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Abstract. Vibration damper is widely used in overhead transmission lines to alleviate aeolian vibration. Its
natural frequencies are important parameters for a vibration damper. In this paper, the approximate calculation
formulas of natural frequencies of the one-side subsystem of a Stockbridge type vibration damper were derived
and the design sensitivity analysis of the natural frequencies was studied using partial differential equations with
respect to each concerned parameter including the length of the steel strand, the mass of the counterweight,
the eccentric distance, and the radius of gyration of the counterweight. Through a case study that considered
a variation of up to ±30 % in the values of the design parameters, the exact calculation and approximate cal-
culation results of the natural frequencies were analysed, and the sensitivity of the vibration damper’s natural
frequencies to the design parameters was studied. The results show that, within the range of the parameters used
in this study, the approximately calculated first-order frequency is lower than the exact values, whereas the ap-
proximately calculated second-order frequency is larger than the exact values. The sensitivity analysis indicates
that the first-order frequency is highly sensitive to the steel strand’s length, whereas it is moderately sensitive
to the counterweight’s mass and slightly sensitive to the eccentric distance and the gyration radius of the coun-
terweight; the second-order frequency is highly sensitive to the steel strand’s length and the gyration radius of
the counterweight, moderately sensitive to the counterweight’s mass, and slightly sensitive to the eccentric dis-
tance. It will provide theoretical guidance and approximate analysis method in engineering for the design of the
vibration damper.

1 Introduction

When the natural wind blows over the overhead transmission
lines, the transmission lines vibrate due to the effect of Kár-
mán vortex street (Dutkiewicz and Machado, 2019), and it is
called aeolian vibration of the transmission lines (Barry et al.,
2012; Foti and Martinelli, 2018; Dutkiewicz and Machado,
2019; Si et al., 2020). The wind speed ranges from 1 to
7 ms−1, and the frequency of aeolian vibration, depending
on the conductor diameter and the wind speed, ranges from

3 to 150 Hz (Barry et al., 2012; Bukhari and Barry, 2018;
Bukhari et al., 2018; Dutkiewicz and Machado, 2019). The
vibration amplitude of the conductor is the same order of the
conductor’s diameter (Luo et al., 2016) and usually less than
the conductor’s diameter (Barry et al., 2012; Bukhari et al.,
2018; Dutkiewicz and Machado, 2019). The vibration of the
conductor increases the bending stress of the conductor, and
long-time vibration of the conductor will cause fatigue frac-
ture of the strands of the conductor, then the fracture of the
whole conductor (Bukhari and Barry, 2018; Dutkiewicz and
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Figure 1. Three-dimensional model of the Stockbridge type vibra-
tion damper.

Machado, 2019; Qi et al., 2019). Besides, the vibration of the
conductor also results in wear of the power fittings, bringing
damage to the power fittings and power line pylons (Bukhari
et al., 2018). Therefore, aeolian vibration of the conductor
will seriously threaten the running safety of the transmission
lines. To reduce the vibration amplitude to the allowable fa-
tigue limit line, some protective devices have been developed
and used in the transmission lines. Among these devices, a
Stockbridge type vibration damper, which was invented by
Stockbridge (1928), is widely used for its wide range of fre-
quencies (Bukhari and Barry, 2018; Bukhari et al., 2018; Foti
and Martinelli, 2018; Barbieri et al., 2019).

Figure 1 shows a Stockbridge type vibration damper (steel
strand is simplified as a cylinder in Fig. 1) which was stud-
ied in this study. This type of vibration damper consists of
two flexible steel strands (also known as “messenger cable”)
which are attached to a counterweight (damper mass) at ei-
ther end. When a vibration damper is used in the electric in-
dustry, the clamp is bonded with the conductor. Therefore,
the clamp vibrates with the conductor in the wind. Since the
two counterweights have a large weight, meaning a large in-
ertia, and the stiffness of the steel strand is low, the two coun-
terweights cannot vibrate synchronously with the clamp. As
a consequence, internal friction between the strands of the
steel strand consumes the vibration energy of the conductor,
restraining the vibration of the conductor (Zhan et al., 2011;
Barry et al., 2015; Foti and Martinelli, 2018; Wang et al.,
2021). The vibration of the vibration damper is the most in-
tense at its natural frequencies, and thus the vibration damper
consumes more energy, affording better anti-vibration effect.
Therefore, the natural frequencies of the vibration damper
should be in the protected frequency range, especially in the
dangerous frequency range (Vaja et al., 2018). As a result, the
structure design and the calculation of the natural frequencies
of the vibration damper are of high importance. Besides, it is
necessary to determine the vibration modes corresponding
to the natural frequencies of the vibration damper by theo-

