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Abstract. An analytical method for programming piston displacements for constant flow rate piston pumps is
presented. A total of two trigonometric transition functions are introduced to express the piston velocities during
the transition processes, which can guarantee both constant flow rates and the continuity of piston accelerations.
A kind of displacement function of pistons, for two-piston pumps, and two other kinds, for three-piston pumps,
are presented, and the physical meaning of their parameters is also discussed. The results show that, with the
given transition functions, cam profiles can be designed analytically with parameterized forms, and the maximum
accelerations of the pistons are determined by the width of the transition domain and the rotational velocities of
the cams, which will affect contact forces between cams and followers.

1 Introduction

The piston pump is a type of positive displacement pump
in which the high-pressure seal reciprocates with the pis-
ton, which is a vital component in hydraulic fluid power sys-
tems. There are four types of displacement pumps commonly
used in the industry, i.e. gear pumps, vane pumps, radial pis-
ton pumps, the axial piston pumps (Ye et al., 2019). Piston
pumps are widely used in many fields, such as oil exploita-
tion, hydraulic circuits, and control systems, owing to their
high specific power, efficiency, and reliability. However, pis-
ton pumps also have some shortcomings when compared to
when compared to equivalent pumps.

Piston pumps usually contain several cylinders. Multi-
phase pumps can efficiently increase oil and gas produc-
tion in crude oil drilling owing to their good internal com-
pression and anti-gas resistance performance (Deng et al.,
2018; Dogru et al., 2004; Falcimaigne and Decarre, 2008;
Hua et al., 2011). However, oscillations in the pump flow
rate may give rise to pressure pulsations which can lead to vi-
brations, noise, and harmful impacts on pipelines (Karassik
et al., 2001). Therefore, the flow rate of the piston pump must
be kept constant. The invariability in the pump flow rate is

also essential for controlling systems, and one can obtain the
desired control only through adjusting the rotational speed of
the pump cams. Pre-pressure airbags and infusion pumps are
generally used to fulfil the constant flow rate requirement.
Still, there are some patents aiming at solving this problem
(Couillard and Garnier, 1998; Sipin, 2002). They provide the
methods and apparatus for supplying constant liquids. The
system, according to the invention, comprises several pri-
mary pumping units in parallel on a single mixing head. By
adjusting the phases, the piston strokes, and their velocities,
each piston output flows intermittently in order to obtain a
substantially constant discharge rate. Furthermore, a novel
variable displacement pump architecture (Foss et al., 2017)
was designed for displacement control circuits that uses the
concept of alternating flow (AF) between piston pairs that
share a common cylinder. The AF pump was constructed
from two inline triplex pumps, which is efficient across a
wide operating range. Wilhelm and Van De Ven (2014a) pre-
sented the optimization and machine design of an 8.5 kW,
high-pressure, variable displacement, triplex prototype. The
pump can be applied to a wide range of applications with
little compromise, compared with present variable displace-
ment pumps. These scholars have improved the structure of
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Figure 1. Structural diagram of the piston pumps.

the piston pumps to obtain a more stable flow rate. However,
if the suitable combination of the velocity of multiple pis-
ton pumps can be achieved, the total flow rate can be kept
constant.

To make the piston pump adapt to the developmental needs
of the modern industrial sector, high efficiency and energy
saving, small flow, and pressure pulsation are the goals of
piston pump design (Gandhi et al., 2014; Huang et al., 2017;
Wilhelm and Van De Ven, 2014b). Initially, most of the pis-
ton pumps were driven by the crank-connecting rod mech-
anism. Its remarkable feature was the transient flow rate,
which caused a pressure pulsation in the discharge and suc-
tion system and had a direct impact on the working ef-
fect (Berezovskii and Nakorneeva, 1969). Therefore, the low
shear, constant flow, non-fluctuating piston pump with a cam
transmission mechanism as the power solved the problem
of flow and pressure fluctuations. Dong et al. (2002) com-
pared and analysed the performances of the crank-connecting
rod piston pump and the cam piston pump. In the end, they
pointed out that, under the same conditions, the cam-driven
piston pump had a smaller flow pulsation and inertial load,
which was conducive to extending the service life. There-
fore, in this paper, the pistons are driven by rotational cams
to pump liquid out in turns. The structural diagram of the pis-
ton pump is shown in Fig. 1. The piston pumps contain three
cylinders driven by cam systems with a flat-faced follower.

