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Abstract. The dynamic load-sharing characteristics of aircraft face gear dual-power split transmission system
(FGDPSTS) are taken as the research object. Considering the factors of time-varying meshing stiffness, compre-
hensive error, backlash, support clearance, spline clearance, torsional stiffness, and support stiffness, the dynamic
load-sharing model was constructed based on the lumped-parameter method. The loaded tooth contact analysis
(LTCA) simulation method was used to calculate the time-varying meshing stiffness. The dynamic load-sharing
coefficient (DLSC) is obtained by using Runge–Kutta method. The influences of errors, backlash, support clear-
ance, spline clearance, torsional stiffness and support stiffness on DLSC were analyzed, and the biggest factors
affecting dynamic load-sharing performance were found out. The results show that the influence of the backlash
of the two-stage herringbone gear pair on the DLSC is more sensitive. The influence of support clearance on
the DLSC is less. The load-sharing coefficient increases with the increase of the installation error and eccen-
tricity error, and the influence of the error of the two-stage gears on the system load-sharing performance is the
most sensitive. The torsional stiffness has little effect on the load-sharing coefficient of one stage but has great
effect on the two-stage load-sharing coefficient. The influence of support stiffness on the DLSC of two-stage is
stronger. It provided a theoretical basis for the dynamic stability optimization design of the system.

1 Introduction

The face gear transmission system (Heath and Bossler, 1993;
Handschuh et al., 1996) replaces the original bevel gear
transmission on the third-generation Apache armed heli-
copter. Compared with the bevel gear transmission, the face
gear is used in the one-stage transmission, which has a good
power-splitting effect, and can realize the reversing and split-
ting at the same time. The number of transmission stages is
reduced from four to three stages, the weight of the trans-
mission system is reduced by 40 %, and the bearing capacity
is increased by 35 %. The support structure of spiral bevel
gear is complex, and the pinion driven by face gear is not
subject to axial force, which is conducive to reducing weight
and noise, improving reliability and service life.

Many researchers at home and abroad have done a lot of
research on gear-related theory and load-sharing technology.

Krantz (1996a, b) has done further research on the load shar-
ing of the two branches of the cylindrical gear. By defin-
ing the synchronous angle, the influence on the load-sharing
performance of the power split transmission is studied, and
the mathematical relationship between the same step angle
and load-sharing coefficient is tested and verified. Robert
and James (2006) proposed applying the face gear to a con-
figuration similar to the planetary gear transmission. Using
two face gears with the same axis, the face gear on the in-
put shaft and the small gear mesh, the small gear on the
other end of the coaxial gear and a fixed rotating face gear
mesh, the small gear shaft is installed on the output shaft.
Stevens et al. (2009) put forward the variable speed config-
uration of the fixed axis star gear and face gear. The face
gear is used to replace the fixed axis star gear on the trans-
mission chain. The face gear is designed as an idler gear to
achieve the same high- and low-speed output steering of the
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transmission system. Because the input and output shafts of
the face gear are installed in the same axis, the structure is
tight and the commutation is more stable. Peng et al. (2016)
take the coaxial face gear transmission system as the research
object, establish the geometric model and kinematic model
of the face gear transmission, study the parameter instabil-
ity of the face gear transmission, and analyze the load dis-
tribution characteristics of the coaxial face gear transmission
system under different working speeds. Jin et al. (2019a, b)
considered the backlash, the time-varying meshing stiffness
between the gear pairs, the gear eccentricity error, the shaft
torsion and the support stiffness and constructed the dynamic
model of the face gear cylindrical gear two power split trans-
missions, focusing on the influence of the torsional stiffness
of each transmission shaft on the load-sharing coefficient of
the system. Mo et al. (2020) established the bending tor-
sional coupling dynamic load-sharing model of multi-power
input face gear branch transmission system and studied the
influence of meshing phase and error on the load-sharing co-
efficient. Dong et al. (2019) analyzed the assembly, power
flow and load sharing of the coaxial face gear split torsional
transmission system, deduced the assembly and installation
conditions suitable for the coaxial face gear split torsional
transmission system, and studied the power distribution di-
rection of the system through the finite element method, and
analyzed the influence of load conditions, distribution angle
and installation angle. Wang et al. (2013) studied the influ-
ence of the dynamic load-sharing characteristics of the face
gear split torsional transmission system. Bao et al. (2019)
studied the load-sharing and dynamic characteristics of the
variable speed helicopter transmission system and analyzed
the influence of input power, input speed and friction factor
on the load-sharing and dynamic characteristics of the sys-
tem. Wang et al. (2019) studied the load-sharing performance
of the two-branching cylindrical gear split torsional trans-
mission system and analyzed the influence of working con-
ditions, torsional stiffness, support stiffness, meshing phase
difference and other factors on the load-sharing performance
of the system. Zhang and Zhu (2018) studied the static load-
sharing characteristics of a herringbone planetary gear sys-
tem with floating combined inner gear ring and qualitatively
analyzed the influence of the eccentricity error of each com-
ponent, the floating mode and floating amount of the central
component, the torsional rigidity of the flexible inner gear
ring and other parameters on the static load-sharing charac-
teristics of the system.