retical means, while the approximate calculation of natural
frequencies is helpful to determine the vibration modes of
the vibration damper. And a simple approximate calculation
also helps the related engineers to calculate the natural fre-
quencies and analyse the natural frequencies’ sensitivity to
the structural parameters.

Therefore, the approximate calculation formulas of natu-
ral frequencies of the one-side subsystem of a Stockbridge
type vibration damper were derived, and the design sensi-
tivity analysis of the natural frequencies was studied using
partial differential equations with respect to each concerned
structure design parameter. Through a case study that consid-
ered a variation of up to±30 % in the values of the design pa-
rameters, the exact calculation and approximate calculation
results of the natural frequencies were analysed, and the sen-
sitivity of the natural frequencies of the vibration damper to
the design parameters was also studied. This study can pro-
vide theoretical guidance and approximate analysis method
in engineering for the design of the vibration damper.

2 Dynamic characteristics of a Stockbridge type
vibration damper

Researchers have done much work on the true nature and op-
eration mechanism of a Stockbridge type vibration damper
(Wang et al., 2021). We just discuss damper alone here, and
dampers with transmission lines are beyond the scope of this
paper. Claren and Diana (1969) assume the two halves of the
Stockbridge type damper opposite to the clamp to be iden-
tical, and the one-side subsystem (Fig. 2) can be considered
as a cantilever with mass concentrated at the extremity. As
shown in Fig. 2, the subsystem consists of a cantilever beam
(steel strand) and a counterweight (damper mass). The coun-
terweight is considered to be a rigid body meaning that, re-
gardless of the elasticity, only the mass and moment of in-
ertia were considered (Claren and Diana, 1969). Since the
mass of the steel strand is far less than that of the damper
mass, only the elasticity of the steel strand is considered,
ignoring the steel strand’s damping, mass, and moment of
inertia (Claren and Diana, 1969). Therefore, a 2-degree-of-
freedom linear model is adopted to understand the vibration
characteristics. Then the natural frequencies of one-side sub-
system of the damper under free motion were calculated by
solving vibration equations, and it indicated that the one-side
subsystem had two natural frequencies (Claren and Diana,
1969). This is a classic linear model, and it refers to Sect. 3.
Besides, as shown in Fig. 3, experiments showed that the
lower mode of vibration describes the counterweight rotat-
ing around an axis passing through the attachment point be-
tween the steel strand and the clamp, and the second mode
describes the counterweight rotating around an axis passing
through the centroid of the counterweight (Claren and Diana,
1969). However, the vibration modes were not determined
through theoretical method. Wagner et al. (1973) established
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Figure 2. One-side subsystem of the vibration damper.

a theoretical analysis of the response characteristics of Stock-
bridge dampers including undamped natural frequencies and
forced vibration, and then the theoretical predictions were
verified experimentally. Using this linear model (Claren and
Diana, 1969), Zhan et al. (2011) discussed the effects of the
structural parameters on the power characteristics of a Stock-
bridge damper; Kim (2017) developed an approximate calcu-
lation method of the natural frequencies, and the sensitivity
to the structural parameters was also analysed through both
formula and case studies. Nevertheless, the approximate cal-
culation formulas of the natural frequencies in the work of
Kim (2017) are problematic, and thus the sensitivity analysis
is questionable. Generally speaking, a one-side damper with
two natural frequencies can be described by the classic above
linear model if damping is not considered (Claren and Diana,
1969). However, considering the damping, characteristics of
the messenger cable, one-side damper with more than two
natural frequencies, and so on, this linear model cannot be
used. Regardless of damping, Vaja et al. (2018) present an
analytical model of a novel aeolian vibration damper with
an increased number of natural frequencies using Hamilton’s
principle, and the natural frequencies of this damper were
deduced. Li et al. (2018) established a theoretical calcula-
tion model without damping for FDZ-type dampers that have
three natural frequencies in one-side through space geome-
try and dynamics. It was found that peak power and peak
frequency in model and experiments agree well with each
other.

