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Abstract. When implementing the technological process on crank presses, it is necessary to provide a prede-
termined working cycle of the slider motion: fast lifting, dwell, and slow lowering. The cycle cannot be realized
without controlling the motor. In addition, using controllable motors increases the manufacturing cost. Due to
the geometric and kinematic capabilities of the mechanism, changing the kinematics of the working link is the
best choice. Thanks to the use of the Stephenson II mechanism, the slider skew is eliminated due to the parallel
connecting rods and the increased area of slider contact. This study presents a numerical method for kinematic
synthesis of the Stephenson mechanism that has kinematic advantages. The method is based on mean square
deviation which is the minimizing of an objective function. Thanks to the proposed synthesis method, approxi-
mate dwell movement can be performed when the slider is on the bottom dead center. In this study, values of the
crank length and parallel connecting rods’ lengths, angular coordinates of the crank and connecting rods, and the
eccentricity of the guide slider relative to the crank rotation axis were obtained. It is observed that eccentricity
affects the lower forward and higher backward speed of the slider. The kinematic results of the slider movement
are comparatively presented in this article.

1 Introduction

The main disadvantage of a four-bar slider-crank press
scheme is the impossibility of ensuring a long dwell of a
working slide and the irregularity of its stroke (Bocharev,
2008). This is not possible because there is no intermediate
link between the drive crank and the connecting rod bonded
with a slider. Jomartov et al. (2020) showed that a crank press
based on the Stephenson mechanism allows solving many
problems characterized by crank presses based on four-bar
mechanisms. For example, to correct a slider deformation
caused by parallel connecting rods, the contact area of the
slider needs to be increased. By using a simplified structure,
they tried to achieve a dwell motion on slider (Jomartov et
al., 2019; Tuleshov et al., 2019; Drakunov et al., 2018).

The development of new designs of machinery mecha-
nisms, including crank presses (Bocharev, 2008), begins with
the solution of analysis and synthesis problems based on
mathematical modeling. When implementing the technolog-

ical process in crank presses, it is necessary to provide a pre-
determined cycle of the working slider movement: fast lifting
(reverse stroke), dwell, and slow lowering (working stroke).
In studies conducted on crank presses, there are two ways
to achieve these goals. First, these properties can be realized
by modifying the kinematic chain in a mechanism with one
degree of freedom (1 DOF). Tuleshov and colleagues (Jo-
martov and Tuleshov, 2019; Jomartov et al., 2019; Tuleshov
et al., 2019; Jomartov and Tuleshov, 2018) presented an ap-
plication of the four-class kinematic chain (structure group)
to perform the synthesis of the crank press mechanism. The
method of kinematic analysis of two connecting rod crank
presses was developed by Jomartov et al. (2020) based on
four-bar mechanism (Jomartov and Tuleshov, 2019). The
second way is to solve this problem through the additional
freedom of kinematic chain, which is called the hybrid press
system (Kütük and Dülger, 2016; Tokuz, 1992; Dülger and
Kireçci, 1995, 1999). Kütük and Dülger (2016) presented
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a scientific literature review on the analysis and synthesis
of the hybrid mechanisms of the crank press. To provide a
technological cycle, they studied a seven-bar mechanism that
had 2 DOF and whose one degree was driven by a constant
speed direct current power motor (for the implementation of
the main technological process) and whose second degree
was driven by a servomotor. In many other studies, hybrid
press systems based on five-bar and seven-bar mechanisms
with two degrees of freedom have been examined. A similar
technology was carried out by Tokuz, Dülger, and their col-
leagues in a hybrid configuration (Tokuz, 1992; Dülger and
Kireçci, 1995, 1999). The constant speed motor and servo-
motor were combined by a differential gearbox, which sub-
sequently drove the crank mechanism (Tokuz, 1992).

Yuan et al. (2005) investigated two different mechanisms
whose DOF was two. Ouyang et al. (2004) proposed a five-
bar linkage mechanism, which consisted of a constant veloc-
ity alternating current motor and a speed controller, a brush-
less alternating current servomotor and a gear servo ampli-
fier, a shift encoder, a flywheel, and a belt. Zhang also pro-
posed a hybrid five-bar mechanism with an adjustable link
(Zhang, 2006).

