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Abstract. As a type of spatial transmission mechanism, noncircular bevel gears can be used to transfer the
power and motion with a variable transmission ratio between intersecting axes. In this paper, utilizing the spher-
ical triangle theorem and meshing principle, the parametric equations of the contact ratio are established in the
space polar coordinate system. Two innovative methods are proposed to analyze the contact ratio by using the
rotation angle of the driving (driven) gears and the arc length of pitch curve as pure rolling. In the case of modi-
fied gear and X-zero gear, whether the noncircular bevel gear is continuously driven is deduced. The simulation
transmission ratio curve and theoretical transmission ratio curve are compared to verify the rationality of the
design.

1 Introduction

With noncircular bevel gears, power and motion can be trans-
ferred between two intersecting axes with a variable trans-
mission executed by a suitable program of motion, as shown
in Fig 1. Noncircular bevel gears combine the functions of
both bevel and noncircular circular gears; in the aerospace
and military fields, there will be less space for assembly and
lower equipment quality. At present, noncircular bevel gears
have been used in limited slip differential and gear pumps,
but the application of noncircular bevel gear still needs fur-
ther study. Noncircular bevel gears can be regarded as a gen-
eral form of bevel gear. The research method of bevel gear is
to expand the spherical pitch curves on the plane through the
principle of the back cone (Huston et al., 1981, 1982, 1983).
Figliolini et al. (2011) studied pitch cones for elliptical bevel
gears. A general mathematical model of noncircular bevel
gear is established by Lin (2012). Shi et al. (2012) present a
method for designing pitch curves in a space coordinate sys-
tem and machining noncircular bevel gears by using a bevel
gear cutter, pitch curves and base curves, and the addendum
and dedendum curves of parametric equations are established

(Shi et al., 2020a, b). Jia et al. (2008a, b) reflected the spheri-
cal pitch curve to the plane, introduced the concepts of equiv-
alent tooth shape and equivalent pitch curve, and simplified
the space problem to the plane. A kind of varying-coefficient
profile-shift modification method for a high-order involute of
the noncircular bevel gear drive is presented, and the math-
ematic model for the tooth profile is established (Xia et al.,
2008, 2014). A new method is presented for pitch-surface
shaping (Lv et al., 2015) to shape the concave cusp or the
convex cusp of the pitch surface of a multi-lobed noncircular
bevel gear. Zheng et al. (2016a) proposed a universal method
that is applicable to free-form the tooth profile and curvilin-
ear tooth lengthwise. Zheng et al. (2016b) presented a face-
milling method for generation of noncircular spiral bevel
gears. Based on vector coordinate transmission, a new design
method is proposed to simplify the calculation process of the
tooth profile; as well as this, a new hot forging process is pro-
posed to manufacture the noncircular bevel gears (Zhuang et
al., 2017). In order to drive the gears continuously, it is nec-
essary to ensure that when the former pair of gear comes out
of engagement, the latter one comes into engagement, so the
condition of continuous transmission of gear should meet the
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Figure 1. 3D modeling of noncircular bevel gears.

contact ratio ε ≥ 1. Xu et al. (2018) studied the tooth profile
design principle and method of a new type of internal gear-
ing transmission with a large contact ratio. Gui et al. (2018)
adopted a more accurate Hertz contact stiffness calculation
method of tooth surface to construct its deformation coordi-
nation equation. Based on AutoCAD redevelopment by the
VB program, Zhang (2018) discuss profile modification gear
and the calculation method of its transverse contact ratio. At
present, noncircular bevel gears are mainly processed by lin-
ear cutting and six-axis CNC machine tools, but there are still
difficulties in machining.

At present, the research on noncircular bevel gears is
mainly from space projection to plane, and the plane anal-
ysis is done. The innovation of our research lies in that we
directly study in space, which eliminates the error caused by
projection. By using the spherical cosine theorem and Napier
rules, the relation of each side and angle can be derived in
the space polar coordinate system, and the contact ratio can
be obtained through mathematical derivation.

