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Abstract. Non-circular grinding is used in the grinding of crankshafts. In contrast to general grinding, the pre-
cision in non-circular grinding is affected by torsional deformation, which results in errors in the grinding depth.
In this study, an equation to detect the angle error caused by torsional deformation is established considering the
grinding force, the structure of the crankshaft, and the distribution of torque. The angle error due to torsional de-
formation was found to be up to 0.44 arcsec, which is 5 % of the angle error obtained from previous studies. This
difference occurred as the previous studies did not exclusively detect the errors caused by bending deformation
and torsional deformation. However, the established equation detects these errors separately. The fundamental
cause of the two errors is the change in the structure of the crankshaft caused by bending. Further, the errors
were eliminated via steady rest to reduce the bending of the crankshaft. Although the proposed equation is not
entirely error-free, the results obtained by the equation have higher accuracy than those of previous studies.

1 Introduction

A crankshaft is a major component of an engine and af-
fects its working conditions. Further, the grinding precision
of a crankshaft affects the life of the workpiece. Continu-
ous research on the improvement of the grinding precision of
crankshafts has been conducted previously (Oliveira et al.,
2009).

A crankshaft consists of journals and pins. The center-
lines of the journal and pin are different from the axes of
the pins. Consequently, non-circular methods are used as
the traditional method of cylinder grinding, which is time-
consuming. In the non-circular method, the crankshaft ro-
tates about the journal axis while the grinding wheel moves
back and forth following the trajectory of the pin, which can
be seen graphically in Fig. 1 (Tönshoff et al., 1998).

Numerous studies are being conducted on the improve-
ment of the precision of crankshafts. In non-circular grind-
ing, grinding and measurement are performed concurrently,
and the measured error is compensated by re-grinding. Stud-
ies have been conducted to investigate methods to improve
the quality of measurement and increase the grinding speed.
The contour error was predicted using the position of the

grinding wheel and workpiece without using additional mea-
surement equipment (Huan and Ma, 2010). A measurement
method was suggested for high grinding speed using a V-
block (Yu et al., 2015). The quality of measurement was im-
proved, and the grinding time was reduced by using an opti-
cal sensor (Keferstein et al., 2008). Additionally, a study was
conducted to reduce errors by adjusting the height of steady
rests using data from real-time measurements (Shen et al.,
2015). These studies can effectively reduce errors to a cer-
tain level.

However, for higher precision, the cause of error needs to
be found. Consequently, studies on analyzing the cause of
error have also been conducted. Analyses on the grinding
force and its role in performance error have also been per-
formed (Malkin and Guo, 2008; Durgumahanti et al., 2010;
Walsh et al., 2004; Badger and Torrance, 2000; Shen et al.,
2006; Jang and Choi, 2018). Consequently, it was found that
the bend and twist in the crankshaft led to precision errors.
Further, in cylindrical grinding and non-circular grinding,
torsional deformation occurs because of the grinding force.
Errors in the cylindrical grinding were not due to torsional
deformation. However, in non-circular grinding, the cutting

Published by Copernicus Publications.



52 J. Jang and W. C. Choi: Prediction of angle error due to torsional deformation

Figure 1. Non-circular grinding.

depth error was caused by torsional deformation. Therefore,
torsional deformation plays a significant role in non-circular
grinding. Numerous studies have considered bending defor-
mation because its error is larger than that of torsional de-
formation. However, studies on torsional deformation have
also been performed. Generally, studies on the prediction and
compensation of the angle error due to torsional deformation
have been conducted (Yu et al., 2012; Zhang and Yao, 2015;
Li et al., 2015). However, these studies did not individually
analyze the torsional and bending deformation. Since these
studies measure the grinding trajectory, they include both tor-
sional and bending deformations.

This study aims to predict the angle error resulting from
torsional deformation in non-circular grinding using the
equation established herein. Unlike previous studies, the ef-
fect of bending deformation on the crankshaft is omitted
from the equation.

2 Study background

During grinding via a crankshaft pin, a grinding force is ap-
plied at the contact point between the grinding wheel and the
pin. The grinding force is expressed as a tangential force (Ft)
and normal force (Fn) at the grinding contact point. Fn and
Ft can be rewritten as the vertical force (Fu) and horizontal
force (Fv). “Vertical” indicates vertical to the direction of the
crankshaft arm, and “horizontal” indicates horizontal to the
direction of the crankshaft arm. Among these forces, only
Fv results in torsional deformation, which leads to the angle
error. This relationship is illustrated in Fig. 2.