Nonlinear dynamic characteristics of the Stockbridge type
vibration damper are hot topics in recent years, and the non-
linearity is mainly caused by the messenger cable. The non-
linearity of the messenger cable is due to the local hys-
teretic character of the damping mechanism, resulted from
Coulomb’s dry friction between the cable wires (Foti and
Martinelli, 2018; Wang et al., 2021). Leblond and Hardy
(1999) assumed that the messenger cable is characterized by
a hysteretic loss factor associated with its complex bending
stiffness, and this model was used in the work of Barbieri
and Barbieri (2012) and Barbieri et al. (2016). Sauter and
Hagedorn (2002) proposed a Jenkins element which consists
of one linear spring and one Coulomb’s friction element in
parallel to model the hysteresis for the cable. In other studies

(Barbieri et al., 2016; Foti and Martinelli, 2018), the Bouc–
Wen model was used to model the hysteretic behaviour of the
messenger cable. The Bouc–Wen model parameters are iden-
tified from experimental results, and this model can be rec-
ognized as adequate to represent the local (cross-sectional)
behaviour mainly controlled by the internal sliding of the
steel strands. Besides, the Euler–Bernoulli beam was also
used to characterize the nonlinear behaviour of the messen-
ger cable (Barbieri and Barbieri, 2012; Langlois and Leg-
eron, 2014; Barry et al., 2015; Bukhari and Barry, 2018).
Barbieri et al. (2019) used a model that consists of a non-
linear cantilever beam with a tip mass to analyse the messen-
ger cables of a Stockbridge. The nonlinear portion of rigid-
ity (caused by curvature) and nonlinear damping (propor-
tional to the nonlinear stiffness matrix) were considered in
this model. The experimental results showed that the flex-
ural rigidity changed little when the damper was on a cam
machine that allows the system to be excited with constant
displacement; however, the flexural rigidity had great vari-
ations when the damper was on a shaker with constant ac-
celeration. It is worth noting that the contact conditions be-
tween each two parts of the damper have significant influ-
ence on the stiffness of the whole structure (Luo et al., 2016),
and it causes nonlinearity. However, analytic models can-
not describe this phenomenon. With a finite element numer-
ical model, these nonlinear vibration characteristics of the
damper can be reflected well (Luo et al., 2016).

3 The calculation method of the natural frequencies
of a Stockbridge type vibration damper

In this work, we try to obtain the approximate calcula-
tion of the natural frequencies of a Stockbridge type vibra-
tion damper and the natural frequencies’ sensitivity to the
damper’s structural parameters, and thus, the nonlinearity of
the damper was ignored. The model in the work of Claren
and Diana (1969) was used. As shown in Fig. 2, point O is
the mass centre of the counterweight; point O ′ is the attach-
ment point of the steel strand and the damper mass; s is the
distance betweenO andO ′, also be called eccentric distance;
L is the distance betweenO ′ and the clamp, i.e. the length of
the steel strand; m is the mass of the counterweight. Figure 3
shows the two mode shapes of the beam-counterweight sys-
tem. Because the clamp is attached to a transmission line, a
displacement of U is produced. As a result, the damper mass
obtains a displacement of y, and a rotation angle of ϕ is also
produced. The governing equations (Claren and Diana, 1969)
for the subsystem are{
−mÿ+ smϕ̈− 12EI

L3 y+
6EI
L2 ϕ = 0

−JO ′ ϕ̈+ smÿ−
4EI
L
ϕ+ 6EI

L2 y = 0,
(1)

where E and I are Young’s modulus and the second moment
of inertia of the steel strand, respectively. JO ′ is the moment
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Figure 3. Mode shapes of the beam-counterweight system: (a) the first mode; (b) the second mode.

of inertia of the counterweight rotating around an axis pass-
ing through point O ′. Assume that the vibration equations of
the counterweight are{
y = y0e

jωt

ϕ = ϕ0e
jωt ,

(2)

where y0 and ϕ0 are the amplitude of the counterweight’s
displacement and rotation angle, respectively; j is the imag-
inary unit and ω is the circular frequency of vibration. Then
the two circular frequencies (Claren and Diana, 1969) of vi-
bration are obtained by solving Eqs. (1) and (2):

ω2
1,2 =

6EI
L3
(
JO ′m−m

2s2
)
(

1
3
L2m+ JO ′ −Lsm

∓

√(
1
3
L2m+ JO ′ −Lsm

)2
−

1
3
L2
(
JO ′m−m

2s2
).

