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Cyclic symmetric structures are an important class of structures in the fields of civil and mechanical
engineering. In order to avoid accidents due to cracks in such structures, an effective method for crack identifi-
cation is presented in this paper. First, the dynamic model of cyclic symmetric structures with gapless cracks is
developed using a structure’s sector model and rotation transformation. Then, the effects of cracks on the free
vibration characteristics of a cracked cyclic symmetric structure are addressed, with particular interests in the
distortion of mode shapes and the shift and split of natural frequencies. On the basis of crack-induced phenom-
ena, an effective method based on relative indicators of frequency separation is developed for quantitative crack
identification. Numerical results illustrate that the relative indicators are sensitive to small cracks and insensi-
tive to the predicting model used during analysis. Finally, the method is validated by experiments conducted on
an impeller-shaft assembly. The results show the effectiveness of the frequency separation indicators in crack

identification in cyclically symmetric structures.

Cyclic symmetric structures, also referred to as rotational
symmetric structures, are an important class of structures in
the fields of mechanical and civil engineering, such as gears,
fans, bladed disks of aero-engines, or impellers of centrifu-
gal compressors. Due to their importance and extensive ap-
plication, dynamic modelling and vibration analysis of cyclic
symmetric structures have attracted the attention of many re-
searchers in the past few decades and formed a special cat-
egory in structural dynamics (Thomas, 1979). These struc-
tures often operate under harsh conditions, including high
temperature, high pressure, high rotating speed and high
cyclic stress. Crack damages may occur at the weak points
due to high cycle fatigue after several years of operation. In
order to avoid severe accidents caused by cracks, effective
techniques should be developed to identify the crack dam-
ages, at best in the early stage or at least before breakage.
Crack identification is also a crucial issue in the field of
structural health monitoring and has attracted a lot of atten-
tion from researchers in the civil and mechanical engineering
communities. In the past few decades, a large number of in-

vestigations have been conducted on identifying crack dam-
ages in beams (Janeliukstis et al., 2017; Xiang and Liang,
2012; Yang et al., 2017), plates (Katunin, 2011; Yang and
Oyadiji, 2017; Yang et al., 2013), rotors (Guo et al., 2017,
Kumar and Rastogi, 2009; Lu and Chu, 2011; Papadopou-
los, 2008; Sawicki et al., 2011; Zhang et al., 2013), im-
pellers (Wang et al., 2014, 2015), bridges (Dilena et al., 2015;
Kim et al., 2018; Lee et al., 2005) and some other struc-
tures (Elshafey et al., 2010; Katunin et al., 2015; Viglietti et
al., 2018). More extensive literature summaries on damage
identification can be found in several review papers (Carden
and Fanning, 2004; Doebling et al., 1998, 1996; dos San-
tos et al., 2008; Fan and Qiao, 2011; Salawu, 1997; Yao
et al., 2014). As is mentioned in some papers (Carden and
Fanning, 2004; Doebling et al., 1998, 1996; dos Santos et
al., 2008; Fan and Qiao, 2011; Salawu, 1997; Yao et al.,
2014), the available literature can be classified, according to
the features extracted for damage identification, as natural
frequency-based methods, mode shape-based methods, mode
shape curvature/strain mode shape-based methods and other
methods based on modal parameters. These large numbers



of investigations provide effective methods and techniques
for crack identification and greatly promote the progress of
structural healthy monitoring in both the academic and engi-
neering fields. Despite the achievements, methods for identi-
fying crack damage in cyclic symmetric structures are rarely
reported. Different from beams, plates and other types of
structures, cyclic symmetric structures have some unique
characteristics, which may provide valuable indicators for
crack identification.