In previous studies, the influence of backlash and sup-
port clearance on the load-sharing characteristics of face gear
drive is seldom considered, and the average mesh stiffness
is mostly used in the establishment and calculation of the
model, which cannot fully reflect the influence of the mesh-
ing process of tooth surface on the dynamic load-sharing
characteristics of the system. According to the structure lay-
out and transmission characteristics of the helicopter main
reducer, and the advantages of two branch power split trans-

mission of face gear, a face gear dual-power split transmis-
sion system configuration with dual-power split characteris-
tics is proposed. Based on the lumped-parameter method, the
dynamic model of the system is constructed, the dynamic dif-
ferential equation is derived, the dynamic load-sharing coef-
ficient (DLSC) is obtained, and the influence of parameters
on the DLSC is analyzed. It provides the theoretical basis
for the dynamic vibration stability optimization design of the
face gear dual-power split transmission system.

2 Transmission system configuration and dynamic
model establishment

Figure 1 is the configuration diagram of the face gear dual-
power split transmission system (FGDPSTS), with the tech-
nical characteristics of one-stage face gear pair power split,
two-stage pinion secondary power split, two-stage idler gear
convergence, two-stage gear output. Compared with the face
gear two-branch transmission system implemented by an art
program of the United States (Handschuh et al., 1996), this
configuration adopts a two-stage split twist layout to meet
the requirements of a large transmission ratio, high power
density ratio and large thrust weight ratio. The transmission
power of the gear is divided by multiple channels, and the
torque transmitted by the gears in each branch is reduced,
so that the bearing capacity of the gear is improved, and the
service life and reliability of the system are further improved.

Figure 2 shows the torsional dynamic model of this sys-
tem.

Here, Tin and Tout, kin and kout, and cin and cout are the
input torque and output torque, torsional stiffness and tor-
sional damping of input and output shafts, respectively. ϕin
and ϕout, min and mout, and Iin and Iout are the torsion an-
gle, equivalent lumped mass and moment of inertia of prime
mover and loaded, respectively. kij , cij , e(t)ij and bij are the
time-varying meshing stiffness, meshing damping, compre-
hensive error and backlash of each gear pair ij , respectively.
ϕiz is the torsional vibration micro-displacement of each gear
i. mi is the equivalent concentrated lumped-mass gear i. Ii
is the moment of inertia of component i. k24 and k35 and c24
and c35 are the torsional stiffness and torsional damping of
connecting shaft 24 and connecting shaft 35.

The dynamic model of one-stage face gear is established
as shown in Fig. 3. kxi and kyi are the support stiffness in
x direction and y direction of gear i, respectively. cxi and
cyi are the support damping in x direction and y direction of
gear i, respectively. bij is the average meshing backlash. bdi
is the average elastic clearance. The input spur gear coordi-
nate system is O1x1y1z1. The face gear coordinate system is
O2x2y2z2 and O3x3y3z3, respectively. The z axis is the ver-
tical upward axial direction of the face gear. The input gear
shaft is perpendicular to the x direction, y direction and xz
plane.
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Figure 1. Schematic diagram of the FGDPSTS.

Figure 2. Torsional dynamic model of the system.

The generalized vibration displacement vector δ with 32
degrees of freedom can be expressed as Eq. (1). Here, xi , yi
and zi are the transverse bending deformation of each gear in
the x direction, y direction and z direction, respectively. ϕiz,
ϕin and ϕout are the torsional angular displacement of gear i,
prime mover and load components.

δ ={z1,z2,z3,x4, . . .,x10,y1,y2, . . .,y10,ϕin,

ϕ1y,ϕ2z,ϕ3z, . . .,ϕ10z,ϕout} (1)

Force analysis of the one-stage face gear pair is shown in
Fig. 4.

Here, r1 is the pitch radius. ra1 is the top circle radius.
The vibration displacement of pinion O1 is y1 and z1 along
y direction and z direction, respectively. The vibration dis-
placement of face gear O2 and O3 along y direction and z
direction is y2, y3 and z2, z3, respectively.

The meshing forces of F12 and F13 can be expressed as
follows:{
F12x=0,F12y=F12 cosα12,F12z=F12 sinα12,

F13x=0,F13y=F13 cosα13,F13z=F13 sinα13
. (2)

3 Establishment of differential equations of system
dynamics

Based on the lumped-parameter method, the torsional vibra-
tion dynamic equation of the system is established as follows:

Iinϕ̈in+ cin
(
ϕ̇in− ϕ̇1y

)
+ kin

(
ϕin−ϕ1y

)
= Tin

I1zϕ̈1y − cin
(
ϕ̇in− ϕ̇1y

)
− kin

(
ϕin−ϕ1y

)
+F12rb1 cosαn

+F13rb1 cosαn = 0
I2zϕ̈2z −F12rb2 cosαn+ c24 (ϕ̇2z − ϕ̇4z)+ k24 (ϕ2z −ϕ4z)= 0
I3zϕ̈3z −F13rb3 cosαn+ c35 (ϕ̇3z − ϕ̇5z)+ k35 (ϕ3z −ϕ5z)= 0
I4zϕ̈4z +F46rb4 cosαn cosβ4+F47rb4 cosαn cosβ4
−c24 (ϕ̇2z − ϕ̇4z)− k24 (ϕ2z −ϕ4z)= 0
I5zϕ̈5z +F58rb5 cosαn cosβ5+F59rb5 cosαn cosβ5
−c35 (ϕ̇3z − ϕ̇5z)− k35 (ϕ3z −ϕ5z)= 0
Iizϕ̈iz −Fij (ij=46,47,58,59)rbi(i=6,7,8,9) cosαn cosβi
+Fi10rbi cosαn cosβ = 0
I10zϕ̈10z −