The relationship between forces is expressed as follows:

Fu = Fn cosθG+Ft sinθG

Fv = Fn sinθG−Ft cosθG, (1)

where Fu is the vertical force, Fn is the normal force, Ft is
the tangential force, Fv is the horizontal force, and θG is the

Figure 2. Relationship of forces.

grinding position. The rotation angle error is the error under
investigation in this study. However, for convenience, F is
expressed as the grinding position as opposed to the rotation
angle. The relationship between the rotation angle and the
grinding position is as follows:

α = arctan
(Rw+Rp) sinθG

R+ (Rw+Rp)cosθG
, (2)

where α is the rotation angle, θG is the grinding position, Rw
is the radius of the grinding wheel,Rp is the radius of the pin,
and R is the distance between the center of the journal and
pin. This can be illustrated graphically in Fig. 3.

3 Angle error equation

In this study, torsional deformation refers to torsional defor-
mation of the crankshaft due to the torque generated by Fv.
The crankshaft should be divided into the journal, pin, and
crank arm sections to simplify the calculation. The journal
and the pin have a cylindrical shape, while the arm has a
beam shape. The angle error due to the torsional deformation
referred to in this study is caused by Fv. It is the sum of the
angle error caused by the torsional deformation of the pin and
journal and the bending deformation of the arm. Therefore,
the angle error can be represented as follows:

φtotal = φtorsional+φbending, (3)

where φtotal is the total angle error, φtorisional is the angle error
due to torsional deformation, and φbending is the angle error
due to bending deformation.

First, φtorisional can be expressed as the length of the jour-
nal and pin. During the grinding process, the torque of the
crankshaft is distributed to the headstock and tailstock, which
holds the ends of the crankshaft against the grinding force.
Torsional error due to the torque of the headstock (TH) is ex-
pressed as follows:
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Figure 3. Diagrammatic view of non-circular grinding.

φtorsional_H =
TH(LHi − (2i− 2)b)

GIpi
+
THLp

2GIpi
, (4)

where TH is the torque generated from the headstock, LHi is
the length from the end of the crankshaft near the headstock
to the ith pin, i is the order of the ground pin, b is the width
of the arm, Ipi is the moment of inertia of the journal and
pin, and Lp is the length of the pin. The first term of Eq. (4)
is based on the distance from the end of the crankshaft close
to the headstock to the ground pin. It is the angle error gen-
erated through torsional deformation due to TH in the cylin-
der, which has a length that excludes the width of the arm
from the end of the crankshaft to the ground pin. The bend-
ing deformation is excluded from the torsional deformation
because it is used to calculate the angle error of the arm. If the
center of the pin is ground, it is necessary to add the resulting
angle error at half the pin, which represents the second term
of the equation.

Second, φbending can be expressed as the angle error be-
cause of bending deformation of the arms obtained from the
relationship between force and angle, assuming that the arm
is a beam. The angle error formed by the bending deforma-
tion from the headstock to the ground pin is expressed as

φbending_H = (2i− 1)
FvR

2

2EIa
, (5)

where R and Ia are the length and moment of inertia of the
arm, respectively. The bending deformation of the arm is
generated by Fv. The total angle error is the angle error of
each arm multiplied by the number of arms from the end
of the crankshaft near the headstock to the ground pin. It
represents the total angle error due to the bending deforma-
tion from the end of the crankshaft near the headstock to the
ground pin.

The angle error at the grinding point is given by the sum
of the angle errors due to torsion and bending. It is expressed
as follows:

φtotal_H =
TH(LHi − (2i− 2)b)

GIpi
+ (2i− 1)

FvR
2

2EIa

+
THLp

2GIpi
. (6)

This is the angle error summed from the headstock to the
grinding point. As the value of TH is unknown, the angle error
cannot be obtained. To obtain the TH value, the principle, the
sum of the angle error from the headstock, is equal to the
sum of the angle error from the tailstock, and the sum of TH
and TT, which is equal to TG (torque by grinding force), is
applied. The angle error added from the tailstock is expressed
as follows:

φtotal_T =
TT(LTj − (2j − 2)b)

GIpi
+ (2j − 1)

FvR
2

2EIa

+
TTLp

2GIpi
(j =N − i+ 1), (7)

where TT is the torque generated from the tailstock, LTj is
the length from the end of the crankshaft near the headstock
to the pin being ground, and N is the number of pins in the
crankshaft.

As TG generated by the grinding force is divided into TH
and TT, it can be expressed as

TG = FvR = TH+ TT. (8)

TH and TT can be obtained using the equations
φtotal_H=φtotal_T and TG = TH+ TT. The angle error φtotal
can be obtained by substituting the torque value obtained.
The resulting equation is applied to the crankshaft, and the
angle error based on the grinding position of the first pin to
the seventh pin is calculated using MATLAB.

4 FEM analysis

The angle error obtained from the equation is difficult to
measure during experiments because it is it given by the dif-
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Figure 4. Modeling of the crankshaft.