Regarding the studies on cyclic symmetric structures, most
investigations are concentrated on the dynamic modelling
(Lalanne, 2005; Laxalde and Pierre, 2011; Petrov, 2003), vi-
bration and stability analysis (Grolet and Thouverez, 2012;
Jacquet-Richardet et al., 1996; Sarrouy et al., 2011; Tai and
Shen, 2013) and model order reduction methods (Tran, 2009,
2014). Among these studies, a considerable portion is con-
ducted on bladed disks, which are important parts of aero-
engines and axial flow turbine machines. With respect to the
relatively few studies on cracks in cyclic symmetric struc-
tures, Ramesh et al. (1997) presented a numerical method for
evaluating the stress intensity factor of radial cracks in thick
cyclic symmetric annular rings. Saito et al. (2009) studied
the effects of cracks on the nonlinear forced response of a
bladed disk using the finite-element model and component-
mode synthesis method. Marinescu et al. (2011) developed
an efficient reduced order model for vibration analysis of
mistuned cracked bladed disks. D’Souza et al. (2012) pre-
sented a model order reduction method for nonlinear anal-
ysis of cracked multistage bladed-disk systems. Wang et
al. (2014) addressed the influences of cracks and mistuning
on the forced response and resonant frequencies of impellers.
Jung et al. (2012) studied the effects of cracks on a mistuned
bladed disk and discussed the possibility of detecting crack
damage by employing vibration data. Despite the abundant
investigations, relatively few papers were published to deal
with crack identification in cyclic symmetric structures.

In this paper, an effective method for identifying crack
damages in cyclic symmetric structures is presented. First,
the dynamic model of a cyclic symmetric structure with a
gapless crack is developed. Then, the influences of crack
damage on the variation characteristics of mode shapes and
natural frequencies of cyclic symmetric structures are dis-
cussed. On this basis, relative indicators, which are based on
the separations of the natural frequency pairs with the same
nodal diameter, are developed for crack identification. Fi-
nally, an experiment is conducted on a cracked impeller-rotor
assembly to validate the proposed method.

This paper is organized as follows. Section 2 addresses the
dynamic modelling of a cracked cyclic symmetric structure.
In Sect. 3, the characteristics of mode shapes and natural
frequencies of cracked cyclic symmetric structures are pre-
sented. Section 4 presents the frequency separation indicators
for crack identification. Section 5 contains the experiment re-
sults. Conclusions are given in Sect. 6.

In vibration analysis of cyclic symmetric structures, the sec-
tor models are often employed, instead of the entire model,
to significantly reduce the computational requirement. This
advantage is still valuable nowadays in spite of the advances
in computer hardware, as practical cyclic symmetric struc-
tures are often very complicated where large finite-element
models are usually needed to obtain accurate vibration char-
acteristics. A critical issue in modelling cracked cyclic sym-
metric structures is the accurate modelling of cracks, which
is often gapless and possesses a complex shape. The meth-
ods based on the theory of fracture mechanics mainly deal
with relatively simple and non-erratic structures by describ-
ing cracks as the reduction of stiffness. Besides, the property
of cyclic symmetry is broken when there exists a crack in the
structure. With respect to this issue, an efficient approach for
modelling cracked cyclic symmetric structures is developed
by utilizing the sector model. As a sector model is gener-
ally much more regular than the entire one, this approach
can reduce the difficulties in the preprocessing steps. Figure
1 shows the finite-element model of a cracked disk, which is
used herein as an example.

First, the sector model is utilized and split into two com-
ponents according to the position of the crack. As is shown in
Fig. 1, the common section between the two components is
divided into the connecting and crack surfaces, respectively,
where the shape and size of the crack surface depend on the
problem of interest. As the name implies, the connecting sur-
face is used to connect the two components. The governing
equations of motion of the two components are obtained in-
dependently, so that the degrees of freedom (DOFs) of nodes
on the connecting and crack surfaces exist in both of the two
equations, which can be expressed as

MO 4 KW = &) 4 19 1 O n

where superscript “c” is a label representing different com-
ponents; M© and K§°> are the mass and stiffness matrices;
1© denotes the vector of nodal displacement; f g‘;l) f S() and
f g") represent the force vectors with respect to the DOFs of
nodes on the connecting surface, the crack surface and the
external excitation, respectively.

Then, the two independent governing equations are syn-
thesized to form that of the whole cracked sector model. The

vectors u'© are firstly reorganized as

()
u© — u(fj , ()

where the subscript “oth” denotes the nodal displacement re-
garding the other nodes except those on the crack and con-
necting surfaces. The two components can be connected by
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Finite-element model of a disk with a gapless crack.

applying the di??lacement compatibility condition ugﬁl) =

ul?, where ulS" and u&? are the displacement vectors of
the two connecting surfaces. This compatibility condition
leads to a coordinate transformation, by which the govern-
ing equations of the sector model with a gapless crack can be

obtained as
M®i® £ K®y® = fg() + fés), A3)

where the superscript “s” denotes the objects of the sector
model. As the reaction forces on the connecting surfaces be-
tween the two parts are equal but opposite in sign, f g%) does
not exist.