∑
Fi10r10 cosαn cosβi(i=6,7,8,9)− cout (ϕ̇out− ϕ̇10z)

−kout (ϕout−ϕ10z)= 0
Ioutϕ̈out+ cout (ϕ̇out− ϕ̇10z)+ kout (ϕout−ϕ10z)=−Tout

. (3)

Here, ϕ̈iz, ϕ̈in and ϕ̈out are the angular acceleration of tor-
sional vibration corresponding to gear i, prime mover and
load component. ϕ̇iz, ϕ̇in and ϕ̇out are the angular velocity of
torsional vibration corresponding to gear i, prime mover and
load component. rbi represents the radius of base circle of
gear i, where rb2 and rb3 represent the radius of base circle of
face gear, rb2 = rb3 = (rL1+ rL2), and rL1 is the inner radius
of the face gear determined by the undercutting condition,
and rL2 is the outer radius of the face gear determined by
the tip sharpening condition. Ii(i = 1, 2, . . . , 10) is the mo-
ment of inertia of each component. αn is the normal meshing
pressure angle of gear pair meshing.
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Figure 3. Dynamic model of the one-stage face gear.

Figure 4. Schematic diagram of the force distribution of the face
gear pair.

The angular displacement form is transformed into the
linear displacement form, which can be expressed as üi =
rbi ϕ̈iz, u̇i = rbi ϕ̇iz,ui = rbiϕiz. The mass meq,i can be ex-
pressed as meq,i = Ii/r

2
bi .

The expressions of torsional damping c24 and c35 are as
follows:

{
c24 = 2ζ24

√
k24/ (1/I2+ 1/I4)

c35 = 2ζ35
√
k35/ (1/I3+ 1/I5) . (4)

Here, ζ24 and ζ35 are the damping coefficients.

Based on Newton’s second law, the lateral vibration equa-
tion of the system is established as follows:


m1z̈1+ cz1ż1+ kz1fz1 (z1,bd1)+F12z +F13z = 0
m1ÿ1+ cy1ẏ1+ ky1fy1 (y1,bd1)+F12y +F13y = 0
m2z̈2+ cz2ż2+ kz2fz2 (z2,bd2)+F12z = 0
m2ÿ2+ cy2ẏ2+ ky2fy2 (y2,bd2)+F12y = 0
m3z̈3+ cz3ż3+ kz3fz3 (z3,bd3)+F13z = 0
m3ÿ3+ cy3ẏ3+ ky3fy3 (y3,bd3)+F13y = 0

(5a)



m4ẍ4+FWx4+F46sinα46+F47 sinα47 = 0
m4ÿ4+FWy4+F46 cosα46+F47 cosα47 = 0
m5ẍ5+FWx5+F58sinα58+F59 sinα59 = 0
m5ÿ5+FWy5+F58 cosα58+F59 cosα59 = 0
mi ẍi + cxi ẋi + kxifxi (xi ,bdi )−Fij · sinαij
+Fi10 · sinαi10 = 0
mi ÿi + cyi ẏi + kyifyi (yi ,bdi )−Fij · cosαij
+Fi10 · sinαi10 = 0
m10ẍ10+ cx10ẋ10+ kx10fx10 (x10,bd10)
−
∑
Fi10 sinαi10 = 0

m10ÿ10+ cy10ẏ10+ ky10fy10 (y10,bd10)
−
∑
Fi10 cosαi10 = 0


(i = 6, . . .,9)

. (5b)

Here, ẍi , ẋi and xi are the lateral x-direction vibration ac-
celeration, velocity and displacement, respectively. ÿi , ẏi and
yi are the lateral y-direction vibration acceleration, velocity
and displacement, respectively. z̈i , żi and zi are the lateral z-
direction vibration acceleration, velocity and displacement,
respectively.
FWxi and FWyi of gear i(i = 4, 5) are the component of

the supporting force of the spline shaft in x and y directions.
Taking pinion O4 as an example, the dynamic mechanical
analysis model is shown in Fig. 5.
kwxi and kwyi as well as cwxi and cwyi are bending stiff-

ness and bending damping of spline shaft in x and y direc-
tions. Fm = τFN is the friction force between the internal
and external splines in the process of transmitting torque.
FN represents the normal positive pressure between the in-
ternal and external splines. τ is the coefficient of friction.
τ = τ0 · sgn(vs), τ0 is the amplitude of friction coefficient, vs
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Figure 5. Dynamics model of the two-stage pinion O4 under the supporting action of spline shaft.

is the relative sliding speed, and sgn(vs) is the symbol func-
tion of vs. Here, τ0 = 0.1, sgn(vs>0)= 1, τ = 0.1.

Comprehensive displacement of gear i (i = 4, 5) in x di-

rection and y direction can be expressed as Ri =
√
x2
i + y

2
i .

