kpy +hssf ksy)yf1−hdpcpzżw11+hdpcpzżw12−hdpcpzżw21

+hdpcpzżw22−hdpkpzzw11+hdpkpzzw12−hdpkpzzw21+hdpkpzzw22− 2hssf csy ẏc− 2hssf ksyyc− 2hpsf kpyyw1
−2hpsf kpyyw2− 2hdf hssf csyψ̇c− 2hdf hssf ksyψc− 2hdahpsf kpyψw1− 2hdahpsf kpyψw2 = 0
Ify θ̈f1+ 4h2

dacpzθ̇f1+ 4(h2
dakpz+h

2
psf kpx)θf1+hdacpzżw11+hdacpzżw12−hdacpzżw21−hdacpzżw22+hdakpzzw11

+hdakpzzw12−hdakpzzw21−hdakpzzw22 = 0
Ifzψ̈f1+ 2h2

dscsxψ̇f1+ 2(2h2
dakpy + 2h2

dpkpx +h
2
dsksx)ψf1− 2(h2

dakpy +h
2
dpkpx)ψw1+ 2(h2

dakpy +h
2
dpkpx)ψw2

−2hdakpyyw1+ 2hdakpyyw2+ 2h2
dscsxψ̇f1− 2hsschdscsx θ̇c− 2hsschdsksxθc = 0

mcÿc+ 4(cey + csy)ẏc+ 4(key + ksy)yc− 4cey ẏe− 4keyye− 2csy ẏf1− 2csy ẏf2− 2ksyyf1− 2ksyyf2
+4(hssecey +hssccsy)ϕ̇c+ 4(hssekey +hsscksy)ϕc− 4hssecey ϕ̇e− 4hssekeyϕe− 2hssf csy ϕ̇1− 2hssf csy ϕ̇2
−2hssf ksyϕ1− 2hssf ksyϕ2 = 0
mcz̈c+ 4(cez+ csz)żc+ 4(kez+ ksz)zc− 4cezże− 2cszżf1− 2cszżf2− 4kezze− 2kszzf1− 2kszzf2 = 0
Icx ϕ̈c+ 4(l2eycez+h

2
dscsz+h

2
ssecey +h

2
ssccsy)ϕ̇c+ 4(l2exkez+h

2
dsksz+h

2
ssekey +h

2
sscksy +mcghssc)ϕc− 4(h2

descez

+h2
ssecey)ϕ̇e− 2(h2

dscsz+hssf hssccsy)ϕ̇f1− 2(h2
dscsz+hssf hssccsy)ϕ̇f2− 4(h2

deskez+h
2
ssekey)ϕe− 2(h2

dsksz
+hssf hsscksy)ϕf1− 2(h2

dsksz+hssf hsscksy)ϕf2+ 4(hssecey +hssccsy)ẏc+ 4(hssekey +hsscksy)yc− 4hssecey ẏe
−2hssccsy ẏf1− 2hssccsy ẏf2− 4hssekeyye− 2hsscksyyf1− 2hsscksyyf2 = 0
Icy θ̈c+ 4(h2

decez+h
2
df csz+h

2
ssccex +h

2
ssccsx)θ̇c+ 4(h2

dekez+h
2
df ksz+h

2
ssckex +h

2
sscksx)θc− 4(h2

decez

+hssehssccex)θ̇e− 4(h2
dekez+hssehssckex)θe+ 2hdf cszżf1− 2hdf cszżf2+ 2hdf kszzf1− 2hdf kszzf2

−2hdshssccsxψ̇f1+ 2hdshssccsxψ̇f2− 2hdshsscksxψf1+ 2hdshsscksxψf2 = 0
Iczψ̈c+ 4(h2

decey +h
2
descex +h

2
df csy +h

2
dscsx)ψ̇c+ 4(h2

dekey +h
2
deskex +h

2
df ksy +h

2
dsksx)ψc− 4(h2

decey

+h2
descex)ψ̇e− 4(h2

dekey +h
2
deskex)ψe− 2hdf csy ẏf1+ 2hdf csy ẏf2− 2hdf ksyyf1+ 2hdf ksyyf2− 2hssf hdf csy ϕ̇f1