Table 1. Material properties of the crankshaft.

Parameter Value

Radius of pin 145 mm
Radius of grinding wheel 700 mm
Pin length 180 mm
Crankshaft radius 200 mm
Main journal torsional modulus 80 000 MPa
Normal grinding force 400 N
Tangential grinding force 120 N
Crankshaft arm modulus 210 000 MPa

ference in the position of the journal and pin. Therefore, in
this study, the equation is verified through FEM analysis.

Figure 4 shows the crankshaft used in this study, and the
material properties are listed in Table 1. The crankshaft con-
sists of seven pins that have the same radii as the journals.
The model is designed such that both ends of the crankshaft
are held to the stock, there is no steady rest, and the grinding
force is applied to the grinding point while the pin is being
ground. The grinding position was adjusted at 10◦ intervals,
and the results were recorded.

4.1 Validation of FEM with the previous study

When calculating torsional deformation, if the deformation
of the pin (Pu, Pv) is used as is, then the bending of the jour-
nal (Ju, Jv) due to the grinding force is included. As shown
in Fig. 5, the correct value is φ, but φub (that angle error in-
cluding the bending of the journal) is calculated. Therefore,
φ should be calculated as the difference between the defor-
mations of the pin and journal.

In the study of Li et al. (2015), the angle error due to
torsional deformation was obtained by tracing the grinding
point. The method of tracing the grinding point only consid-
ers the position of the pin and hence cannot be regarded as
torsional deformation because it involves the bending defor-
mation of the journal.

As this study utilizes the crankshaft and grinding force as
in the study of Li et al. (2015), the FEM model presented
by Li et al. (2015) can be used for the analysis in this study.
In this study, the FEM model is used to obtain angle errors

Figure 5. Change of angle error due to bending effect.

Figure 6. Angle error including bending effect.

at pins, including the bending effect, as shown in Fig. 6. The
fourth pin angle errors for both studies are compared and pre-
sented in Fig. 7. The results of the FEM model, including the
bending effect, are similar to those of Li et al. (2015). The
results are confirmed by tracing the grinding point including
the bending deformation of the journal. This validates the
FEM model used in this study.
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Figure 7. Fourth pin angle error including bending effect.

Figure 8. Angle error due to torsional deformation (equation).

In this study, the torsional deformation of the first pin to
the seventh pin was obtained through pin and journal defor-
mations (Pu, Pv, Ju, Jv) while the pin was being ground.

5 Results

From the angle error equation, the angle errors based on the
rotation angle of the first pin to the seventh pin were calcu-
lated using MATLAB, as shown in Fig. 8. The results are ob-
served to have a periodic form, and there is no difference in
the angle errors when the rotation angles are approximately
15 and 200◦. The difference in the angle error is maximum
at rotation angles of 90 and 300◦. As the torque distribution
varies depending on the pin, the maximum angle error is de-
pendent on the pin, and the value ranges between 0.19 and
0.44 arcsec. The pin with the largest angle error is the third,
fourth, second, fifth, first, sixth, and seventh pins.

The values obtained using the FEM model are presented
in Fig. 9. It has a periodic shape, and there is no difference
in the angle error at approximately 15 and 200◦, and the dif-
ference in the angle error is maximum at approximately 90
and 300◦, respectively. The results are consistent with those
obtained using the angle error equation. However, there is no

Figure 9. Angle error due to torsional deformation (FEM).

significant variation in the position of the maximum value for
each pin. Further, the value is offset from 0.05 to 0.1 arcsec
in the negative direction compared with the angle error equa-
tion. Similar to the results obtained via the equation, the dif-
ference between the results of the FEM analysis and the an-
gle error equation varies depending on the pin and ranges
between −0.55 and −0.14 arcsec. Although there is a slight
difference in the rotation angle at which the maximum value
is obtained for each pin, the maximum value of the angle er-
ror decreases in the order of fourth pin, third pin, fifth pin,
second pin, sixth pin, first pin, and seventh pin.

6 Discussion

Based on the angle error equation, the angle error is lowest
at the first, sixth, and seventh pin, which are at the end of
the crankshaft. Moreover, the angle error is largest at the sec-
ond, third, and fourth pin, which are near the center of the
crankshaft. Further, the angle error tends to 0 when the rota-
tion angle is approximately 15 and 200◦, which is the point at
which the torsional deformation due to Fv becomes 0. In con-
trast, the angle error becomes maximum at a rotation angle
of approximately 100 and 300◦, where Fv is the maximum.
This proves the accuracy of the angle error equation.