Ri is the total displacement and also represents the value of
spline.

The lateral bending supporting forces FWxi and FWyi can
be described as follows:

FWxi =


−cwxiṘi cos(ξi )− kwxiRi cos(ξi ) 0≤ Ri < S1
−cm cos(ξi )−Fm cos(ξi ) S1 ≤ Ri ≤ S2
−
(
cm+ cwxiṘi

)
· cos(ξi )

− (Fm+ kwxi (Ri −S2))cos(ξi ) Ri > S2

FWyi =


−cwyiṘi sin(ξi )− kwyiRi sin(ξi ) 0≤ Ri < S1
−cm sin(ξi )−Fm sin(ξi ) S1 ≤ Ri ≤ S2
−
(
cm+ cwyiṘi

)
sin(ξi )

−
(
Fm+ kwyi (Ri −S2)

)
sin(ξi ) Ri > S2

.

(6)

Here, cm is friction damping. S1 and S2 are the radial clear-
ance of internal and external splines. ξi is direction angle of
vector (xi , yi). By combining the differential equations of
dynamic torsion and transverse vibration mentioned above,
the bending–torsion coupled non-linear dynamic differential
equations can be obtained.

4 DLSC calculation

The backlash fij (xij , bij ) and support clearance fxi(xi , bdi),
fyi(yi , bdi) and f zi (zi , bdi) are expressed as follows:

fij (xij ,bij )=

 xij − bij xij > bij
0 −bij ≤ xij ≤ bij
xij + bij xij <−bij

fxi(xi,bdi)=

 xi − bdi xi > bdi
0 −bdi ≤ xi ≤ bdi
xi + bdi xi <−bdi

fyi(yi,bdi)=

 yi − bdi yi > bdi
0 −bdi ≤ yi ≤ bdi
yi + bdi yi <−bdi

fzi(zi,bdi)=

 zi − bdi zi > bdi
0 −bdi ≤ z1 ≤ bdi
zi + bdi zi <−bdi

,

(7)

where xij is the relative vibration displacement.
Dynamic meshing force FLij (L= I, II) can be expressed

as follows:

FLij = PLij +DLij = kijfij
(
xij ,bij

)
+ cij ẋij . (8)

The meshing damping cij is calculated according to the fol-
lowing empirical formula (Dong et al., 2018):

cij = 2ζgij

√√√√√kmij

(
Iir

2
bi · Ij r

2
bj

)
(
Iir

2
bi + Ij r

2
bj

) , (9)

where kmij is the average meshing stiffness. ζgij is the damp-
ing coefficient.
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Figure 6. Diagram of the eccentricity error.

Elastic force PIij and PIIij as well as meshing damping
force DIij and DIIij can be expressed as follows:

PIij = kijfij
(
xij ,bij

)
= kij

(
rbiϕi − rbjϕj

+
(
zi − zj

)
cosαIij +

(
yi − yj

)
sinαIij

−e(t)ij ,bij
)

PIIij = kijfij
(
xij ,bij

)
= kij

(
rbiϕi − rbjϕj

+
(
xi − xj

)
cosαIIij +

(
yi − yj

)
sinαIIij

−e(t)ij ,bij
)

DIij = cij ẋij = cij

(
rbi ϕ̇i − rbj ϕ̇j

+
(
żi − żj

)
cosαIij +

(
ẏi − ẏj

)
sinαIij

−ė(t)ij
)

DIIij = cij ẋij = cij

(
rbi ϕ̇i − rbj ϕ̇j

+
(
ẋi − ẋj

)
cosαIIij +

(
ẏi − ẏj

)
sinαIIij

−ė(t)ij
)

. (10)

Here, αIij is the positive angle between the meshing line
and the center line of the one-stage face gear pair and the
z axis, αIij (i = 1, j = 2, 3)=−π/2+αn+ γIij , and γIij is
the positive angle between the center line of the one-stage
face gear pair and the z axis. αIIij is the positive angle be-
tween the meshing line and the center line of the two-stage
cylindrical gear pair and the x axis, αIIij (i = 4, 5, j = 6,
7, 8, 9)= π/2−αn+ γIij , αIIij (i = 6, 7, 8, 9, j = 10)=
−π/2+αn+ γij , and γIIij is the positive angle between the
center line of the two-stage cylindrical gear pair and the x
axis. rbi and rbj are the radius of base circle of gear i and j .

The eccentricity errors of one-stage face gear and two-
stage cylindrical gear are shown in Fig. 6

Here, Oi(j ) is theoretical center position. ′Oi(j ) is actual
center position. αij is the angle between installation error and
eccentricity error and x axis.

Figure 7. LTCA model of the one-stage face gear pair and two-
stage gear pair.

The equivalent meshing error e(t)ij can be expressed as
follows:

e(t)ij (ij=12,46,58,610,810) = Ei sin
(
−ωi t + ηi +αij

)
−Ej sin

(
−ωj t + ηj +αij

)
+Ai sin

(
δi +αij

)
−Aj sin

(
δj +αij

)
e(t)ij (ij=13,47,59,710,910) =−Ei sin

(
−ωi t + ηi +αij

)
+Ej sin

(
−ωj t + ηj +αij

)
−Ai sin

(
δi +αij

)
+Aj sin

(
δj +αij

)
. (11)

Here,Ei andEj are eccentricity error.Ai andAj are installa-
tion error. ηi and ηj are eccentricity error phase angle. δi and
δj are installation error phase angle. ωi and ωj are excitation
frequency.