By changing the speed of the drive motor to adjust the
flow, it is necessary to add a corresponding control and detec-
tion system, which increases the design difficulty and the de-
sign cost. Therefore, the improvement of the cam profile is a
fundamental improvement. With the development of technol-
ogy, the cam profile has been deeply studied, which makes
the cam system drive more flexible, and it has less impact vi-
bration (Gatti and Mundo, 2010; Hsieh, 2010). The proposed
piston pump motion law determines the shape of the cam pro-
file curve. In turn, the cam profile surface parameters affect
the motion and dynamic characteristics of the plunger and

even the whole machine. The cam profile includes the tran-
sition section and the working section. The transition section
can eliminate the impact of the pressure pulsations of the pis-
ton pump, and the working section directly affects the work
efficiency of the piston pump (Li et al., 2013). To this end,
we must first determine the movement law of the follower,
namely the plunger.

The simplest way to keep constant flow rates is to give
proper design schemes of piston displacements that are fi-
nally determined by the profiles of cams. Traditionally, the
design of cams was based on the desired movement func-
tion by specifying translated displacements of the follower
in terms of a cam rotational angle ϕ, and the movement is
usually expressed analytically. During the process of design-
ing cam profiles, the designer is often confronted with many
problems, such as the satisfaction of the specific displace-
ment, velocity, and acceleration constraints. Also, the con-
tinuity of the displacement curve, at least through the sec-
ond derivative, becomes necessary, especially for high-speed
cams. The cam profile synthesis method, using spline func-
tions, was well used in the design of cam profiles because
of its superior controllability (Nguyen and Kim, 2007; Tsay
and Huey, 1993; Yoon and Rao, 1993). However, when the
higher order of the derivative for a displacement curve is re-
quired continuously, the order and term number in the spline
curves increase and more coefficients of the terms have to
be determined, which causes the amount of calculation to be
much larger (Zhou et al., 2016). When the inertia force and
load change according to the harmonic curve, it only cor-
responds to a few harmonic frequencies, while the polyno-
mial corresponds to more frequencies, making it difficult to
plan frequency and avoid resonance (Di et al., 2006; Tian
and Chen, 2006). To achieve the goal of continuity in piston
movements, trigonometric splines (Choubey and Ojha, 2007;
Neamtu et al., 1998) are usually employed in the design of
various cam mechanisms.

In the existing literature, the acceleration of this kind of
cam was not continuous, and the transition function was diffi-
cult to use when planning frequency and avoiding resonance.
Moreover, these researchers are devoted to optimizing the
structure of piston pumps and lack a systematic method for
the design of piston pumps driven by the cam mechanism.
Therefore, this paper presents the study on an innovative de-
sign method for high-speed cams using trigonometric tran-
sition function, selects the basis and law of intermediate pa-
rameter, and discusses the physical meaning of their param-
eters.

In order to meet the constant flow rates of the pumps and
C1 property of their piston velocities, this paper is devoted
to the study of the design method of proper cams to meet
both of these two conditions at the same time. Furthermore,
a kind of displacement function of pistons, for two-piston
pumps, and two other kinds, for three-piston pumps, are also
presented analytically. The main structure of this paper is as
follows: in Sect. 1, the research status and the drawbacks of
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Figure 2. Piston velocities in transition processes.

previous studies are summarized. In Sect. 2, the transition
functions are defined. In Sect. 3, cams for two-piston pumps
are designed. In Sect. 4, the design parameters of two-piston
pumps, including the flow rate and the maximum accelera-
tions, are reported. In Sect. 5, one type of piston velocity,
driven by cam A for three-piston pumps, is presented, and for
which the method is similar to two-piston pumps. In Sect. 6,
two types of piston velocities are applied to cam B. In each
subdomain, one piston is designated in the backward stroke,
and the other two are designated in the forward stroke. In
Sect. 7, the cam profiles are computed by rational theories.
In Sect. 8, the conclusions are given.

2 Transition functions

For piston pumps with a constant flow rate and a good perfor-
mance, the piston velocities should meet the requirements of
constant flow rates and C1 continuity in the whole movement
cycles.

The velocities of the forward and backward strokes, corre-
sponding with the output and input processes of the cylinder,
have to be changed between the two processes in some tran-
sition domains. Suppose that when one piston moves forward
with a speed-up velocity v1(ϕ) from 0 to ωh in an angular do-
main [ϕ1,ϕ2], there should be another piston moving forward
with a speed-down velocity v2(ϕ) from ωh to 0 in the same
domain to provide a constant flow rate of the pump, and the
two velocities should satisfy the following (shown in Fig. 2):

v1(ϕ)+ v2(ϕ)= ωh ϕ ∈ [ϕ1,ϕ2], (1)

where ω is the constant angular velocity of the cams driv-
ing the pistons, and h is a constant to be determined by the
desired flow rate of pumps.