(3)

JO , the moment of inertia of the counterweight rotating
around an axis passing through point O, has a relationship
with JO ′ :

JO ′ = JO +ms
2. (4)

Assuming that the radius of gyration of the counterweight is
R, JO can be described as

JO =mR
2. (5)

Inserting Eqs. (4) and (5) into Eq. (3) yields the circular fre-
quencies of vibration:

ω2
1,2 =

6EI
L3mR2

(
1
3
L2
+R2

+ s2
−Ls

∓

√(
1
3
L2
+R2

+ s2
−Ls

)2

−
1
3
R2L2

 . (6)

Equation (6) is the exact calculation of the two circular fre-
quencies of vibration. The relationship between the two cir-
cular frequencies of vibration can be derived using Eq. (6),
as shown in Eq. (7):

ω2
1ω

2
2 =

12E2I 2

m2R2L4 . (7)

To approximately calculate the natural frequencies, assume
that point O and point O ′ coincide, i.e. s = 0. Then Eq. (6)
yields

ω2
1,2 =

6EI
L3

L2/3+R2
∓

√
L4/9+R4+R2L2/3
mR2 . (8)

Using the second order of Taylor’s expansion, the part con-
taining the square root in Eq. (8) is expanded at R = 0.
Then the first-order circular frequency of vibration can be
expressed as

ω2
1 ≈

6EI
L3

L2/3+R2
−
(
L2/3+R2/2

)
mR2 . (9)

Hence, the first-order circular frequency of vibration is ap-
proximately

ω1 ≈

√
3EI
mL3 . (10)

Combining with Eq. (7), the second-order circular frequency
of vibration is approximately

ω2 ≈

√
4EI
mR2L

. (11)

Finally, the approximate two natural frequencies of the vi-
bration damper f1, f2 aref1 ≈

√
3EI
mL3

/
(2π )

f2 ≈
√

4EI
mR2L

/
(2π )=

√
4EI
JOL

/
(2π ).

(12)

The second moment of inertia of the steel strand has a re-
lationship (Shao et al., 2003) with the diameter of a single
strand (d) and the number of strands (n):

I = (1.4)2nπd4/64. (13)

As is known, the natural frequency (f ) of a vibration system
is

f =

√
k/M

2π
, (14)

where k is the equivalent stiffness of the system and M is
the inertial parameter of the system. In a translational mo-
tion, k is the translation stiffness and M is the mass. Sim-
ilarly, in a rotary movement, k is the rotation stiffness and
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M is the moment of inertia. As described in Fig. 3, the first-
order mode of vibration corresponds to a vertical displace-
ment of the mass centre of the counterweight with very small
rotations, whereas the second-order mode of vibration cor-
responds to the rotation of the counterweight about its mass
centre with almost no vertical displacements (Claren and Di-
ana, 1969). In low-mode vibration (Fig. 3a), the steel strand
is mainly flexural vibration, and the vibration amplitude is
large. However, in high-mode vibration (Fig. 3b), the steel
strand vibrated with bending, leading to an increase of the
internal friction in the strand steel, and thus the vibration am-
plitude decreases. Then the natural frequencies of the beam-
counterweight system can also be calculated using Eq. (14).
According to the mechanics of materials, the translation and
rotation stiffness of the free end of a cantilever beam are
approximately 3EI/L3 and 4EI/L, respectively. Inserting
the stiffness parameters and inertial parameters into Eq. (14),
then Eq. (12) can also be obtained. Obviously, the approx-
imate calculation formulas of the natural frequencies of the
vibration damper are the same in the two kinds of calcula-
tion methods. As a consequence, the derivation process of
the approximate calculation formulas in Eqs. (8) to (12) is
reasonable.