Connor et al. (1995) conducted studies on the synthesis
of five-bar hybrid mechanisms by using genetic algorithms.
Dülger et al. (2003) carried out a study on modeling and kine-
matic analysis of a hybrid actuator of the seven-bar mecha-
nism with a controllable crank. Yu (2006) performed a study
by using the hybrid machine (HM) system with a five-bar
mechanism. Li and Zhang (2010) applied a seven-bar con-
figuration through kinematic analysis and optimal design of
the hybrid system. Li and Tso (2008) introduced a seven-bar
mechanism that was later used to study the performance of
stamping and energy distribution between a servo motor and
a flywheel with various motion inputs (Tso and Li, 2008). In
addition, Tso (2010) also developed a control system for the
seven-bar mechanism by using iterative training management
and feedback control techniques.

In all above-mentioned mechanisms, the issue of provid-
ing the necessary slider motion cycle was solved by control-
ling two or more motors, and accordingly, the tasks of dy-
namic synthesis of drive control functions were achieved.
The implementation of the technological cyclogram by a
mechanism with one degree of freedom requires a significant
complication of the structure linkage kinematic chain which
is called the Assur group (Yevgrafov et al., 2006; Huang and
Ding, 2020).

Metal-forming equipment is commonly based on the four-
bar structural group mechanisms. However, six-bar structural
group mechanisms, such as Stephenson II mechanisms, have
broader functionality. In this study, an analytical kinematic
synthesis method for a Stephenson mechanism that provides
balancing was developed for metal-forming process. This
synthesis was carried out based on the mean-square mini-
mization of the objective function which was obtained taking
into account the geometric features of the Stephenson mech-

Figure 1. Lever Stephenson mechanism of crank press.

anism structure. The effect of eccentricity was also investi-
gated. Kinematic results were obtained by using the mathe-
matical relations (position, speed, and acceleration). It was
assessed that the eccentricity affected the possibility of en-
suring the approximate slider dwell and the increase of the
average slider velocity coefficient.

2 System definition and kinematic model

Figure 1 demonstrates the kinematic scheme of a simplified
six-bar Stephenson mechanism. The feature of the mecha-
nism is that the variable contour BB′C′C is a parallelogram
and a triangle ABB′ is equilateral. In this figure, r , a, and l
indicate crank length, ABB′ triangle height, and parallel con-
necting rods length of BC=B′C′, respectively. ϕ,ψ , S, e and
b show the angle coordinate of a crank, angle coordinate of
two connecting rods, linear coordinate of a slider, slider ec-
centricity (i.e., the deviation of a trajectory of a slider center
gravity from the axis Oy), and distance between joint C and
slider center along an axis Ox , respectively.

The kinematics of the Stephenson crank press mechanism
have the following Eq. (1) (Jomartov et al., 2020):{
r cosϕ+ l cosψ = e
r sinϕ− a+ l sinψ =−S. (1)

A clear solution of Eq. (1) in relation to S = S(ϕ), ψ = ψ(ϕ)
is obtained in Eq. (2) (the ± signs correspond to various as-
semblies of the mechanism):{
S = a− r sinϕ±

√
l2− (e− r cosϕ)2

ψ =±arccos
[

1
l
(e− r cosϕ)

]
.

(2)

According to the scheme on Fig. 1, rods of 4 and 5 ro-
tate around the joints C and C′ (l – radius of joints). The
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Figure 2. The definition of the mechanism in two extreme positions
of the slider.

trajectories of joints B and B′ are a circle in the interval
ϕ ∈

(
ϕ(1,H ),ϕ(1,K) ). It is necessary for the slider to work

well. Equation (3) is a vector form of the mechanism scheme
in Fig. 1. The scheme of the Stephenson press mechanism is
based on vector Eq. (3) that is presented in Fig. 2.

S+ e = r + a+ l (3)

3 Synthesis method

3.1 Initial data

The origin of the x, y coordinate system is in the center of
the rotation of the crank O. The slider stroke hx is considered
as given. According to Fig. 2, when rod and crank are on par-
allel lines, the slider is in extreme positions. Considering the
geometric positions, the following statements can be written:

Smax = r sinϕ(1)
+ l sinψ (1)

+ a

Smin = r sinϕ(2)
+ l sinψ (2)

+ a.