According to the C1 properties of the velocities, v1(ϕ) and
v2(ϕ) should be smooth and meet the following:

dv1(ϕ)
dϕ

∣∣∣∣
ϕ=ϕ1

=
dv1(ϕ)

dϕ

∣∣∣∣
ϕ=ϕ2

=
dv2(ϕ)

dϕ

∣∣∣∣
ϕ=ϕ1

=
dv2(ϕ)

dϕ

∣∣∣∣
ϕ=ϕ2

= 0. (2)

In order to simplify the task, a couple of standard transition
functions, f1(θ ) and f2(θ ), are searched in the standard do-
main [0,π ] to express the velocities in the following forms:

Figure 3. Transition functions.

{
v1(ϕ)= ωhf1(θ )

v2(ϕ)= ωhf2(θ ),

whereθ =
ϕ−ϕ1

ϕ2−ϕ1
π ϕ ∈ [ϕ1,ϕ2]. (3)

According to conditions (1) and (2), f1(θ ) and f2(θ )
should satisfy the following requirements.

1. Transition function f1(θ ) should beC1 in [0,π ] and sat-
isfy the following:

f1(0)= f ′1(0)= f ′1(π )= 0 (4)
f1(π )= 1. (5)

2. In order to meet condition (1), f2(θ ) should satisfy the
following:

f1(θ )+ f2(θ )= 1, (6)

and the following boundary conditions:

f2(π )= f ′2(0)= f ′2(π )= 0 (7)
f2(0)= 1. (8)

In Fig. 3, f1(θ ) and f2(θ ) are similar to cosine or sine
functions; therefore, f1(θ ) is supposed to take the following
trigonometric form:

f1(θ )= b+ ccos(θ ). (9)

Using boundary conditions (4) and (5), unknown parame-
ters b and c are determined, and Eq. (9) becomes the follow-
ing:

f1(θ )=
1
2
−

1
2

cosθ. (10)

According to boundary condition (6), f2(θ ) should take
the following form:

f2(θ )=
1
2
+

1
2

cosθ. (11)
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Obviously, f2(θ ) meets boundary conditions (7) and (8).
At last, the velocities in the transition domain [ϕ1,ϕ2] can be
expressed in the following forms:v1(ϕ)= ωh

(
1
2 −

1
2 cosθ

)
v2(ϕ)= ωh

(
1
2 +

1
2 cosθ

)
,

whereθ =
ϕ−ϕ1

ϕ2−ϕ1
π ϕ ∈ [ϕ1,ϕ2]. (12)

The acceleration of the piston is another important factor
for piston pumps, which affects the contact forces between
cams and the followers. According to Eq. (12), the accelera-
tions in the transition domain are as follows:{
a1(ϕ)= πω2h

2(ϕ2−ϕ1) sinθ

a2(ϕ)= − πω2h
2(ϕ2−ϕ1) sinθ

where,θ =
ϕ−ϕ1

ϕ2−ϕ1
π ϕ ∈ [ϕ1,ϕ2]. (13)

Ignoring the directions, the maximum accelerations are
[ϕ1,ϕ2] are as follows:

amax
1 = amax

2 =
πωh

2(ϕ2−ϕ1)
. (14)

From Eq. (14), we can see that the maximum accelerations
in the transition domain are determined by angular velocities
of the cam, the width of the transition domain, and h, which
should be included in the designation of the pumps.

It should be noted that spline functions might be workable,
but they are more complex and could cause more difficulties
in the computation of displacement functions.

By lending the previous transition functions to the design
of cam profiles, the goal of achieving the constant flow rate
and the continuity of piston displacement through the second
derivative can be achieved easily.

3 Design of cams for two-piston pumps

For a two-piston pump, the phase between the two pistons is
usually 180◦. Figure 3 shows a simple velocity curve for the
two-piston pump. The liquid is pumped out alternately, and
the flow rate remains constant.

However, the velocity is not continuous, as shown in
Fig. 4. Given the fact that the acceleration goes to infinity
sometimes, serious collisions between cams and pistons will
occur. Therefore, transition processes are needed to guaran-
tee the C1 property of the velocities and the C0 property of
the accelerations. By introducing the transition functions de-
fined in Sect. 2, the piston velocity v(ϕ) can be expressed
with piecewise functions vi(ϕ) (i = 1,2, . . .,5) in the follow-

Figure 4. Imaginary piston velocity of the two-piston pump.