Besides, the approximate calculation formulas in Eq. (12)
indicate the vibration modes of the damper. Considering the
cable’s length (L) is far greater than the gyration radius of
the counterweight (R), f2 in Eq. (12) is greater than f1,
meaning that the low-mode vibration is translational motion
and the high-mode vibration is rotary motion under approxi-
mate situation. However, the vibration modes of the damper
cannot be judged according to the accurate calculation for-
mulas, i.e. Eqs. (3) and (6). But the size of the natural fre-
quencies’ values can be determined according to Eqs. (3)
and (6). As a result, the accurately calculated first-order fre-
quency corresponds to translational motion and the second-
order frequency corresponds to rotary motion. At the same
time, it also demonstrates that the assumed two vibration
modes (Claren and Diana, 1969) in Fig. 3 are correct.

4 Natural frequencies’ sensitivity to the structural
parameters of the vibration damper

4.1 Theoretical analysis

According to Eq. (6), the natural frequencies of the vibra-
tion damper are mainly affected by the following factors: the
mass of the counterweight (m), the length of the steel strand
(L), the radius of gyration of the counterweight to its mass
centre (R), the bending stiffness of the steel strand (EI, gen-
erally unchanged), distance between the mass centre of the
counterweight and the attachment point of the counterweight
(s). The design sensitivity analysis of the natural frequencies
was studied using partial differential equations with respect
to each concerned parameter. Since Eq. (6) is complicated,
the partial differential equations are difficult to tell the sen-

sitivity relative to parameters L and R, so the approximate
calculation formula of natural frequencies, i.e. Eq. (12), was
used to analyse the sensitivity. As for parameters s andm, the
exact calculation formula of natural frequencies, i.e. Eq. (6),
was used to analyse the sensitivity.

According to Eq. (6), the partial differential equations of
natural frequencies with respect to m and s are as follows:

∂f1

∂m
= −

√
6EI
L3

L2
3 +R

2+s2−Ls−

√(
L2
3 +R

2+s2−Ls
)2
−
L2R2

3

R2

4πm
3
2

(15)

∂f2

∂m
= −

√
6EI
L3

L2
3 +R

2+s2−Ls+

√(
L2
3 +R

2+s2−Ls
)2
−
L2R2

3

R2

4πm
3
2

(16)

∂f1

∂s
=

3EI (2s−L)
2πmR2L3

1−
L2
3 +R

2
+s2
−Ls√(

L2
3 +R

2+s2−Ls
)2
−
L2R2

3


√

6EI
L3

L2
3 +R

2+s2−Ls−

√(
L2
3 +R

2+s2−Ls
)2
−
L2R2

3

mR2

(17)

∂f2

∂s
=

3EI (2s−L)
2πmR2L3

1+
L2
3 +R

2
+s2
−Ls√(

L2
3 +R

2+s2−Ls
)2
−
L2R2

3


√

6EI
L3

L2
3 +R

2+s2−Ls+

√(
L2
3 +R

2+s2−Ls
)2
−
L2R2

3

mR2

. (18)

According to Eq. (12), the partial differential equations of
natural frequencies with respect to parameters L and R are
as follows:

∂f1

∂L
= −

3
√

3EI/m

4πL
5
2

(19)

∂f2

∂L
= −

√
EI/(mR2)

2πL
3
2

(20)

∂f1

∂R
= 0 (21)

∂f2

∂R
= −

√
EI/(mL)
πR2 . (22)

Seen from Eqs. (15) and (16), negative signs are in both
equations, indicating that the two natural frequencies de-
crease with the increase of parameter m. Additionally, sensi-
tivity of the two natural frequencies with respect to parameter
m is the same because the differential formulae in Eqs. (15)
and (16) are proportional to m−3/2. For eccentricity s, it is
usually less than half of the length of the steel strand L.
Therefore, the partial derivative of the first-order frequency
with respect to parameter s is positive, and the partial deriva-
tive of the second-order frequency with respect to parameter
s is negative. Thus, the first-order frequency increases with
the increase of parameter s, whereas the second-order fre-
quency decreases with the increase of parameter s. However,
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the frequency sensitivity with respect to parameter s is diffi-
cult to determine due to Eqs. (17) and (18) being complex.
Seen from Eqs. (19) and (20), the frequencies of both orders
decrease with the increase of parameter L. The first-order
frequency is more sensitive to parameter L than the second-
order frequency because the differential formula Eqs. (19)
and (20) are proportional to L−5/2 and L−3/2, respectively.
Equations (21) and (22) indicate that parameter R has less
influence on the first-order frequency, whereas the second-
order frequency decreases with the increase of parameter R,
meaning that the second-order frequency is more sensitive to
parameter R.