By subtracting the first equation from the second, we ob-
tain the slider stroke:

hx = Smax− Smin = r(sinϕ(1)
− sinϕ(2))

+ l(sinψ (1)
− sinψ (2)). (4)

Given that ϕ(1)
= ψ (1) and ϕ(2)

+π = ψ (2) from Eq. (1), we
have the following:

hx = r(sinϕ(1)
− sinϕ(2))+ l(sinϕ(1)

− sin(ϕ(2)
+π )),

Smax = (r + l) sinϕ(1)
+ a,

r cosϕ(2)
+ l cos

(
ϕ(2)
+π

)
= e,

r cosϕ(1)
+ l cosϕ(1)

= e,

cosϕ(1)
= e/ (r + l) , cosϕ(2)

= e/ (−r + l) . (5)

3.2 The method of the task solution

Based on Fig. 2, considering the geometric positions, the fol-
lowing statements can be written:

x2
A+ y

2
A = r

2,

xO = yO = 0,

(xC− xB)2
+ (yC − yB )2

= l2,

xB = xA, yB− yA = a, xC = e, yC = S.

Then

(e− xA)2
+ (S− yA− a)2

= l2

or

e2
− 2exA+ x

2
A+ (S− a)2

− 2(S− a)yA+ y
2
A = l

2.

When statements of xA = r cosϕ, yA = r sinϕ are written on
their places, Eq. (6) is obtained:

l2 = e2
+ r2
+ (S− a)2

− 2r (S− a) sinϕ− 2recosϕ. (6)

To find the parameters r , a, l, e, and ϕ0, which satisfy Eq. (5)
and S = Smax = Sm for all values, the following can be writ-
ten:

ϕ = ϕ0+ i1ϕ, i =−2,−1,0,1,2

l2 = e2
+ r2
+ (Sm− a)2

− 2r (Sm− a) sin(ϕ0+ i1ϕ)
− 2recos(ϕ0+ i1ϕ) ,

i =−2,−1,1,2

l2 = e2
+ r2
+ (Sm− a)2

− 2r (Sm− a) sinϕ0

− 2recosϕ0. (7)

After the transformations of Eq. (7),

1i (ϕi,Sm)= e2
+ r2
+ (Sm− a)2

− l2,

− 2r (Sm− a) sin(ϕ0+ i1ϕ)− 2recos(ϕ0+ i1ϕ) ,
i =−2,−1,0,1,2,
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or

1i (ϕi,Sm)= e2
+ r2
+ (Sm− a)2

− l2

− 2r (Sm− a) [sinϕ0 cos i1ϕ+ cosϕ0 sin i1ϕ]
− 2re [cosϕ0 cos i1ϕ− sinϕ0 sin i1ϕ] ,
i =−2,−1,0,1,2, (8)

which can be presented as

1i = P0f0i +P1f1i +P2f2i +P3f3i +P4f4i −Fi . (9)

Here the following signs are inputted:

P0 = e
2
+ r2
− l2,

P1 =−2r (Sm− a) sinϕ0,

P2 =−2r (Sm− a)cosϕ0,

P3 =−2recosϕ0,

P4 = 2re sinϕ0,

f0i = 1,
f1i = cos i1ϕ,
f2i = sin i1ϕ,
f3i = cos i1ϕ,
f4i = sin i1ϕ,

F4i = (Sm− a)2.

When the statements of sinϕ0 =
(Sm−a)
(r+l) , cosϕ0 =

e
(r+l) are

written on their place, the following statements are obtained:

P0 = e
2
+ r2
− l2, P1 =−2r

(Sm− a)2

(r + l)
,

P2 =−2r (Sm− a)
e

(r + l)

P3 =−2r
e2

(r + l)
, P4 = 2re

(Sm− a)
(r + l)

f0i = 1, f1i = sin i1ϕ, f2i = cos i1ϕ, f3i = cos i1ϕ,

f4i = sin i1ϕ, Fi = (Sm− a)2.