2 Analysis of the contact ratio of noncircular bevel
gear pairs

2.1 The contact ratio is calculated by the rotation angle

Figure 2 shows the meshing process of a pair of noncircular
bevel gear pairs. In the meshing process of a pair of noncir-
cular bevel gears, the instantaneous center P moves back and
forth on the large spherical arc between two rotating axes.

As shown in Fig. 2b the driven gear rotates clockwise from
its initial position to perigon θ2, and therefore
S2 =

∫ θ2
θp2

√
sin2ϕ2+ϕ

′

2
2 (θ ) · dθ

PB2 = S2 · cosαn
cosγa2 = cos[ϕ2 (θ2)] · cos(PB2)+ sin[ϕ2 (θ2)]

·sin(PB2) · cos[δ2 (θ2)+αn] .

(1) Figure 2. The meshing process.
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Because the pitch curve length that both gears have rolled
is S2, the angle θ3 of the driving gear rotation can be ob-
tained:

S2 =

∫ θ3

θp1

√
sin2ϕ1+ϕ

′

1
2 (θ ) · dθ. (2)

As shown in Fig. 2c the driving gear rotates clockwise
from its initial position to perigon θ5, the arc length of the
pitch curve rolling is S1, and
S1 =

∫ θ5
θp1

√
sin2ϕ1+ϕ

′

1
2 (θ ) · dθ

P ′B1 = S1 · cosαn
cosγa1 = cos[ϕ1 (θ5)] · cos

(
P ′B1

)
+ sin[ϕ1 (θ5)]

·sin
(
P ′B1

)
· cos[δ1 (θ5)+αn] .

(3)

According to the Eqs. (1)–(3), in the whole meshing pro-
cess, the driving gear rotation angle is

α1 = θ3+ θ5− θp1. (4)

If α1 > θp
′, it indicates that the next pair of gears has en-

tered engagement while the previous pair of gears has not yet
left engagement, and the gear pairs can continuously drive.
Therefore, the contact ratio can be expressed as follows:

ε =
α1

θp ′
, (5)

where θp ′ is the rotation angle of the driving gear when the
next tooth of the driving gear enters engagement, and θ ′p =
θp + θ3− θ

′

3. θp is the central angle of the driving gear pitch∫ θp

0

√
sin2ϕ+ϕ′2 (θ ) · dθ =

S

Z
.

where the angle ϕ1 and ϕ2 is the polar angle of the driving
gear and the driven gear respectively. The angle ϕ0 is the
rotation angle between the two axes of rotation, so ϕ0 = ϕ1+

ϕ2. The angles γa1 and γa2 are the addendum curve polar
angle of driving and driven gear respectively. The angle δ1
and δ2 is the tangent azimuth angle of the pitch curve of the
driving and driven gear respectively. The angle αn is the tool
tooth profile angle. The perigons of the pitch curve at the
initial position are θp1 and θp2 respectively.

2.2 The contact ratio is calculated by the arc length

Assume that the initial position of the gear is the same, ac-
cording to Eq. (1); when γa2 of driven gears is known, θ2
is calculated using the spherical arc length formula S2 =∫ θ3
θp1

√
sin2ϕ1+ϕ

′

1
2 (θ ) · dθ . Because the two gears do pure

rolling, the arc length of pitch curve driving gear rolling is
S2 too. According to Eq. (3), arc length S1 can be obtained,
and the contact ratio can be expressed as follows:

ε=
S0

S′p
, (6)

Figure 3. The relationship between the polar angle and the perigon.

where S0 = S1+ S2, S′p is the arc length of the pitch curve
when the next gear tooth of the driving gear enters the en-
gagement, S′p = Sp+S2−S

′

2, Sp is the tooth space of the driv-

ing gear, Sp =
Sing(en)
Zing(en)

, Sing(en) is the length of driving (driven)
gear pitch curve, andZing(en) is the number of teeth of driving
(driven) gear.