Finally, the whole cracked model can be obtained by con-
ducting rotation transformation on the sector model shown
as

M® — [R<h>1: [Is @ MO]R®),

KO — [R(h)] [I §® K(S)] R®, “)

where the superscript “h” denotes the objects regarding the
whole model; Iy is an identity matrix of dimension S, where
S is the number of sectors; R™ is a pseudo-block diagonal
matrix as

R o0 ... 0
(h)
0 R 0
RV=| 7 8)
0 0 ... RW

where Rgh) denotes the rotation transformation matrix from
the first sector to the sth sector.

After the rotation transformation, the redundant DOFs on
the overlapped boundaries, as well as the crack DOFs in other
sectors, should be removed. Finally, the governing equations
of the structure with a gapless crack can be expressed as

Mii +Ku = f 4 + fe. (6)

As the free vibration is of interest in this paper, the force vec-
tors on the right-hand side of Eq. (6) are neglected in further
analysis. Although a relatively simple example is illustrated
in this section, the presented method can be easily used for
other practical complex cyclic symmetric structures.

Crack surface

Connecting
surface

Values of the dimension and material parameters of the

disk.
Notation  Description Value
Ro Outer radius of the disk 0.228 m
R Middle radius of the disk  0.15m
R; Inner radius of the disk 0.0375m
tq Thickness of the disk 0.02m
Wp Width of blade 0.05m
N Number of sectors 10
P Density 7850kg m~3
E Young’s modulus 2.1 x 1011 pa
v Poisson’s ratio 0.3

In this section, the effects of cracks on the free vibration of
cyclic symmetric structures are presented by employing the
disk model shown in Fig. 1 as a representative. During the
analysis, the inner circular surface is set to be fixed. As free
vibration is of interest, the crack surfaces are set to be free
without any constraints during the analysis. The values of the
dimension and material parameters of the disk are listed in
Table 1. Table 2 shows the first 10 natural frequencies of the
healthy disk. An important term in describing the character-
istics of mode shapes of cyclic symmetric structures is nodal
diameter (ND), which represents the line in the mode shapes
with zero amplitude. As is referred to in Thomas (1979), for
a mode with O ND, each sector has the same mode shape as
adjacent sectors. For an S/2ND mode, if S is even, each sec-
tor has the same mode shape but with antiphase as adjacent
sectors. For the mode with other ND, each sector has some
differences in phase between adjacent sectors, as is shown in
Figs. 2 and 3. Moreover, the natural frequencies correspond-
ing to the 1 ND, 2ND, ... (§/2 — 1) ND modes, which are of
interest in this paper, always exist in pairs with identical val-
ues, as is shown in Table 2. These characteristics are unique
for cyclic symmetric structures.



The first 10 natural frequencies of the disk without cracks.

Mode Natural Mode
index frequency, Hz  characteristics
1 52334 IND
2 523.34 1ND
3 550.11 OND
4 64796 2ND
5 647.96 2ND
6 993.10 3ND
7 993.10 3ND
8 1248.65 4ND
9 1248.65 4ND
10 133240 OND

X%

The 1 ND mode shapes of a disk without a crack.

For the sake of comparison, Figs. 4 and 5 show the 1 ND
and 2 ND mode shapes of the disk with a 56 mm crack. Due
to the influence of cracks, the mode shapes are distorted
compared with those of the ones without cracks. The cir-
cumferential positions of the nodal lines in the mode shapes
of healthy disks are arbitrary, which can be represented by
complex counter-rotating waves. The existence of a crack
breaks the cyclic symmetry and makes the circumferential
positions of nodal lines fixed with respect to the position of
the crack. As is shown in Fig. 4, the mode shape pairs of
1 ND have a mode with its nodal line far from the crack and
the other one with its nodal line across the crack. Regard-
ing the mode shape pairs of 2 ND shown in Fig. 5, a similar
phenomenon can be seen. This is an interesting phenomenon
that the mode shapes of the cracked disk seem to become
two extreme cases. When the crack is located at the nodal
line, the reduction in stiffness is minimum as these positions
do not suffer from large bending deformations. For the other
ones, the decrease in bending stiffness is significant because
of the high strain energy density at the crack location. These
characteristics will of course be reflected in the variation of
natural frequencies.