Figure 5. Piston velocity of the two-piston pump.

ing forms (see Fig. 5):

v(ϕ)=



v1(ϕ)= ωh1f1(t), where, t = ϕ+α
2α π

ϕ ∈ [−α,α]

v2(ϕ)= ωh1 ϕ ∈ [α,π −α]

v3(ϕ)= ωh1f2(t), where, t = ϕ−π+α
2α π

ϕ ∈ [π −α,π +α]

v4(ϕ)= −ωh2f1(t),
where, t = ϕ−π−α

π/2−α π

ϕ ∈
[
π +α, 3

2π
]

v5(ϕ)= −ωh2f2(t),
where, t = ϕ−3π/2

π/2−α π

ϕ ∈
[

3
2π,2π −α

]

, (15)

where ϕ denotes the cam rotational angle, h1 and h2 are con-
stants determining the maximum velocity of the pistons in
the forward stroke and the backward stroke, and α is the half-
width of the transition domain.

The velocity of the pistons in the backward stroke is not
constant since it has no effect on the constant flow rates, and
it can obtain the minimum acceleration, so contact forces are
also reduced. It easy to verify that the velocity function, given
by Eq. (15), is C1, and the acceleration is continuous.

For a two-piston pump, Eq. (15) describes the velocity of
piston 1. The same function applies to the velocity of pis-
ton 2, provided (ϕ+π ) is substituted for ϕ. Thus, for the
interval −α ≤ ϕ ≤ α, piston 1 and 2 have velocities given,
respectively, by the first and the third expression in Eq.. (15),
and their sum is ωh1. For the interval α ≤ ϕ ≤ π −α, the
second expression in Eq. (15) gives the velocity of piston 1,
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while piston 2 is executing a backward stroke and not deliv-
ering any flow. Therefore, the total flow rate is again given
by ωh1.

The displacement function s(ϕ) can be obtained, as fol-
lows, by integrating the velocity (Eq. 15) over time:

s(ϕ)=



s1(ϕ)= h1
[
ϕ
2 −

α
π

cos
(
π
2α ϕ

)]
+C1 ϕ ∈ [−α,α]

s2(ϕ)= h1ϕ+C2 ϕ ∈ [α,π −α]

s3(ϕ)= h1

[
ϕ
2 +

α
π

cos
(
π
2α ϕ−

π2

2α

)]
+C3 ϕ ∈ [π −α,π +α]

s4(ϕ)= −h2

[
ϕ
2 −

π−2α
4π sin

(
2πϕ−6απ
π−2α

)]
+C4 ϕ ∈

[
π +α, 3

2π
]

s5(ϕ)= −h2

[
ϕ
2 +

π−2α
4π sin

(
2πϕ−3π2

π−2α

)]
+C5 ϕ ∈

[
3
2π,2π −α

]
, (16)

where C1, C2, C3, C4, and C5 are constants. As the displace-
ment is continuous, we should have the following:

s1(α)= s2(α)

s2(π −α)= s3(π −α)
s3(π +α)= s4(π +α)

s4

(
3
2π
)
= s5

(
3
2π
)

s5(2π −α)= s1 (−α)

. (17)

Therefore, C2, C3, C4, C5, and h2 can be expressed in the
following forms with h1 and C1:

h2 =
2π
π−2αh1

C2 = −
α
2h1+C1

C3 =
(
π
2 −α

)
h1+C1

C4 =
4π2
−3πα+2α2

2(π−2α) h1+C1

C5 =
4π2
−3πα+2α2

2(π−2α) h+C1

. (18)

The velocity v(ϕ) and height s(ϕ) can be determined after
h1 and C1 are given appropriate values.

4 Design parameters of two-piston pumps

When the cams run with the angular velocity ω, and the ve-
locity of the pistons is ωh1, then the flow rate per minute of
the pump is as follows:

Q= 60h1Sω = 2πh1Sr, (19)

where r denotes the number of revolutions per minute, and
S is the cross-sectional area of the cylinders.

From Eq. (16), the minimum and maximum displacements
of the pistons can be obtained as follows:

smin = s(−α)= −
1
2
h1α+C1 (20)

smax = s(π +α)= πh1−
1
2
h1α+C1. (21)

For knife-edge and flat-faced follower systems, smin is the
base circle radius of the cam. For the roller follower system,

Figure 6. Piston acceleration of the two-piston pump per cycle.

the base circle radius is smaller than smin, and the difference
is the follower radius. Similar results are also obtained for
three-piston pumps, as discussed in Sect. 7.