As a result, we get these ratios:

P1

P2
=−

P4

P3
=
Sm− a

e
= ρ, P4 =−P2;

P1 = ρ
2P3, where ρ = tanϕ0. (10)

So, four required parameters of the crank press linkage mech-
anism r, ϕ0, l, e determined by five parameters are P0, P1,
P2, P3, and P4.

For compatibility condition of the solution, the following
constraints must be applied:

(Sm− a)2

(r + l)2 +
e2

(r + l)2 = 1 or
(P1+P3)2

P 2
3 +P

2
4
= 1+

P 2
1

P 2
2

(11)

φ (Pi)= P 2
2 (P1+P3)2

− (P 2
3 +P

2
4 )
(
P 2

2 +P
2
1

)
= 0. (12)

According to Eq. (11), there are constraints between un-
knowns and we can use the method of an objective func-
tion of conditional optimization in Eq. (9) (Bertsekas, 1982).
Then, by using Eq. (12), the Lagrange function can be ob-
tained as an objective function as follows:

L=
(
P0f0i +P1f1i +P2f2i +P3f3i

+P4f4i −Fi
)2
− λφ (Pi). (13)

For determination of P0, P1, P2, P3, P4, and λ, the
quadratic approximation method, which determines the sum
of squared deviations minimum for N mechanism positions,
is used (Jomartov and Tuleshov, 2018):

L⇒
min

0. (14)

By taking the derivative of L with respect to Pj , the mini-
mum conditions are given below:

∂L

∂Pj
= 2

(
P0f0i +P1f1i +P2f2i +P3f3i

+P4f4i −Fi
)
fji − λ

∂φ

∂Pi
= 0,

i =−2,−1,0,1,2,
∂L

∂λ
= P 2

2 (P1+P3)2
− (P 2

3 +P
2
4 )
(
P 2

2 +P
2
1

)
= 0. (15)

Equation (16) presents a nonlinear equation set related to the
required parameters:

P0
∑

f 2
0i +P1

∑
f1if0i +P2

∑
f2if0i

+P3
∑

f3if0i +P4
∑

f4if0i

=

∑
f0i(Sm− a)2,

P0
∑

f0if1i +P1
∑

f 2
1i +P2

∑
f2if1i

+P3
∑

f3if1i +P4
∑

f4if1i

=

∑
f1i(Sm− a)2

+ 2λ
[
P 2

2 (P1+P3)

− (P 2
3 +P

2
4 )P1

]
,

P0
∑

f0if2i +P1
∑

f1if2i +P2
∑

f 2
2i

+P3
∑

f3if2i +P4
∑

f4if2i

=

∑
f2i(Sm− a)2

+ 2λP2(P1+P3)2,

P0
∑

f0if3i +P1
∑

f1if3i +P2
∑

f2if3i

+P3
∑

f 2
3i +P4

∑
f4if3i

=

∑
f3i(Sm− a)2

+ 2λ
[
P 2

2 (P1+P3)

− (P 2
2 +P

2
1 )P3

]
,

P0
∑

f0if4i +P1
∑

f1if4i +P2
∑

f2if4i

+P3
∑

f3if4i +P4
∑

f 2
4i

=

∑
f4i(Sm− a)2

− 2λ(P 2
2 +P

2
1 )P4,

P 2
2 (P1+P3)2

− (P 2
3 +P

2
4 )
(
P 2

2 +P
2
1

)
= 0. (16)
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Figure 3. Kinematic scheme (a) and movement of the working
slider (b).

The nonlinear set (16) has to satisfy minimum condi-
tions (15). It is solved in relation to P0,P1,P2,P3,P4, and λ.
From the solution set, the equation of P4 =−P2 is selected.