The dimensionless time is defined as τn = ωnt . Here, τ
is the time variable of equations before dimensionless treat-

ment. ωn =
√
k12

(
I1r

2
2 + I2r

2
1
)
/ (I1I2). k12 is the average

meshing stiffness of one-stage gear pair. The displacement
nominal scale bc is given. The dimensionless displacement,
dimensionless velocity and dimensionless acceleration are
expressed as xi = xibc, ẋi = ẋibcωn and ẍi = ẍibcω2

n, re-
spectively. The backlash and support clearance are expressed
as bij = bijbc and bdi = bdibc, respectively. Spline clear-
ance is expressed as Ri = Ribc. The dimensionless forms of
excitation frequency are �i = ωi/ωn, �j = ωj/ωn, �bi =
ωbi/ωn and �bj = ωbj/ωn, respectively. The dimensionless
damping variable is C = c/2mwn, the dimensionless stiff-
ness variable is K = k/mw2

n, and the dimensionless excita-
tion force is F = F/mbcw2

n.
The above-mentioned differential equations are normal-

ized in dimension and solved by the Runge–Kutta method.

Mech. Sci., 12, 573–587, 2021 https://doi.org/10.5194/ms-12-573-2021



H. Dong et al.: Study on dynamic load-sharing characteristics 579

Table 1. Gear parameters.

Gear O1 O2, O3 O4, O5 O6, O7, O8, O9 O10

Tooth z 29 190 24 51 216
Modulus (mm) 3 3 4 4 4
Tooth width (mm) 46 40 110 110 110
Pressure angle αn (◦) 20 20 20 20 20
Helix angle β (◦) 0 0 18 18 18
Mass m (kg) 12.67 96.32 13.26 45.69 980.6
Moment of inertia Ii (kg m2) 0.091 1.032 0.104 0.426 11.68

Table 2. Parameters of equivalent stiffness.

Stiffness N mm rad−1

Torsional stiffness of connecting shaft 24 k24 = 4.82× 106

Torsional stiffness of connecting shaft 35 k35 = 3.18× 106

Torsional stiffness of input shaft kin = 7.19× 107

Torsional stiffness of output shaft kout = 1.19× 107

Stiffness N mm−1

Bending stiffness of connecting shaft 24 kwx4 = kwy4 = 2.12× 108

Bending stiffness of connecting shaft 35 kwx5 = kwy5 = 1.36× 108

One-stage face gear pair meshing stiffness km12 = km13 = 0.85× 106

Two-stage pinion pair meshing stiffness km46 = km47 = km58 = km59 = 0.46× 107

Two-stage gear pair meshing stiffness km610 = km710 = km810 = km910 = 0.65× 106

Support stiffness of gear O1 in y, z direction ky1 = kz1 = 2.86× 108

Support stiffness of gears O2, O3 in y direction ky2 = ky3 = 1.16× 109

Support stiffness of gears O2, O3 in z direction kz2 = kz3 = 5.86× 108

Support stiffness of gears O6, . . . ,O9 in y direction ky6 = ky7 = ky8 = ky9 = 3.66× 108

Support stiffness of gears O6, . . . , O9 in x direction kx6 = kx7 = kx8 = kx9 = 2.09× 108

Support stiffness of gear O10 in they direction ky10 = 4.82× 109

Support stiffness of gear O10 in the x direction kx10 = 5.12× 109

The DLSCs of �I and �II are obtained as follows:
�I =max[�12,�13]=max

( (
P I12,P I13

)T
Tin/2
r1 cosan

)
�II =max[�610,�710,�810,�910]

=max

( (
P I610,P I710,P I810,P I910

)T(
Tin/2

r1 cosan cosβ I12I46

)
/2

) . (12)

Here, �I is the one-stage DLSC. �II is the two-stage DLSC.
�ij (ij = 12, 13, 610, . . . , 910) is the one-stage and two-stage
DLSC of each branch. P Iij and P IIij are the average dynamic
meshing force of each gear pair at one-stage and two-stage
DLSC. I12 and I46 are the transmission ratio of gear pairs 12
and 46. The DLSC represents the load distribution of the sys-
tem under the dynamic vibration response. The smaller the
DLSC, the better the load-sharing performance of the sys-
tem.

5 Time-varying meshing stiffness calculation based
on LTCA

The loaded tooth contact analysis (LTCA) model of one-
stage face gear pair (Li and Zhu, 2010) and two-stage gear
pair (Wang et al., 2010) is shown in Fig. 7. jk is a point
along the relative principal direction, k = 1, 2 for one-stage
face gear, k = 1, 2, 3, 4 for two-stage gear pair. Here,
the tooth surface initial clearance w is [w]k = [δ]k + [b]k .
[w]k = [w1k,w2k , . . . , wik , . . . , wjk,wnk]T , [b]k = [b1,b2,
. . . , bi, . . .,bn]T , n is the number of discrete points. δ is the
geometric transmission error, [δ]k = [1,1, . . .,1, . . .,1]T . bj
is tooth surface normal clearance (j = 1, . . .,n). Z is the dis-
placement direction.