+2hssf hdf csy ϕ̇f2− 2hssf hdf ksyϕf1+ 2hssf hdf ksyϕf2 = 0

meÿe+ 4cey ẏe+ 4keyye− 4cey ẏc− 4keyyc− 4hssecey ϕ̇c+ 4hssecey ϕ̇e− 4hssekeyϕc+ 4hssekeyϕe = 0
mez̈e+ 4cezże+ 4kezze− 4cezżc− 4kezzc = 0
Iex ϕ̈e+ 4(h2

descez+h
2
ssecey)ϕ̇e+ 4(h2

deskez+h
2
ssekey)ϕe− 4(h2

descez+h
2
ssecey)ϕ̇c− 4(h2

deskez+h
2
ssekey)ϕc

−4hssecey ẏc+ 4hssecey ẏe− 4hssekeyyc+ 4hssekeyye = 0
Iey θ̈e+ 4(h2

decez+h
2
ssecex)θ̇e+ 4(h2

dekez+h
2
ssekex)θe− 4(h2

decez+hsschssecex)θ̇c− 4(h2
dekez+hsschssekex)θc = 0

Iezψ̈e+ 4(h2
decey +h

2
descex)ψ̇e+ 4(h2

dekey +h
2
deskex)ψe− 4(h2

decey +h
2
descex)ψ̇c− 4(h2

dekey +h
2
deskex)ψc = 0.
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Appendix C

The mass matrix M, damping matrix C, and stiffness matrix
K in Eq. (13) are written as follows:

M=



m1 0 0 0 0 0 0 0 0 0 0 0
0 m1 0 0 0 0 0 0 0 0 0 0
0 0 m1 0 0 0 0 0 0 0 0 0
0 0 0 I1x 0 0 0 0 0 0 0 0
0 0 0 0 I1y 0 0 0 0 0 0 0
0 0 0 0 0 I1z 0 0 0 0 0 0
0 0 0 0 0 0 m2 0 0 0 0 0
0 0 0 0 0 0 0 m2 0 0 0 0
0 0 0 0 0 0 0 0 m2 0 0 0
0 0 0 0 0 0 0 0 0 I2x 0 0
0 0 0 0 0 0 0 0 0 0 I2y 0
0 0 0 0 0 0 0 0 0 0 0 I2z



.
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Appendix D

The excitation input matrix D in Eq. (16) is written as fol-
lows:

De=



−k1x 0 0 0 −h1k1x bk1x 0 0 0 0 0 0
−k1x 0 0 0 −h1k1x −bk1x 0 0 0 0 0 0
k1x 0 0 0 h1k1x −bk1x 0 0 0 0 0 0
k1x 0 0 0 h1k1x bk1x 0 0 0 0 0 0
0 −k1y 0 h1k1y 0 −ak1y 0 0 0 0 0 0
0 k1y 0 −h1k1y 0 ak1y 0 0 0 0 0 0
0 −k1y 0 h1k1y 0 ak1y 0 0 0 0 0 0
0 k1y 0 −h1k1y 0 −ak1y 0 0 0 0 0 0
0 0 −k1z −bk1z ak1z 0 0 0 0 0 0 0
0 0 −k1z bk1z ak1z 0 0 0 0 0 0 0
0 0 −k1z −bk1z −ak1z 0 0 0 0 0 0 0
0 0 −k1z bk1z −ak1z 0 0 0 0 0 0 0
−c1x 0 0 0 −h1c1x bc1x 0 0 0 0 0 0
−c1x 0 0 0 −h1c1x −bc1x 0 0 0 0 0 0
c1x 0 0 0 h1c1x −bc1x 0 0 0 0 0 0
c1x 0 0 0 h1c1x bc1x 0 0 0 0 0 0
0 −c1y 0 h1c1y 0 −ac1y 0 0 0 0 0 0
0 c1y 0 −h1c1y 0 ac1y 0 0 0 0 0 0
0 −c1y 0 h1c1y 0 ac1y 0 0 0 0 0 0
0 c1y 0 −h1c1y 0 −ac1y 0 0 0 0 0 0
0 0 −c1z −bc1z ac1z 0 0 0 0 0 0 0
0 0 −c1z bc1z ac1z 0 0 0 0 0 0 0
0 0 −c1z −bc1z −ac1z 0 0 0 0 0 0 0
0 0 −c1z bc1z −ac1z 0 0 0 0 0 0 0



T
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