The stroke of the pistons H , which is the difference be-
tween the maximum and the minimum heights, is as follows:

H = smax− smin = h1π. (22)

According to Eqs. (20) and (21), C1 determines the size of
the cam.

From Eq. (15), the accelerations of pistons are derived in
the following form:

a(ϕ)=



a1(ϕ)= ω2h1π
4α sin(t), where, t = ϕ+α

2α π

ϕ ∈ [−α,α]

a2(ϕ)= 0 ϕ ∈ [α,π −α]

a3(ϕ)= −ω
2h1π
4α sin(t), where, t = ϕ−π+α

2α π

ϕ ∈ [π −α,π +α]

a4(ϕ)= −ω
2h2π
π−2α sin(t),

where, t = ϕ−π−α
π/2−α π

ϕ ∈
[
π +α, 3

2π
]

a5(ϕ)= ω2h2π
π−2α sin(t),

where, t = ϕ−3π/2
π/2−α π

ϕ ∈
[

3
2π,2π −α

]

. (23)

Therefore, the maximum accelerations in the forward and
backward strokes, afmax and abmax, are as follows:

a
f
max =

ω2h1π

4α
(24)

abmax =
ω2h2π

π − 2α
=

2ω2π2h1

(π − 2α)2 . (25)

In Eq. (25), the relationship between h1 and h2 (Eq. 18),
is used. Figure 6 shows the acceleration curve in one cycle.
The maximum accelerations of the pistons in every forward
stroke come twice, and one is positive and the other negative.
The procedure is similar for the backward stroke.

Figure 7 shows the maximum accelerations correspond-
ing to different transition angles α. It can be seen that the
maximum accelerations in the forward stroke decrease as
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Figure 7. Piston maximum accelerations respect to transition an-
gles (α) of the two-piston pump.

Figure 8. Piston velocity of the three-piston pump using cam A.

the angle α increases and that the maximum accelerations in
the backward stroke increase at the same time. Synthetically,
α can be determined according to practical applications.

5 Design of cam A for three-piston pumps

The three-piston pumps are used in many places, such as
polymer injection in the exploitation of oil and control sys-
tems. In general, the difference in phase among the three pis-
tons is 120◦, and two types of piston velocities, driven by
cam A and cam B, are presented in this and the next section.

Using a similar method to that of two-piston pumps, the
piston velocity v(ϕ), using cam A, is chosen in the forms
shown in Fig. 8, and consists of five piecewise functions
vi(ϕ) (i = 1,2, . . .,5) expressed with the following formula:

v(ϕ)=



v1(ϕ)= ωh1f1(t), where, t = ϕ+α
2α π

ϕ ∈ [−a,a]

v2(ϕ)= ωh1 ϕ ∈
[
α, 4π

3 −α
]

v3(ϕ)= ωh1f2(t), where, t =
ϕ−

(
4π
3 −α

)
2a π

ϕ ∈
[

4π
3 −α,

4π
3 +α

]
v4(ϕ)= −ωh2f1(t),

where, t =
ϕ−

(
4π
3 +α

)
π
3 −α

π

ϕ ∈
[

4π
3 +α,

5π
3

]
v5(ϕ)= −ωh2f2(t),

where, t =
ϕ−

(
5π
3

)
π
3 −α

π

ϕ ∈
[

5π
3 ,2π −α

]

, (26)

where h1 and h2 are constants determining the maximum ve-
locities in forward and backward strokes, and α is a half-
width of the transition domain.

For a three-piston pump, Eq. (26) gives the velocity of pis-
ton 1. The same equations apply to the velocity of piston 2
and piston 3, provided (ϕ+2π/3) and (ϕ+4π/3) are substi-
tuted for ϕ, respectively. Thus, for the interval −α ≤ ϕ ≤ α,
pistons 1, 2, and 3 have velocities given, respectively, by the
first, second, and third expressions in Eq. (26), and their sum
is 2ωh1. For the interval α ≤ ϕ ≤ 2π/3−α, the second ex-
pression in Eq. (26) gives the velocity of piston 1 and 2, while
piston 3 is executing the backward stroke and not deliver-
ing any flow. Therefore, the total flow rate is again given by
2ωh1.

Thus, the flow rate of the three-piston pump is constant,
and the flow rate per minute has the following form:

QA = 120h1Sω = 4πrh1S, (27)

where r denotes the number of revolutions per minute of the
cam, and S is the cross-sectional area of the cylinders.