The required geometric parameters are found by using the
following equations:

tanϕ0 =
P1

P2
;

e =
Sm− a

tanϕ0
;

r =
−P3

2ecosϕ0
;

l =
√
e2+ r2−P0. (17)

4 Results and discussion

The mechanism’s geometric parameters were obtained by
using the proposed Stephenson II synthesis method. The
Eq. (16) was solved for the mechanism’s five positions, and

Table 1. Synthesized parameters of the Stephenson mechanism.

r ϕ0 L e Sm− a a

(mm) (degree) (mm) (mm) (mm) (mm)

60 260 160 −40 216.65 41

Figure 4. Three different eccentricity designs.

the geometric parameters of the mechanism were determined
by using Eq. (17). As a result, the mechanism dimensions
that could meet the desired conditions were found with the
proposed method. Table 1 shows the mechanism dimensions
of the Stephenson crank press synthesized in this study. The
kinematic scheme of the mechanism is presented in Fig. 3a,
with the size of links: r = 60 mm, ϕ0 = 260◦, l = 160 mm,
e =−40 mm, when set Sm−a = 216.65 mm and a = 41 mm.
By using these synthesized dimensions, the effects of dimen-
sion e (eccentricity) were studied additionally.

Numerical modeling programs were developed by the
MAPLE® software. The kinematic results (position, speed,
and acceleration results) were verified by ASIAN-2014®

software.
Figure 3b presents a graph of slider movement. After crank

angle passes 200◦, a movement close to dwell is seen in the
interval of ϕ ∈ (251◦, 271◦) with an accuracy of 1= 0.063.
Such accuracy was obtained by solving the nonlinear set
(Eq. 16) in the first approximation.

Figure 4 shows the three different eccentricity designs
with e dimensions of −40, 0, and +40, respectively. The
crank moves with a constant velocity, and Fig. 5 shows the
crank angle versus time. This input was used for each simu-
lation. Figure 6 presents the slider position versus time that
changes with different eccentricity dimensions of e.

The bottom dead center of the slider was set to zero posi-
tion. Figure 7 shows graphs of the set position, velocity, and
acceleration of the working slider. It is observed that chang-
ing of eccentricity affects the kinematics of the Stephenson
mechanism. The eccentricity of −40 provides slower for-
warding and faster backwarding. While the similar maximum
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Figure 5. Crank position with a constant velocity.

Figure 6. The graph of slider position.

slider points are shown for each eccentricity, their start and
end points are different as given in Fig. 7a.

An important parameter of the mechanism is the coeffi-
cient of increase of the average slider velocity:

K =
ϕm

2π −ϕm
, (18)

where ϕm is crank rotation angle during the slider stroke; the
crank rotates counterclockwise.

The velocity graph analysis in Fig. 7b allows determining
the ϕm values at different eccentricity values: e1 =−40 mm,
e2 = 0, e3 = 40 mm. They are equal to ϕm1 = 194.8◦, ϕm2 =

180◦, ϕm3 = 165.2◦. When the values are substituted in
Eq. (18), the average slider velocity coefficient values cor-
responding to eccentricity values are found as K1 = 1.18;
K2 = 1.0; K3 = 0.847.

A slow lowering in the working stroke and fast lifting in
the reverse stroke of the slider is significant in press tools. As
shown in figures, this process is realized when e1 =−40 mm
and K1 = 1.18. The graph analysis in Fig. 7c shows that the
slider acceleration at the forward stroke beginning is almost
unchanged and noticeably accelerates at the end of the work-
ing process. This is common in all cases. The maximum ve-
locity of 47 mm s−1 is reached at a maximum acceleration of

Figure 7. The graph of slider (a) set position, (b) velocity, and
(c) acceleration.

33 mm s−2 in 2 s, which is the cause of the shock load be-
tween the slider and the forging.

5 Conclusions

In this study, an analytical method for kinematic synthesis of
linkage mechanisms based on the mean-square minimization
of the objective function was developed. By taking into ac-
count the structural features of the mechanism, a method for
deriving this objective function was proposed. Based on this
method, algorithms were obtained, and Stephenson’s press
mechanism was synthesized. The crank length, two parallel
connecting rods length, and the eccentricity of the slider rel-
ative to the axis of the crank rotation were found in an ap-
propriate way. Eccentricity effects were also compared. The
approximate slider dwell movement and the regulated coeffi-
cient of increase of the average slider velocity of the Stephen-
son II mechanism were achieved. It was seen that the coeffi-
cient of increase of the average slider velocity allowed regu-
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lating the technological process character and providing the
desired cycle of the slider movement.
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