Figure 6 shows the variation of natural frequencies ver-
sus crack length, where the natural frequency pairs of 0 ND,
1 ND, 2ND and 3 ND are included. It can be seen that the
crack leads to the obvious decrease in natural frequencies.
Another significant phenomenon is that the natural frequency

ok

The 2 ND mode shapes of a disk without a crack.

%%

The 1 ND mode shapes of a disk with a 56 mm crack.

pairs of 1-3 ND get separated due to the crack, and the larger
crack causes larger separation. A similar phenomenon of res-
onant peak split has also been found in the nonlinear forced
responses of cracked bladed disks and impellers (D’Souza
et al., 2012; Saito et al., 2009; Wang et al., 2014). Result-
ing from the characteristics of the 1-3 ND mode shapes, the
larger ones of the natural frequency pairs decrease much
more slowly than the other ones. These characteristics pro-
vide effective indicators for crack identification.

Among the numerous studies on crack identification, natu-
ral frequency-based methods constitute an important branch,
which have been validated by a number of engineering ap-
plications. Natural frequency-based methods tend to have
the advantages of ease of measurement and being less sen-
sitive to measuring noise. Nevertheless, such methods also
possess some limitations, as summarized in some review pa-
pers (Carden and Fanning, 2004; Doebling et al., 1998, 1996;
dos Santos et al., 2008; Fan and Qiao, 2011; Salawu, 1997,
Yao et al., 2014). One of the most significant limitations is
the low sensitivity to crack damages. Another important is-
sue is the distinctions between the predicted results and those
measured ones. In order to realize quantitative crack identi-
fication, dynamic models, either analytical models or finite-
element models, are often required to predict the relations
between frequency indicators and crack length. Some differ-



The 2 ND mode shapes of a disk with a 56 mm crack.

ences tend to occur between the measured and predicted re-
sults, even when a quite refined finite-element model is used.
Although model-updating methods can be used to reduce
such differences, it is often very cumbersome and inefficient
in practical applications.

With regard to these limitations, the phenomenon of fre-
quency separation is utilized in this paper, and relative indi-
cators of frequency separation are employed, instead of the
shifts of natural frequencies, for crack identification in cyclic
symmetric structures. For a sND natural frequency pair, the
frequency separation indicator Fynp is defined as

1 2
fsND - fSND

Finp = o5 =12, 8, (N
where £, and £, are the natural frequencies of the sND
mode pair; S represents the maximum number of ND, which
is determined as

{ Sr=S8/2—-1, if S is even,

Sp=(S—1)/2, ifSisodd. ®)

Figure 7 illustrates the separations of the 1 ND, 2ND, 3ND
and 4 ND natural frequency pairs versus crack length, where
the crack surfaces are also set to be free during the analysis.
As is shown in the figures, the frequency separation indica-
tors change monotonically with the increase in crack length,
and the ones of higher ND tend to vary more remarkably.
These characteristics provide valuable information for quan-
titatively identifying the crack damage. Due to the property
of cyclic symmetry, cracks in the same positions of differ-
ent sectors result in the same variation in natural frequencies.
Therefore, the position of the crack can hardly be determined
by using only frequency separations, and the mode shapes
should also be employed. As is shown in Figs. 4 and 5, the
mode shapes of a certain ND always have a mode shape with
its nodal line going across the crack. Therefore, the position
of the crack can be identified by the modal shapes. In cyclic
symmetric structures, cracks usually occur in some fixed po-
sitions. For example, the cracks in gears are often located at
the tooth root with an inclination angle of 45°, and the cracks
in centrifugal impellers more often occur in the middle po-
sitions of blades at the inflow point or the weld toes. This
information makes it easier to localize the cracks in cyclic

symmetry structures than in beams and plates, as the loca-
tions of cracks are usually fixed. Nevertheless, it should be
noticed that different types of structures have different char-
acteristics in crack initiation.