By integrating the velocity Eq. (26) over time, we can ob-
tain the following displacement function:

s(ϕ)=



s1(ϕ)=
[
ϕ
2 −

α
π

cos
(
π
2α ϕ

)]
h1 +C1 ϕ ∈ [−α,α]

s2(ϕ)= h1ϕ+C2 ϕ ∈
[
α, 4π

3 −α
]

s3(ϕ)=
[
ϕ
2 +

α
π

cos
(
π
2α ϕ−

2π2

3α

)]
h1 +C3 ϕ ∈

[
4π
3 −α,

4π
3 +α

]
s4(ϕ)= −

[
ϕ
2 +

(π−3α)
6π sin

(
3πϕ−5π2

π−3α

)]
h2 +C4 ϕ ∈

[
4π
3 +α,

5π
3

]
s5(ϕ)= −

[
ϕ
2 +

(π−3α)
6π sin

(
3πϕ−5π2

π−3α

)]
h2 +C5 ϕ ∈

[
5π
3 ,2π −α

]
, (28)

where C1, C2, C3, C4, and C5 are constant parameters.
By means of the following continuity conditions:

s1(α)= s2(α)

s2

(
4π
3 −α

)
= s3

(
4π
3 −α

)
s3

(
4π
3 +α

)
= s4

(
4π
3 +α

)
s4

(
5
3π
)
= s5

(
5
3π
)

s5(2π −α)= s1 (−α)

. (29)
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C2, C3, C4, C5, and h2 can be determined as follows:

h2 =
4π

π − 3α
h1

C2 = −
α

2
h1+C1

C3 =

(
2π
3
−α

)
h1+C1

C4 = C5 =
8π2
− 5πα+ 3α2

2(π − 3α)
h1+C1. (30)

As s4(ϕ) and s5(ϕ) share the same form, Eq. (28) can be
rewritten as follows:

s(ϕ)=



s1(ϕ)=
[
ϕ
2 −

α
π

cos
(
π
2α ϕ

)]
h1 +C1 ϕ ∈ [−α,α]

s2(ϕ)= h1ϕ+C2 ϕ ∈
[
α, 4π

3 −α
]

s3(ϕ)=
[
ϕ
2 +

α
π

cos
(
π
2α ϕ−

2π2

3α

)]
h1 +C3 ϕ ∈

[
4π
3 −α,

4π
3 +α

]
s4(ϕ)= −

[
ϕ
2 +

(π−3α)
6π sin

(
3πϕ−5π2

π−3α

)]
h2 +C4 ϕ ∈

[
4π
3 +α,2π −α

]
. (31)

After the values of h1 and C1 are chosen, the displacement
curve of the cams can be determined. The physical meaning
of h1 and C1 is the same as that of the two-piston pumps
presented in Sect. 3.

According to Eq. (31), the minimum and maximum dis-
placements of the pistons are as follows:

smin = s(−α)= −
1
2
αh1+C1 (32)

smax = s

(
4π
3
+α

)
=

4
3
πh1−

1
2
αh1+C1, (33)

and the stroke of the pistons H is as follows:

H = smax− smin =
4
3
πh1. (34)

Similarly, the acceleration is as follows:

a(ϕ)=



a1(ϕ)= ω2h1π
4α cos

(
πϕ
2α

)
ϕ ∈ [−α,α]

a2(ϕ)= 0 ϕ ∈
[
α, 4π

3 −α
]

a3(ϕ)= − ω
2h1π
4α cos

(
πϕ
2α −

2π2

3α

)
ϕ ∈

[
4π
3 −α,

4π
3 +α

]
a4(ϕ)= 3ω2h2π

2(π−3α) sin
(

3πϕ−5π2

π−3α

)
ϕ ∈

[
4π
3 +α,2π −α

]
, (35)

and the maximum accelerations in the forward and backward
strokes, afmax and abmax, are as follows:

a
f
max =

ω2h1π

4α
(36)

abmax =
3ω2h2π

2(π − 3α)
=

6ω2π2h1

(π − 3α)2 . (37)

Figure 9 shows the accelerations corresponding to differ-
ent transition angles α. It can be seen that the maximum ac-
celerations in the forward stroke decrease as α increases, and
that the maximum accelerations in the backward stroke in-
crease simultaneously.

Figure 9. Piston maximum accelerations with respect to transition
angles α of cam A.

Figure 10. Piston velocity of the three-piston pump using cam B.