The results of the equation and FEM analysis were com-
pared for all pins. The results of the fourth and seventh pin
are presented in Fig. 10, and the results obtained via the equa-
tion and FEM analysis are similar. The difference in results
between the equation and FEM shows a certain trend, which
can be explained as follows:

The results of the second to the fifth pin (near the
crankshaft center) obtained via the equation and FEM anal-
ysis are similar. However, compared to the graph obtained
via the equation, the graph obtained via the FEM analysis is
offset in the negative direction, which represents the differ-
ence. In contrast, the results of the fist pin and the seventh
pin located near the end of the crankshaft are not offset, and
the difference in the results of the two methods is due to the
amplitude difference. The sixth pin indicates that the results
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Figure 10. Comparison of the equation and the FEM.

for the middle of the crankshaft and end of the crankshaft
are mixed. The difference due to the offset is constant for all
rotation angles, whereas the difference in amplitude varies
with the position of the rotation angle. Therefore, the max-
imum difference at a specific rotation angle is largest at the
first pin and the seventh pin, with varying amplitudes. How-
ever, the difference at the first pin and the seventh pin of the
whole rotation angle is not larger compared to the other pins.

As mentioned earlier, two types of phenomena occur due
to the difference in offset distance amplitude. The funda-
mental cause of the two tendencies is that the structure of
the crankshaft changes due to bending. Despite the bend-
ing of the crankshaft not being considered in the angle error
equation, the bending phenomenon occurs in the crankshaft
through Fu and Fv in practice.

The process by which the bending of the crankshaft af-
fects both types of phenomena can be deduced as follows.
First, the offset phenomenon occurs due to the deformation
of the crankshaft through bending, Fu and Fv, and the applied
torque (T ) change. This is demonstrated by the offset phe-
nomenon not occurring at the end of the crankshaft, where
the bending effect is small. However, the offset phenomenon
occurs in the middle of the crankshaft, where the bending ef-
fect is large. Second, the phenomenon of the amplitude dif-
ference occurs because the torque distribution varies because
of the deformation of the crankshaft. TH and TT are obtained
using the angle error: φtotal_H = φtotal_T and TG = TH+TT.
φtotal_H or φtotal_T will become inaccurate if the structure
is deformed by bending. For instance, when grinding the
first pin near the headstock, φtotal_H was relatively accurate
but φtotal_T was inaccurate because of the bending of the
crankshaft. Therefore, the error occurs due to the distribution
of TH and TT, which is caused by the amplitude difference.
For the middle pin, the distribution of TH and TT is accurate
because φtotal_H and φtotal_T have the same error caused by
the bending of the crankshaft.

As the difference is caused by the bending of the
crankshaft, reducing the bending of the crankshaft results
can lower the difference between the results obtained via the
equation and FEM. In this study, the crankshaft was fixed to
the headstock and tailstock only. However, as the bending of
the crankshaft is reduced by steady rests in actual grinding,
the actual angle error will be more consistent with the angle
error obtained from the analysis using the equation compared
to the one using FEM analysis.

Further, the angle error obtained from previous studies,
which includes the bending of the crankshaft, and the one
that excludes the bending is compared. By comparison, the
angle error in this study represents 5 % of the angle error ob-
tained in previous studies. It suggests that the error due to
actual torsional deformation is significantly lower than pre-
viously considered.

As a result of the verification of the angle error equation
as proposed in this paper, there was a small error in the result
of the analysis using the equation and FEM, which suggests
that the equation is consistent with the prediction of the angle
error. Similarly, the value obtained in this study is lower than
the error due to bending, but the cause of the error must be
accurately separated.

7 Conclusions

When grinding a crankshaft, the grinding force leads to er-
rors. It is yet to be accurately established whether the error is
due to torsional deformation or bending deformation. In this
study, the error due to torsional deformation was predicted
using the angle error equation, which was formed consider-
ing the grinding force, the structure of the crankshaft, and the
distribution of torque. The equation was validated through
a comparison of the results achieved with the results of the
FEM analysis.

Mech. Sci., 12, 51–57, 2021 https://doi.org/10.5194/ms-12-51-2021



J. Jang and W. C. Choi: Prediction of angle error due to torsional deformation 57

– The results obtained via the equation and the FEM anal-
ysis were consistent, which suggests that the angle error
equation can accurately calculate the angle error.

– The results obtained via the two methods had two dif-
ferences. One difference was the amplitude near the
crankshafts’ ends, and the other was the offset phe-
nomenon near the center of the crankshaft.

– Bending of the crankshaft resulted in an error in the an-
gle error equation.

– The angle equation could be more accurate if the bend-
ing of the crankshaft were reduced using steady rests.

– The correct angle error due to torsional deformation was
5 % of the angle error obtained from previous studies.

Further studies are required to investigate how the bending
of the crankshaft affects the error of the angle error equation.
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