An advantage of employing frequency separation indica-
tors is their higher sensitivity to small cracks than the shifts of
natural frequencies. This is because the frequency separation
is obtained by the relative differences between the natural
frequencies in one test, so even a small separation can be seen
during tests. The potential distinctions between different tests
conducted in different environments can be avoided. By con-
trast, the methods based on shift of natural frequency gener-
ally require reference results of counterparts without cracks.
As the reference results may change with environmental and
other conditions, a small shift of natural frequency is often
not reliable for identifying crack damage.

Another advantage of employing frequency separation in-
dicators is their low sensitivity to the predicting model used
during analysis. As is mentioned above, the accuracy of a
dynamic model is a critical issue in model-based methods.
However, the different models of an identical structure may
give different results. Taking the finite-element models as ex-
amples, the predicted natural frequencies may differ between
models with different numbers of nodes and elements.

Figure 8 illustrates three finite-element models of the disk
shown in Fig. 1. The variations of natural frequencies and
the frequency separation indicators versus crack length are
shown in Figs. 9 and 10, respectively. It can be seen in
Fig. 9 that different models give different results in frequency
shifts, and the differences sometimes exceed the influences
of cracks. Nevertheless, the variation curves of the frequency
separation indicators of the models are very close. Then, a
relatively rough model can be employed to acquire the vari-
ation of frequency separation versus crack length. It can also
be inferred that the relative indicators can more reliably resist
the variation of the external environment. This is because the
natural frequency pairs may have similar levels of variation
due to environment change, so the separation indicators may
not change much.

In order to validate the proposed method and illustrate its ef-
fectiveness in practical cyclic symmetric structures, modal
tests are conducted on an impeller-shaft assembly with a
crack located in the middle position of the blade, as is shown
in Fig. 11. The assembly is the rotor of a centrifugal com-
pressor and contains a shaft, an impeller and a fastening de-
vice. As the practical gapless crack is relatively difficult to
fabricate, the steel saw is used in the experiment to saw the
crack with a small gap. During the test, the impulse excita-
tion method with an aluminium hammer is employed, and
the assembly is laid on a V-shaped support. As the localized
crack mainly affects the vibration of the impeller, the exciting
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and measuring points are all placed on the impeller. During
the tests, the crack is fabricated on the impeller by five stages
with a 10 mm interval in crack length per stage. After the ma-
chining of the crack in each stage, a modal test is conducted
subsequently.

By contrast, Fig. 12 shows the finite-element model of the
assembly, which is used in this section to compute the natural
frequencies of the cracked assembly. Table 3 lists the 13 nat-
ural frequencies of the healthy assembly obtained by the test
and finite-element model. As can be seen in Table 3, although
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Figure 8. Finite-element models of the disk with a gapless crack: (a) model 1 with 4260 nodes, (b) model 2 with 6780 nodes and (¢) model

3 with 14 400 nodes.
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a relatively refined finite-element model has been employed,
most of the predicted natural frequencies have non-negligible
differences compared with the tested ones.

As the exciting and measuring points are placed on the im-
peller, the measured natural frequencies contain only those
with significant impeller-involved mode shapes. Figure 13
shows the tested frequency response functions of six cases of
cracks in the impeller. As can be seen in the figure, the two
natural frequencies of the 2 ND mode pair, which are boxed
with a red dashed frame, present obvious separation, and the
value of separation increases monotonously with the crack
length. The frequency separation is very sensitive to small
cracks, as is already very obvious for a small crack. Thus, the
test results conform to the variation characteristics of natural

https://doi.org/10.5194/ms-12-173-2021

frequencies obtained by numerical analysis in the previous
section. Nevertheless, the 1 ND coupling modes are not that
sensitive to cracks. This is because these modes involve the
coupled deformations of impellers and shafts, where the local
crack does not result in a significant reduction in the equiva-
lent bending stiffness. The 3 and 4 ND local modes of the as-
sembly possess larger natural frequencies, which exceed the
reliable range of the test and are not illustrated in the figure.
For other structures, these modes may be within the mea-
sured frequency ranges. The tests show that the local modes
are more sensitive to cracks than the coupling modes; thus,
these modes should be considered during tests. It is easy to
understand because the crack-induced reductions in the over-
all strain energies are more significant in local modes.

Mech. Sci., 12, 173-184, 2021
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The impeller-shaft assembly employed in experiment
and the fabricated crack.