6 Design of cam B for three-piston pumps

For two-piston pumps, one piston must be in the forward
stroke with constant velocity to provide a constant flow rate
when the other piston is in the backward stroke. For three-
piston pumps, there can be two pistons in the forward stroke
to provide the total constant flow rate when the third piston
is in the backward stroke. Thus, each cycle can be divided
into three 120◦ subdomains. In each subdomain, one piston
is designed to be in the backward stroke, and the other two
are designed to be in the forward stroke to achieve the total
constant flow rate. The velocity v(ϕ), specified by cam B, can
be designed in the form illustrated in Fig. 10 and expressed
with the following piecewise functions:

v(ϕ)=



v1(ϕ)= ωh1f1(t), where, t = 3ϕ
2 ϕ ∈

[
0, 2π

3

]
v2(ϕ)= ωh1f2(t), where, t = 3ϕ−2π

2 ϕ ∈
[

2π
3 ,

4π
3

]
v3(ϕ)= −ωh2f1(t), where, t = 3ϕ− 4π ϕ ∈

[
4π
3 ,

5π
3

]
v4(ϕ)= −ωh2f2(t), where, t = 3ϕ− 5π ϕ ∈

[
5π
3 ,2π

]
, (38)

where h1 and h2 are constants determining the maximum pis-
ton velocity in the forward and backward strokes.
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Figure 11. The profile of cam A in three sizes.

Figure 12. The profile of cam B in three sizes.

Figure 13. The velocities of the piston pump in cam A and cam B.

According to Eqs. (9) and (11), f1(t) and f2(t) satisfy the
following:

f2(t −π )= f1(t). (39)

Therefore, Eq. (38) can be rewritten as follows:

v(ϕ)=


v1(ϕ)= ωh1f1(t), where, t = 3ϕ

2 ϕ ∈
[
0, 4π

3

]
v2(ϕ)= −ωh2f1(t), where, t = 3ϕ ϕ ∈

[
4π
3 ,2π

] . (40)

For a three-piston pump, Eq. (40) gives the velocity of pis-
ton 1. The same equations apply to the velocity of piston 2
and piston 3, provided (ϕ+ 2π/3) and (ϕ+ 4π/3) are sub-
stituted for ϕ, respectively. Thus, for interval 0≤ ϕ ≤ 2π/3,
piston 1 and 2 have velocities given, respectively, by the first
expression in Eq. (40), while piston 3 is executing a back-
ward stroke and not delivering any flow. Therefore, the total
flow rate is given by ωh1. Similar results will be drawn for
intervals 2π/3≤ ϕ ≤ 4π/3 and 4π/3≤ ϕ ≤ 2π . Therefore,
the flow rate of the pump is constant, which can be put as
follows:

QB = 60h1Sω = 2πrh1S, (41)

where r denotes the revolutions of the cam per minute, and
S is the cross-sectional area of the cylinders.

By integrating the velocity function over time, the dis-
placement curve s(ϕ) can be obtained in the following forms:

s(ϕ)=


s1(ϕ)=

[
ϕ
2 −

1
3 sin

(
3
2ϕ
)]
h1+C1 ϕ ∈

[
0, 4π

3

]
s2(ϕ)= −

[
ϕ
2 −

1
6 sin(3ϕ)

]
h2+C2 ϕ ∈

[
4π
3 ,2π

] , (42)

where C1 and C2 are the constants of the integrations.
Since the cam profiles are continuous, the height function

must obey the following:s1
(

4π
3

)
= s2

(
4π
3

)
s2(2π )= s1(0)

. (43)

From Eq. (43), we have the following:

h2 = 2h1

C2 = 2πh1+C1. (44)

At last, Eq. (42) can be rewritten as follows:

s(ϕ)=


[
ϕ
2 −

1
3 sin

(
3
2ϕ
)]
h1+C1 ϕ ∈

[
0, 4

3π
]

−

[
ϕ− 1

3 sin(3ϕ)
]
h1+ 2πh1+C1 ϕ ∈

[
4
3π,2π

] . (45)

Noting Eq. (42), the minimum and maximum displace-
ments of the pistons are as follows:

smin = s(0)= C1 (46)

smax = s

(
4π
3

)
=

2
3
πh1+C1, (47)

and the stroke of the pistons, H , is as follows:

H = smax− smin =
2
3
πh1. (48)
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Figure 14. Cam systems with profiles with flat-faced and roller followers, respectively.