The value range of α1 can be obtained from Eqs. (1)–(3),
the rotation angle α1 of the tooth profile meshing changes
periodically between its top and waist, and its change range
is shown in Fig. 5.

3 Calculation of the X-zero noncircular bevel gear
contact ratio

3.1 The maximum and minimum positions of the contact
ratio

Assume that the length λ of the long axis of the noncircular
bevel gear is equal to 74◦, and the intersection angle ϕ0 be-
tween the two rotating axes is equal to 90◦. When the tooth
number Z1 and Z2 of the third-order (driving gear) and the
fourth-order (driven gear) noncircular bevel gears are equal
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Figure 4. The relationship between the θ5 and the perigon.

Figure 5. The relationship between the rotation angle α1 and the
perigon.

to 45 and 60 respectively, the calculation methods of the con-
tact ratio are as follows.

Because the addendum curve is the normal equidistant
curve of pitch curve, as shown in Fig. 3, the polar angle γa1
of the addendum curve changes rule with the perigon θ .

The value range of θ5 can be obtained from Eq. (3). The
change rule of θ5 with the perigon θ of pitch curve of the
driven gear is shown in Fig. 4.

3.2 Value range of the contact ratio

Tooth space p = S
Z

. For the sake of illustration, θp = 8. Us-
ing Figs. 3–5, the maximum of rotation angle α1 occurs when
the waist of the driving gear engages with the top of the
driven gear. The driving gear maximum and minimum of the
rotation angle are α1max = 15.054 and α1min = 11.771◦. In
this time, the position of the driving gear is located at the
perigon is equal to (2n+ 1) · π3 , the position of the driving

Figure 6. Transmission ratio curve.

gear located at the perigon is equal to (2n+1) · π4 . Therefore,
the range of the contact ratio ε is 1.47–1.88.

It indicates that when one pair of teeth of this pair of non-
circular bevel gears is out of engagement, the next pair of
adjacent teeth has entered into engagement, and this pair of
noncircular bevel gears can be continuously driven. The pro-
file distribution of noncircular bevel gears affects their con-
tact ratio; at the same time, the contact ratio is related to the
polar angle of pitch curve. When a pair of noncircular bevel
gears meshed, in order to get a better contact ratio, the tooth
groove should be designed where the polar angle of the pitch
curve of the gear pair is large, and the gear tooth is designed
where the polar angle is small.

4 Calculation of the contact ratio of the modified
noncircular bevel gear

Noncircular bevel gear pairs with the third-order 9-tooth
driving gear and the fourth-order 12-tooth driven gear is an-
alyzed whether the pair of gears can continuously drive, and
the contact ratio of each pair of teeth in meshing process is
calculated respectively.

4.1 Continuous transmission

In a pair of noncircular bevel gear pairs in meshing transmis-
sion, the angular velocity of the driving gear is a fixed value,
so the angular velocity of the driven gear can reflect the trans-
mission ratio. In the ADAMS simulation, the material is set
as steel, and a motor is applied to the axis of the third-order
driving gear. The transmission ratio curve obtained by the
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Figure 7. The perigon of noncircular bevel gears.

ADAMS simulation and the comparison between simulation
value and theoretical value are shown in Fig. 6.

On the whole, the transmission ratio curve obtained by
simulation is consistent with the transmission ratio curve to
be realized, and the transmission ratio curve is continuous.
The driving gear rotates for one cycle, the transmission ratio
changes for three periods, which proves that this gear pair
can continuously drive.

4.2 Analysis of the contact ratio

4.2.1 Calculation of perigon at the intersection of pitch
curve and tooth profile

Using the arc length formula of the spherical curve, the
perigon at the intersection of a group of pitch curves and
tooth profile curves is calculated, as shown in Fig. 7.

Figure 8. Tooth profile curve model.

4.2.2 Curve model generated by tooth profile equation

The tooth profile curve model generated by the tooth profile
equation is shown in Fig. 8 (Shi et al., 2020a, b). The turn-
ing point of tooth profile curve below pitch curve is the limit
position point of undercutting.