Figure 14a and b show the shifts and separations of the
natural frequency pair of 2 ND modes versus crack length,
respectively. It can be seen in the figures that the frequency
separation predicted by the finite-element model agrees well
with that obtained by tests, though there exist some small
differences, whereas the shifts of natural frequencies differ
much more obviously. This also illustrates the advantage of
employing frequency separation indicators in crack identifi-
cation in cyclic symmetric structures.

In practical applications, the separation value of a certain
natural frequency pair can be computed first. Then, a modal
test is conducted to obtain the realistic separation value. Fi-
nally, the length of the crack can be identified by comparing
the measured separation value to the predicted relationship
of frequency separation versus crack length. If the position
of the crack is of interest, the mode shapes should be mea-
sured, and then the crack can be localized by the nodal lines
in the mode shapes. If the length and position of the crack

Comparison of the natural frequencies of the impeller-
shaft assembly.

Mode  Experi- Finite- Relative = Mode characteristics
index ment, element error

Hz models,

Hz

1 620.0 653.7 54% 1ND, coupling mode
2 620.0 653.8 5.5% 1 ND, coupling mode
3 1132.0 1129.2  —0.2% OND, coupling mode
4 1564.0 1607.5 2.8% 1ND, coupling mode
5 1564.0 1607.5 2.8% 1ND, coupling mode
6 1964.0 1951.1  —0.7% OND, coupling mode
7 2620.0 26005 —0.7% 2ND, local mode
8 2620.0  2600.5 —0.7% 2ND, local mode
9 2916.0  2952.6 1.3% OND, coupling mode
10 3168.0 31473 —0.7% 1ND, coupling mode
11 3168.0 31473 —-0.6% 1ND, coupling mode
12 3528.0  3604.9 22% 1ND, coupling mode
13 3528.0  3605.0 22% 1ND, coupling mode

are not important and when just wondering whether there is
existing crack damage, it will be much easier if only one test
is needed. The structure’s condition can be determined by
checking whether there exists a frequency separation phe-
nomenon. Such kinds of qualitative crack identification can
meet the requirements of many engineering applications, as
the components should be replaced or maintained immedi-
ately after finding cracks, in spite of the length of a crack.
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Figure 13. Comparisons of the frequency response functions with different lengths of a crack in the impeller. L. denotes the length of the

crack.

The experiment in this section illustrates the effectiveness
of the relative indicators of frequency separations in quanti-
tatively identifying crack damage in cyclic symmetric struc-
tures. The proposed method also possesses the advantages
of being easy to measure and less sensitive to noise, as it is
based on a natural frequency test. Although this method is
developed with respect to cyclic symmetric structures, the

https://doi.org/10.5194/ms-12-173-2021

ideas of relative indicators may help to relieve the limita-
tions of insensitivity to small cracks and sensitivity to envi-
ronment variation of frequency-based methods and may help
to develop more reliable techniques for crack identification
in beams, plates and other kinds of structures.

Mech. Sci., 12, 173-184, 2021
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In this paper, an effective method is proposed for crack iden-
tification in cyclic symmetric structures by using relative in-
dicators of frequency separation. First, the dynamic model of
cyclic symmetric structures with gapless cracks is developed
using a structure’s sector model and rotation transformation.
Then, the effects of cracks on the mode shapes and the natu-
ral frequencies of a cyclic symmetric structure are addressed.
By employing the influence characteristics of cracks, fre-
quency separation indicators are developed for quantitative
crack identification. An experiment is also conducted to val-
idate the indicators. According to the results in this paper,
it can be concluded that the existence of cracks leads to the
distortion of mode shapes and the shift and separation of nat-
ural frequencies. The two natural frequencies of a mode pair
get gradually decreased and separated as the crack length in-
creases. The mode shape pair also presents different charac-
teristics, where one has a nodal line across the crack and the
nodal lines of the other one are far from the crack. These
characteristics can be used to identify the position of a crack
and quantify the length of the crack. Numerical and experi-
mental results show the effectiveness of the method for crack
identification in cyclic symmetric structures. It is also illus-
trated that the frequency separation indicators have the ad-
vantages of being sensitive to small cracks and insensitive
to the predicting model used during analysis. Although the
method is proposed with respect to cyclic symmetric struc-
tures, it may provide some valuable inspirations for develop-
ing effective methods for other kinds of structures.
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