In summary, the first-order frequency is highly sensi-
tive to parameter L, moderately sensitive to parameter m,
and slightly sensitive to parameter R. The second-order fre-
quency is highly sensitive to parameter R and moderately
sensitive to parameters L and m. Though the frequency sen-
sitivity with respect to parameter s is not sure, the tendency
of frequency to vary with parameter s is determined. But it
does not matter; the sensitivity to parameter s can be deter-
mined by a case study using the exact calculation formula of
natural frequencies. And the accuracy of the above conclu-
sions can also be verified in combination with the case study.
See the details in the following.

4.2 Case study

The vibration damper in this study has a symmetric struc-
ture, meaning the damper has two natural frequencies, and
therefore, only half of the damper was studied. The struc-
ture parameters of the vibration damper as shown in Fig. 1
are listed in Table 1. To study the sensitivity to structure pa-
rameters, case studies for exactly calculating the two natu-
ral frequencies were carried out by changing the structure
parameters. The structure parameter values in Table 1 were
considered the reference values, and the limits of parameter
variation were set to ±30 % of the reference values. The two
natural frequencies calculated using the reference structure
parameters were considered the reference frequencies. Be-
sides, the two natural frequencies were also approximately
calculated using Eq. (12), and the errors of approximate cal-
culation were also calculated. Changing rate of frequency is
used to describe the changing of the frequency with respect
to the reference frequency, and it is defined as

Cf =
fc− fr

fr
, (23)

where Cf, fc, and fr are the changing rate of frequency, the
changed frequency, and the reference frequency, respectively.
Changing rate of frequency can characterize the sensitivity of
the two frequencies to the change of the same structural pa-
rameter. Note that the variations of the structure parameters
were just used to calculate the natural frequencies in terms
of the maths, and a variation of up to ±30 % is a sufficient

range for the case study considering the design of a vibra-
tion damper in reality. Besides, in practice, only the change
of parameter L will not cause the change of parameters m,
s, and R, and vice versa. However, parameters m, s, and R
may affect each other, meaning that changing one parameter
alone will cause the change of the other two parameters. The
calculation results are shown in Figs. 4–6.

Seen from Fig. 4a and c, when parameters L and m vary
in the range of ±30 %, the approximately calculated values
and the exactly calculated values of the two frequencies are
consistent in their variation trend; that is, the two frequen-
cies decrease with the increase of parameters L and m. In
addition, the first-order frequency obtained by approximate
calculation is lower than exact calculation results, whereas
the second-order frequency obtained by approximate calcu-
lation is larger than exact calculation results. The calcula-
tion errors caused by the changes in these two parameters are
different. When parameter L changes, the calculation errors
of the first-order frequency increase from about −2.5 % to
about−12.5 %, whereas the calculation errors of the second-
order frequency increase from about 2.5 % to about 14.3 %
(Fig. 4b). When parameter m changes, the calculation errors
of the two frequencies remain unchanged, and the errors are
about−11.63 % and 13.16 % (Fig. 4d), respectively. Accord-
ing to the error calculation method, combined with Eqs. (6)
and (12), it can be simply proved that the error has nothing
to do with parameter m and is only related to parameters L,
s, and R. Note the proof is omitted.

Since parameter s is not involved in the approximate cal-
culation, the approximate calculation results were not af-
fected by parameter s when it varies in the range of ±30 %
(Fig. 4e). Similar to the variations of parameters m and
L, the first-order frequency obtained by approximate cal-
culation is lower than exact calculation results, whereas the
second-order frequency obtained by approximate calculation
is larger than the exact calculation results (Fig. 4e). The exact
calculation results indicate that the first-order frequency in-
creases with the increase of parameter s, whereas the second-
order frequency decreases with the increase of parameter s
(Fig. 4e). Obviously, according to the derivation process of
approximate calculation method, the smaller the parameter s,
the smaller the calculation errors, which are consistent with
the calculation results (Fig. 4f).