4.2.3 The polar angle at the intersection of addendum
curve and tooth profile

The polar angle at the intersection of the addendum curve
and the tooth profile curve of the three adjacent teeth of 3-
lobed and 9-tooth (4-lobed and 12-tooth) noncircular bevel
gear is shown in Fig. 9.

4.2.4 Calculation of the contact ratio

The contact ratio was calculated as follows:

1. The upper-right long-tooth profile and the lower-right
short-tooth profile of the driving gear meshes with the
upper-right short-tooth profile + the lower-right long-
tooth profile of the driven gear. The meshing process is
shown in Fig. 10.

As shown in Fig. 2, the initial position remains un-
changed, and the polar angle γa21 at the intersection of
the tooth top line and the tooth profile is equal to 50.17◦

when the tooth profile of the driven gear begins to enter
meshing. According to Eq. (1), the rotation angle θγ 21
of the tooth profile of the driven gear from the initial
position to the position when the tooth top enters en-
gagement is equal to 8.28◦. At this time, the polar an-
gle γa13 at the intersection of tooth-profile and tooth-top
curves with the driving gear meshing is equal to 47.18◦.
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Figure 9. Polar angle of noncircular bevel gears.

Similarly, according to Eqs. (2)–(3), the rotation angle
θγ a13 of the tooth profile of the driving gear from the
initial position to the position when the tooth top is out
of the engagement is equal to 24.84◦; at this time, the
rotation angle θ ′γ 21 is equal to 19.8◦ when the driven
gear turns the same arc length. According to Eq. (4),
the rotation angle of the driven gear in this process is
α1 = θγa21 + θ

′
γa21
= 28.08◦. At this point, the rotation

angle θ ′p of the next tooth of the driven gear into mesh
is equal to 21.453◦, and it satisfies the condition of con-
tinuous transmission. According to Eq. (5), the contact
ratio ε is equal to 1.31.

2. The upper-right short-tooth profile and the lower-right
long-tooth profile of the driving gear engages with the
upper-right long-tooth profile and the lower-right short-
tooth profile of the driven gear. This engagement pro-
cess is shown in Fig. 11.

As shown in Fig. 2, the initial position remains un-
changed, according to Eqs. (1)–(5), and the contact ratio
ε is equal to 1.01.

Figure 10. Meshing process (Case 1).

3. The upper-right long-tooth profile and the lower-right
long-tooth profile of the driving gear engages with the
upper-right long-tooth profile and the lower-right long-
tooth profile of the driven gear. The meshing process is
shown in Fig. 12.

As shown in Fig. 2, the initial position remains unchanged,
according to Eqs. (1)–(5), and the contact ratio ε is equal
to 1.01.

To sum up, for the third-order 9-tooth and the fourth-order
12-tooth noncircular bevel gear pairs, the noncircular bevel
gear with fewer teeth after addendum modification avoids
undercutting, and the contact ratio is greater than 1, satis-
fying the condition of continuous transmission. When the
tooth with a short-tooth profile meshes, the rotation angle in
the meshing process is smaller, while when the tooth with a
long-tooth profile meshes, the rotation angle in the meshing
process is larger.
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Figure 11. Meshing process (Case 2).

5 Conclusions

In this paper, which investigates the fact that the meshing
line of noncircular bevel gears is not a fixed straight line, a
calculation method for the contact ratio of a pair of noncir-
cular bevel gears in the meshing process is proposed, and the
contact ratio of noncircular bevel gears in the transmission
process is calculated. The conclusions are as follows:

1. The parametric equations of the contact ratio are estab-
lished in the space polar coordinate system. Two inno-
vative methods are proposed to analyze the contact ratio
by using the rotation angle of the driving (driven) gears
and the arc length of pitch curve as pure rolling.

2. In the case of modified gear and X-zero gear, whether
the noncircular bevel gear is continuously driven is de-
duced. The simulation transmission ratio curve and the-
oretical transmission ratio curve are compared to verify
the rationality of the design.

Figure 12. Meshing process (Case 3).
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