Under the action of load P , the deformation coordination
condition of the elastic deformation is as follows:

(F)k(p)k + (w)k = (Z)k + (d)k(k = I, II)

function
−−−−→

 (p)k =
(
p1k,p2k, . . .,pik, . . .,pjk,pnk

)T
(Z)k = (1,1, . . .,1, . . .,1)T

(d)k =
(
d1k,d2k, . . .,dik, . . .,djk,dnk

)T
 . (13)
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Figure 8. Time-varying meshing stiffness curve of each gear pair.

Figure 9. DLSC changed with dimensionless time.

(F)k is the normal flexibility coefficient matrix of the gear
pair. pj (j = 1,2, . . .,nk) is the contact loaded at the point
j of the tooth k. Apparently, the contact force pj (j =
1,2, . . .,nk) satisfies the following Eqs. (17)–(18):



n∑
j=1

pj I+
n∑
j=1

pj II

= p(I− stage face−gear pair)
n∑
j=1

pj I+
n∑
j=1

pj II+
n∑
j=1

pj III+
n∑
j=1

pj IV

= p(II− stage gearpair)

(
pj (j = 1,2, . . .,n)

)
. (14)

If pjk>0, [d]jk = 0. If [p]jk = 0, [d]jk>0. f , P and w are
known conditions. The contact forces [p]jk , final backlash
[d]jk and tooth approach [Z] are unknown. The known pa-
rameters (f , P , w) and unknown parameters (p, d, Z) con-
stitute a non-linear program model. According to the tooth
approach Zk , the objective function is established as follows:

minimize (p)T {(F )(p)+ (w)− (Z)}. (15)

The objective function equation can be expressed as follows:


Min

2n+1∑
j=1

Xj

− (F ) (p)+ (Z)+ (d)+ (X)= (w)
S · t · (e)T (p)+X2n+1 = P

pj ≥ 0,dj ≥ 0,Z ≥ 0,Xj ≥ 0;pj = 0 or dj = 0;

(16)

Xj (j = 1, 2, . . . , 2n+1) is the artificial variables, (X)= (X1,
. . . , X2n)T , (e)= 1.

The transmission error of the gear bearing in meshing is
mainly composed of three parts of the geometric transmis-
sion error δ1, the bending deformation δ2 and the contact de-
formation δ3. The geometric transmission errors δ1 can be
expressed as δ1(T (k))= a. The bending deformation errors
δ2 can be expressed as δ2(T (k))= bT (k). The function re-
lationship between the contact deformation δ3(T (k)) and the
loaded T (k) can be expressed as δ3(T (k))= cT (k)2/3.

The relational expression of the integrated angular defor-
mation1ϕij (Tij (k)) and torque Tij (k) of the gear pairs of the
system can be expressed as follows:
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Table 3. Parameters of equivalent damping.

Damping N mm s rad−1

Torsional stiffness of connecting shaft 24 c24 =2.12× 104

Torsional damping of connecting shaft 35 c35 = 1.28× 104

Torsional damping of input shaft cin = 3.19× 105

Torsional damping of output shaft cout = 2.15× 105

Damping N s mm−1

Bending damping of connecting shaft 24 cwx4 = cwx5 = 3.19× 104

Bending damping of connecting shaft 35 cwy4 = cwy5 = 2.15× 104

One-stage face gear pair meshing damping c12 = c13 = 3.34× 104

Two-stage pinion pair meshing damping c46 = c47 = c58 = c59 = 4.61× 104

Two-stage gear pair meshing damping c610 = c710 = c810 = c910 = 8.12× 105

Support damping of gear O1 in y, z direction cy1 = cz1 = 1.13× 104

Support damping of gears O2, O3 in y direction cy2 = cy3 =6.03× 104

Support damping of gears O2, O3 in z direction cz2 = cz3 = 3.66× 104

Support damping of gears O6, . . . , O9 in y direction cy6 = cy7 = cy8 = cy9 = 2.17× 104

Support damping of gears O6, . . . , O9 in x direction cx6 = cx7 = cx8 = cx9 = 1.96× 104

Support damping of gear O10 in they direction cy10 = 6.60× 105

Support damping of gear O10 in the x direction cx10 = 9.16× 105

Figure 10. DLSC changed with dimensionless time.

1ϕij
(
Tij (k)

)
= δ1(T (k))+ δ2(T (k))+ δ3(T (k))

=
Tij (k)∣∣Tij (k)

∣∣ (a+ bTij (k)+ cTij (k)2/3
)
. (17)

Here, a, b and c are the constant terms in the formula. Tij (k)
is the torque of the kth meshing position.

By solving the LTCA equations, the load transmission er-
ror1ϕij [0.1Tij [k]],1ϕij [0.5Tij [k]] and1ϕij [0.9Tij [k]] can
be obtained. The coefficient a, b and c can be obtained by
taking the obtained transmission error into Eq. (17).