Similarly, the acceleration is as follows:

a(ϕ)=


3
4ω

2h1 sin
(

3
2ϕ
)

ϕ ∈
[
0, 4

3π
]

−3ω2h1 sin(3ϕ) ϕ ∈
[

4
3π,2π

] , (49)

and the maximum accelerations in the forward and backward
strokes, afmax and abmax, are as follows:

a
f
max =

3
4
ω2h1 (50)

abmax = 3ω2h2 = 6ω2h1. (51)

As it provides a greater width of transition domains than
cam A in both the forward and backward processes, cam B
can run with lower accelerations of pistons, which can also
be seen through the comparison among Eqs. (34), (35), (48),
and (49).

7 Computation of cam profiles

The displacements corresponding to the cams are designed
in the previous sections, and the cam profiles corresponding
to different followers can be determined by rational theories
(Casciola and Morigi, 1996; González-Palacios and Angeles,
2012; Jensen, 2020). The computational formulas of the cam
profiles corresponding to these followers are given in the fol-
lowing.

The cam profiles corresponding to knife-edge followers
can be prescribed by the following functions:{
x = s(ϕ)cos(ϕ)

y = s(ϕ) sin(ϕ)
ϕ ∈ [0,2π ], (52)

where the displacement function, s(ϕ), is described by
Eqs. (11), (20), (28), and (32).

Take the cams driven by hydraulic fluid power systems
as a specific calculation example. According to the flow

rate and the application requirements, the system parame-
ters were fixed as h1= 30 mm, α= 10◦, and the sizes of
the cam C1 are, respectively, 50, 60, and 70 mm. The con-
tour shapes of cam A and cam B are obtained as shown in
Figs. 11 and 12. When the cams ran with an angular ve-
locity, the cross-sectional area of the cylinders were fixed
as r = 1500 rmin−1, S= 100π mm2, and π = 3.1416, lead-
ing to the velocities of the piston pumps in cam A and cam B
shown in Fig. 13. The velocities of the piston pumps are both
kept constant, and the values are, respectively, 565 488 and
282 744 mmmin−1. Therefore, the flow rates per minute of
the piston pumps are, respectively,QA= 177.65 Lmin−1 and
QB = 88.83 Lmin−1.

Flat-faced and roller followers have usually been used in
high-speed cams rather than knife-edge followers because of
the rapid rate of wear. Flat-faced followers can only work
with the cam profile of all external curves with a small pres-
sure angle, high efficiency, and good lubrication. The roller
followers improved the contact condition between the fol-
lower and the cam profile, which can greatly reduce frictional
losses and bear a high load.

Flat-faced followers (Fig. 14) are the most common in pis-
ton pumps, and the cam profiles, described by the coordi-
nates x and y, can be given with the following formulae:x = s(ϕ)cos(ϕ)− ds(ϕ)

dϕ sin(ϕ)

y = s(ϕ) sin(ϕ)+ ds(ϕ)
dϕ cos(ϕ)

. (53)

Corresponding to the roller followers (Fig. 14), the cam
profile, coordinating with X and Y , can be expressed by the
following formulae:X = x− rr

dy/dϕ
√

(dx/dϕ)2+(dy/dϕ)2

Y = y− rr
dx/dϕ

√
(dx/dϕ)2+(dy/dϕ)2

, (54)

where rr denotes the radius of the roller, and (x,y) corre-
sponds to the cam profile with knife-edge follower given
by Eq. (52).
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8 Conclusions

Trigonometric splines are employed in the design of various
cam mechanisms as transition functions, which can to help to
plan the frequency and avoid resonance. With the given tran-
sition functions, cam profiles, required to provide a constant
flow rate, can be designed analytically with parameterized
forms, and the parameters can be determined according to
application requirements. The piston acceleration continuity
can also be guaranteed simultaneously.

Defined in a standard domain, the transition functions are
uniformly described, with very simple forms, and can be
used conveniently by lending coordinate transformations.

Two types of piston velocities among the three pistons and
two types of cam systems with different followers are pre-
sented to provide more choices for the design of the piston
pumps.

The maximum accelerations of the pistons are determined
by the width of the transition domain and the rotational ve-
locities of the cams, which will affect contact forces between
cams and followers. The two parameters should be noted dur-
ing the designation of the cams.
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Appendix A: Nomenclature

ϕ Cam rotational angle
C1 Property of piston velocities
C0 Property of the accelerations
ω Constant angular velocity of cam
h A constant
v(ϕ) Piston velocity
α Half-width of the transition domain
f (θ ) Standard transition function
s(ϕ) Piston displacement
a(ϕ) Piston accelerations
Q Flow rate
r Number of revolutions per minute
S Cross-sectional area of the cylinders
a
f
max Maximum accelerations in the forward strokes
abmax Maximum accelerations in the backward strokes
H Stroke of the piston
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