When parameter R changes within the range of ±30 %,
the first-order frequency obtained by approximate calcula-
tion is lower than the exact calculation results, whereas the
second-order frequency obtained by approximate calculation
is larger than exact calculation results (Fig. 4g). The approx-
imate values’ tendency of the second-order frequency is con-
sistent with the exact values’ tendency; that is, the increase
of parameter R will cause the decrease of the second-order
frequency (Fig. 4g). And the trend of the second-order fre-
quency calculated by the exact method is the same as that of
the first-order frequency. It can be seen from Eq. (12) that
parameter R has no influence on the approximate calculation
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Table 1. The structure parameters of the vibration damper.

n m (kg) E (Nm−2) d (m) L (m) s (m) R (m) JO (kgm2)

19 3.302 1.96× 1011 0.0024 0.18 0.0349 0.063 13.1× 10−3

results of the first-order frequency, which agrees with the cal-
culation results as shown in Fig. 4g. The calculation errors
of the first-order frequency decrease from about −20 % to
about−0.18 %, whereas the calculation errors of the second-
order frequency decrease from about 25 % to about 0.18 %
(Fig. 4h).

In general, when parameters L, m, s, and R vary in the
range of ±30 %, the first-order frequency obtained by ap-
proximate calculation is lower than the exact calculation re-
sults, whereas the second-order frequency obtained by ap-
proximate calculation is larger than the exact calculation re-
sults. With the exception that the parameters are not included
in the approximate calculation formulas, the variation trends
of the approximately calculated values and the exactly calcu-
lated values of the frequency are consistent. Besides, only the
calculation errors caused by parameter m remain the same
and the errors are related to parameters L, s, and R.

Figure 5 shows variations of the natural frequencies with
the changes of vibration damper’s structural parameters. It
can be seen from Fig. 5a that the first-order frequency is
the most sensitive to the variation of parameter L, whereas
it is moderately sensitive to parameter m and slightly sensi-
tive to the change of parameters s and R. Furthermore, the
first-order frequency is slightly more sensitive to R than s
(Fig. 6c and d), and it is negatively sensitive to the variation
of parameter s. This is consistent with the theoretical anal-
ysis in Sect. 3.1. Figure 5b indicates that the second-order
frequency is highly sensitive to the variations of parameters
L and R, moderately sensitive to the change of parameter
m, and slightly sensitive to the change of parameter s. It is
noticed that the sensitivity to parameter L is slightly higher
than that to parameter R, and it deviates from the theoretical
analysis in Sect. 3.1. It is mainly because the approximate
calculation method was adopted for the sensitivity analysis to
parametersL andR; however, there were large deviations be-
tween the approximate calculation results and the exact cal-
culation results. It also differs from the results in the work
of Kim (2017). In his work, the second-order frequency is
highly sensitive to parameter R and moderately susceptible
to parameters L and m. The different reference structure pa-
rameters may be responsible for the different results of sen-
sitivity analysis.

When parameter L changes, the changing rate of the first-
order frequency is larger than that of the second-order fre-
quency (Fig. 6a), indicating that the first-order frequency
is more sensitive to parameter L than the second-order fre-
quency. When parameter m changes, the changing rates of
the two frequencies are the same (Fig. 6b), meaning that the

sensitivity of the two frequencies to parameterm is the same.
Obviously, according to Eqs. (6) and (23), it can be proved
that when parameter m changes, the changing rate of fre-
quency is only related to the change of parameter m, and the
proof is omitted. When parameter s changes, the changing
rates of the two frequencies are much the same (Fig. 6c), but
with opposite signs, demonstrating that the two frequencies
have the same sensitivity to parameters s. However, the first-
order frequency has the positive sensitivity and the second-
order frequency has the negative sensitivity. When parameter
R changes, the changing rate of the second-order frequency
is larger than that of the first-order frequency (Fig. 6d), mean-
ing that the second-order frequency is more sensitive to the
vibration of parameter R than the first-order frequency. The
sensitivity of the two frequencies to the same parameter is
consistent with the theoretical analysis.