The time-varying meshing stiffness kij (k) can be obtained
as follows:

kij (k)=
Tij (k)

r2
bi cosan cosβi

·
1

1ϕij
(
Tij (k)

) . (18)

6 Example analysis

Input power P = 2000 kW, input speed n= 8780 r min−1,
installation error Ai = 50 µm, eccentricity error Ei = 50 µm,
and one-stage face gear backlash b12 = b13 = 10 µm. Two-
stage gear pair backlash b610 = b710 = b810 = b910 = 17 µm.
Spline clearance S2 = 50 µm. Support clearance bdi =

10 µm. The gear parameters are shown in Table 1.
The parameters of equivalent support stiffness, torsional

stiffness and meshing stiffness are shown in Table 2. The
support stiffness is calculated according to GB/T 3073-1996.

The parameters of equivalent supporting damping, tor-
sional damping, and meshing damping are shown in Table 3.

The calculated time-varying meshing stiffness curve
is shown in Fig. 8. The meshing stiffness fluctuation
range of one-stage face gear pairs is (7.46× 105–
9.27× 105) N mm−1. The meshing stiffness fluctuation
range of two-stage idler gear pairs is (3.77× 106–
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Figure 11. DLSC changed with dimensionless time.

Figure 12. DLSC changed with installation and eccentricity error.

4.78× 106) N mm−1. The meshing stiffness fluctua-
tion range of two-stage big gear pair is (6.17× 106–
6.68× 106) N mm−1. Due to the different meshing stiffness
of each meshing position of the tooth surface, the DLSC of
different meshing positions will be changed slightly.

6.1 Effect of installation and eccentricity errors on the
DLSC

Under the combined action of installation error and eccen-
tricity error, the DLSC presents periodic changes with time,
as shown in Fig. 9. The one-stage DLSC is�12 = 1.0383 and
�13 = 0.9617. Torque T12 and T13 are fluctuated around in
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Figure 13. Influence of backlash on the DLSC.

Figure 14. Influence of support clearance on the DLSC.

1129.33 N m and 1046.0 N m. Torque distribution is 51.92 %
and 48.09 %. The two-stage DLSC is �610 = 0.914, �710 =

1.086, �810 = 0.948 and �910 = 1.052. Torque T610, T710,
T810 and T910 are fluctuated around in 6920.5, 8222.9, 7178.1
and 7965.4 N m, respectively. The influence of one-stage
gear pair 12 and two-stage gear pair 710 on the load-sharing
characteristics is maximum impact. The overall DLSC is
�Z = 1.086. The DLSCs of the system are �I = 1.0383 and
�II = 1.0860, respectively. The DLSC changed periodically
with time.

Other parameters remain unchanged, when given b12 =

b13 = 0 µm. The DLSC under the combined action of errors
is shown in Fig.10. The one-stage DLSCs of�I change from
1.0383 to 1.0921. The two-stage DLSCs of �II change from
1.0860 to 1.1220. The one-stage face gear backlash has a
great influence on the one-stage DLSC and a little influence
on the two-stage DLSC.

Other parameters remain unchanged, when given one-
stage backlash b12 = b13 = 0 µm, two-stage backlash b610 =

b710 = b810 = b910 = 0 µm. The DLSC under the combined

action of errors is shown in Fig. 11. The one-stage DLSCs
of �I change from 1.0383 to 1.131. The two-stage DLSCs
of �II change from 1.0860 to 1.3507. Under the combined
action of the errors, the load-sharing performance becomes
worse with the decrease of the backlash.

The DLSC changes with the errors as shown in Fig. 12.
Figure 12a and b show the influence of installation errors
on the DLSC, and Fig. 12c and d show the influence of ec-
centricity errors on the DLSC. When the given error range
is from 0–50 µm, the influence range of installation error on
one-stage DLSC is 1.0003–1.0049, the influence range of in-
stallation error on two-stage DLSC is 1.0001–1.1605, the in-
fluence range of manufacturing error on one-stage DLSC is
1.0005–1.0125, and the influence range of manufacturing er-
ror on two-stage DLSC is 1.0005–1.1160. The installation
errors and eccentricity errors have less influence on the one-
stage DLSC and more influence on the two-stage DLSC. The
eccentricity errors are more sensitive than the installation er-
rors on the one-stage DLSC.
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Figure 15. Load-sharing coefficient changed with the spline clearance.

Figure 16. Influence of input and output shaft torsional stiffness on dynamic load-sharing coefficient.

6.2 Effect of backlash, support clearance and spline
clearance on the DLSC

The change of the DLSC �I and �II with the backlash is
shown in Fig. 13. The one-stage DLSC �I changed strongly
with the increase of one-stage backlash, which changed from
1.121–1.016. The influence of one-stage backlash on the
two-stage DLSC �II changes little, which changed from
1.088–1.075. The influence of two-stage backlash on two-
stage DLSC is more sensitive. With the increase of backlash,
the DLSC gradually decreases from 1.268–1.021. The influ-
ence of two-stage backlash on one-stage DLSC is less, which
changed from 1.045–1.035. In a certain range, the one-stage
DLSC and two-stage DLSC decrease with the increase of
the backlash. The backlash can compensate the deformation
caused by the errors and improve the load-sharing perfor-
mance to a certain extent.

When other parameters remain unchanged, the changes
with the one-stage and two-stage DLSC support clearance

and are shown in Fig. 14. With the increase of one-stage sup-
port clearance, the DLSC decreases gradually. �I changed
from 1.0402–1.0341 and �II changed from 1.0870–1.0842.
With the increase of two-stage support clearance, the DLSC
�I decreased from 1.0408–1.0297, and �II decreased from
1.0879–1.0801. The influence of the support clearance on the
DLSC is small.

Figure 15 shows the curves of one-stage and two-stage
DLSC with the spline clearance from 0–450 µm. With the
change of spline clearance, one-stage DLSC does not change
at 1.0383, while two-stage DLSC changes from 1.0921–
1.012. The influence of spline clearance on the one-stage
DLSC is almost unchanged and has a great impact on the
two-stage DLSC. When the spline clearance is 0 mm, it is
equivalent to the bending stiffness of the spline shaft to pro-
vide support. The DLSC is �610 = 0.9079, �710 = 1.0921,
�810 = 0.9432 and �910 = 1.0568. When the spline clear-
ance is greater than the total displacement R5 (0.271 mm),
the two-stage pinion O5 is in a fully floating state. When
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Figure 17. Influence of torsional stiffness of connecting shaft on the dynamic load-sharing coefficient.

Figure 18. Influence of support stiffness on the dynamic load-sharing coefficient.

the spline clearance is greater than the total displacement
R4 (0.382 mm), the two-stage pinion O4 and O5 enter a
full floating state at the same time, and the load-sharing
characteristic is improved, and the DLSC is stable at �II =

1.012. Among them, the DLSCs of two-stage gear pairs are
�610 = 0.9861, �710 = 1.0139, �810 = 0.988 and �910 =

1.012. Two-stage pinion O4 and pinion O4 are independent
in floating behavior.

6.3 Effect of torsional stiffness and support stiffness on
the DLSC

The influence curve of DLSC of input shaft and output shaft
is shown in Fig. 16 when the torsional stiffness changed from
(0.5–10.0)× 107 N mm rad−1. Input shaft and output shaft
have almost no influence on the dynamic load-sharing co-
efficient of the system. This conclusion is consistent with
the conclusion of the influence of torsional stiffness on the

load-sharing coefficient of power split transmission system
analyzed in Jin et al. (2019a, b).

Other parameters remain unchanged, and the DLSC
changes with the torsional stiffness of connecting shaft 24
and connecting shaft 35 at (0.5–10.0)× 106 N mm rad−1, as
shown in Fig. 17. With the increase of the torsional stiffness
of connecting shaft 24 and connecting shaft 35, the DLSC
gradually becomes larger, the average load characteristics be-
come worse, and the influence trend is the same. The influ-
ence of torsional stiffness on the two-stage DLSC is more
obvious than that of the one-stage DLSC. Although the ge-
ometry of the system is symmetrical, but because of the dif-
ferent direction of meshing force and the geometry of the
connecting axis, the force situation is not consistent, result-
ing in a certain difference in the dynamic load-sharing char-
acteristics.

With other parameters unchanged, the overall support
stiffness of each gear shown in Table 2 is (2–0.05) times that
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of the change, and the influence curve of the overall support
stiffness on the DLSC of the system is shown in Fig. 18.

With the decrease of the support stiffness multiple, the
DLSC becomes larger, and the dynamic performance be-
comes worse. Especially when the overall support stiffness
multiple is (0.5–0.05), the influence of the dynamic load-
sharing coefficient of two-stage DLSC is stronger, and the
change of �II is from 1.0763–1.2714, but it has little influ-
ence on the dynamic load-sharing coefficient of one-stage
DLSC, and the change of �I is from 1.0381–1.0397.

7 Conclusions

In this paper, a new configuration of face gear dual-power
split transmission system is proposed, and the effects of
backlash, support clearance, error, torsional stiffness and
support stiffness on dynamic load-sharing characteristics are
analyzed, which provides the theoretical basis for further op-
timization design of vibration stability. The conclusions are
as follows:

1. With the increase of backlash, the DLSCs gradually de-
crease and tend to be stable. The two-stage DLSC has
a great influence with the change of backlash. Increas-
ing the backlash of each two-stage gear pair properly
is conducive to improving the load-sharing character-
istics. With the increase of the support clearance, the
DLSC decreases, but the change value is small. The in-
crease of the support clearance has little effect on the
improvement of the dynamic load-sharing characteris-
tics. The increase of spline clearance is beneficial to the
improvement of even load characteristics.

2. With the increase of installation error and eccentricity
error, the DLSC is larger and the system load-sharing
performance is worse. The installation error and eccen-
tricity error of each gear in level 2 have the greatest in-
fluence on the dynamic load-sharing coefficient. The in-
stallation and manufacture of each gear in level 2 should
be considered in the design.

3. With the increase of torsional stiffness, the DLSC in-
creases, and the load-sharing characteristics become
worse. The change trend of the dynamic load-sharing
coefficient is relatively consistent between the connect-
ing shaft 24 and the connecting shaft 35. In the optimal
design of the load-sharing structure, the flexible con-
necting shaft meeting the strength should be selected
to improve the load-sharing performance. With the de-
crease of support stiffness, the change two-stage DLSC
is more intense. Choosing a reasonable rigid support
in the optimal design is conducive to ensuring a better
load-sharing performance.
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