In reality, parameters s and R, i.e. the eccentric distance
and the radius of gyration of the counterweight, remain un-
changed when the geometrical shape of the counterweight is
specific. And the mass of the counterweight is also affected
by the geometrical shape; however, the mass is also affected
by the material which is used to make the counterweight. As
mentioned in Sect. 3.2, there are correlations among param-
eters m, s, and R, meaning that the variation of one parame-
ter alone will cause the change of the other two parameters.
Only the length of the steel strand, i.e. L, is independent of
other parameters. This brings complexity to the structural de-
sign of a vibration damper. Figure 7 shows the sensitivity of
a Stockbridge type vibration damper’s natural frequencies to
the structural parameters and the natural frequencies design
process of a Stockbridge type vibration damper to obtain the
target natural frequencies. Obviously, within the range of pa-
rameters used in this paper, the two frequencies are highly
sensitive to the length of the steel strand, and this param-
eter is independent. As a consequence, when designing the
structure parameters of a Stockbridge type vibration damper
to obtain the target natural frequencies, adjusting the length
of the steel strand is preferred at first, and frequencies close
to the target natural frequencies can be obtained quickly. It
is called coarse adjustment. The geometrical shape of the
counterweight is then designed to obtain proper quality, ec-
centric distance, and radius of gyration. Since the first-order
frequency has the positive sensitivity and the second-order
frequency has the negative sensitivity, the “gap” of the two
frequencies can be adjusted by changing parameter s. How-
ever, several adjustments may need to make the designing
frequencies close enough to the target frequencies.
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Figure 4. The exact and approximate calculation results of the two natural frequencies of the vibration damper with the variations of its
structural parameters: calculation results (a) and approximate calculation errors (b) when L changes; calculation results (c) and approximate
calculation errors (d) when m changes; calculation results (e) and approximate calculation errors (f) when s changes; calculation results (g)
and approximate calculation errors (h) when R changes.
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Figure 5. Variations of the natural frequencies with the changes of vibration damper’s structural parameters: (a) the first-order natural
frequency, (b) the second-order natural frequency.

Figure 6. Changing rates of the natural frequencies with the changes of vibration damper’s structural parameters: (a) L changes, (b) m
changes, (c) s changes, (d) R changes.

5 Conclusions

1. The approximate calculation formulas of natural fre-
quencies of the one-side subsystem of the Stockbridge
type vibration damper were derived. The calculation
formulas are the same as the formulas calculated with
equivalent stiffness and equivalent mass (moment of in-
ertia).

2. The exact calculation and approximate calculation re-
sults of the natural frequencies of the vibration damper’s
one-side subsystem indicate the following: when the

length of the steel strand, the mass of the counter-
weight, the eccentric distance, and the radius of gyration
of the counterweight vary in the range of ±30 %, the
first-order frequency obtained by approximate calcula-
tion is lower than exact calculation results, whereas the
second-order frequency obtained by approximate calcu-
lation is larger than exact calculation results; with the
exception that the parameters are not included in the ap-
proximate calculation formulas, the variation trend of
the approximately calculated values and the exact cal-
culated values of the frequency are consistent. Besides,

https://doi.org/10.5194/ms-12-863-2021 Mech. Sci., 12, 863–873, 2021



872 Q. Yin et al.: Calculation and sensitivity analysis of a Stockbridge damper’s natural frequencies

Figure 7. The sensitivity of a Stockbridge type vibration damper’s natural frequencies to the structural parameters, as well as the natural
frequencies design process of a Stockbridge type vibration damper to obtain the target natural frequencies.

only the calculation errors caused by the mass of the
counterweight remain the same and the errors are re-
lated to the other three structure parameters.

3. Within the range of the parameters used in this study,
the first-order frequency is highly sensitive to the length
of the steel strand, whereas it is moderately sensitive to
the mass of the counterweight and slightly sensitive to
the eccentric distance and the radius of gyration of the
counterweight. Furthermore, the first-order frequency is
slightly more sensitive to the radius of gyration than
the eccentric distance, and it is negatively sensitive to
the eccentric distance. The second-order frequency is
highly sensitive to the length of the steel strand and the
radius of gyration of the counterweight, moderately sen-
sitive to the mass of the counterweight, and slightly sen-
sitive to the eccentric distance. Besides, the sensitivity
to the length of the steel strand is slightly higher than
that to the radius of gyration, and the second-order fre-
quency is positively sensitive to all the structure param-
eters.

4. Within the range of the parameters used in this study,
the first-order frequency is more sensitive to the length
of the steel strand than the second-order frequency; sen-
sitivity of the two frequencies to the mass of the coun-
terweight is the same; the first-order frequency has the
positive sensitivity, and the second-order frequency has
the negative sensitivity to the eccentric distance; the
second-order frequency is more sensitive to the radius

of gyration of the counterweight than the first-order fre-
quency.
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