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Abstract. This study examines effects of three friction models: a steady-state friction model (SS model), the
LuGre model (LG model), and the revised LuGre model (RLG model) on the motion simulation accuracy of a
pneumatic cylinder. An experimental set-up of an electro-pneumatic servo system is built, and characteristics of
the piston position, the pressures in the two-cylinder chambers and the friction force are measured and calcu-
lated under different control inputs to the proportional flow control valves. Mathematical model of the electro-
pneumatic servo system is derived, and simulations are carried out under the same conditions as the experiments.
Comparisons between measured characteristics and simulated ones show that the RLG model can give the best
agreement among the three friction models while the LG model can only simulate partly the stick-slip motion
of the piston at low velocities. The comparison results also show that the SS model used in this study is unable
to simulate the stick-slip motion as well as creates much oscillations in the friction force characteristics at low
velocities.

1 Introduction

Friction usually exists between piston/rod seals and contact-
ing surfaces in fluid power cylinders and has an important
aspect in fluid power control systems. Friction may occur
in nonlinear manner and cause limit cycles and unexpected
stick-slip oscillation at low operating velocities. These non-
linear characteristics of the friction make accurate simulation
and position control of the fluid power cylinders difficult to
achieve. In order to overcome these difficulties, it is, there-
fore, necessary to develop an accurate friction model for the
fluid power cylinders.

Classical friction models that describe the steady-state re-
lation between velocity and friction force, which can be char-
acterized by the viscous and Coulomb friction with Stribeck
effect combination have been proposed (Hibi and Ichikawa,
1977; Armstrong, 1991; Armstrong et al., 1994; Pennestrì et
al., 2016; Marques et al., 2016, 2019; Brown and McPhee,
2016). However, some friction behaviours cannot be cap-
tured by these classical friction models, as for example, hys-

teretic behaviour with oscillating velocity, stiction behaviour
and breakaway-force variations (Armstrong et al., 1994). In
addition, in the mechanics-related controller design, simple
classical models are not enough to address applications with
high precision positioning requirements and low velocity
tracking. Thus, in order to obtain accurate friction compen-
sation and best control performance, a friction model with
dynamic behaviours is necessary.

Several friction models that describe the dynamic be-
haviours of friction have been proposed so far (Haessig and
Friedland, 1991; Canudas et al., 1995; Dupont, 1995; Sw-
evers et al., 2000; Dupont et al., 2002), and among them,
the LG model (Canudas et al., 1995) is most widely uti-
lized in control applications (Lu et al., 2009; Freidovich et
al., 2010; Hoshino et al., 2012; Green et al., 2013; Ahmed
et al., 2015; Wojtyra, 2017; Piatkowski and Wolski, 2018).
The model can simulate arbitrary steady-state friction char-
acteristics and it can capture hysteretic behaviour due to fric-
tional lag, spring-like behaviour in stiction and give a vary-
ing break-away force depending on the rate of change of the
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applied force. However, Yanada and Sekikawa (2008) have
shown that the LG model cannot simulate a decrease of the
maximum friction force observed after one cycle of the ve-
locity variation in a hydraulic cylinder when the piston ve-
locity varies sinusoidally with velocity reversals. In order to
overcome this limitation of the LG model, they have modi-
fied the LG model by incorporating lubricant film dynamics
into the model to obtain a new friction model called the mod-
ified LuGre model (MLG model).

Next, Tran et al. (2012) have pointed out that the MLG
model cannot simulate the real hysteretic behaviours of the
friction force–velocity curve in the fluid lubrication regime
of hydraulic cylinders. The MLG model was then improved
by replacing the usual fluid friction term, which is propor-
tional to velocity, with a first-order lead dynamic. It has been
verified that the improved model, called the new modified
LuGre model (NMLG model), can capture accurately most
of the friction behaviours observed in the hydraulic cylin-
ders (Tran et al., 2012) and in the pneumatic cylinders (Tran
and Yanada, 2013) in entire sliding regime. In addition, the
usefulness of the NMLG model in simulating the operating
characteristics of a hydraulic servo system have been veri-
fied by Tran et al. (2014). In a recent study, Tran et al. (2016)
have shown that the NMLG model cannot capture the friction
characteristics observed experimentally in pneumatic cylin-
ders when the pneumatic cylinders operated in pre-sliding
regime and they have proposed a new friction model by in-
corporating a hysteresis function into the NMLG model. Al-
though the usefulness of the new friction model, called the
revised LuGre model (RLG model) in this study has been
verified, the validity of this model in simulating the motion of
electro-pneumatic servo systems has not been investigated.

In this paper, the effects of the RLG model on the sim-
ulation accuracy of an electro-pneumatic servo system are
examined in comparation with the LG model and a SS model
(static+Coulomb+ viscous friction). For this purpose, an
experimental setup of the electro-pneumatic servo system
using a pneumatic cylinder is proposed. Characteristics of
the piston position, the pressures in the cylinder chambers
and the friction force of the piston are measured and anal-
ysed under various operating conditions of control inputs to
proportional flow control valves. Mathematical model of the
electro-pneumatic system is developed by incorporating one
of the three friction models into the entire system model, and
the pneumatic cylinder’s characteristics are simulated using
MATLAB/Simulink under the same conditions as the exper-
iments. Comparisons of simulation and experimental results
are carried out to show the effects of each friction model and
to verify the validity of the RLG model for pneumatic cylin-
ders.

The organization of this paper is as follows: Brief descrip-
tions of the SS model, the LG model, and the RLG model are
given in Sect. 2. Section 3 describes the electro-pneumatic
servo system and its mathematical model. Experimental and

Figure 1. Steady-state friction model.

simulation results are presented and discussed in Sect. 4. Fi-
nally, main conclusions are drawn in Sect. 5.

2 Friction models

In this section, the three friction models: the SS model, the
LG model and the RLG model are described in short.

2.1 Steady-state friction model

The SS model used in this study is a combination of static
friction, Coloumb friction and viscous friction (Armstrong,
1991). The model characteristics are presented by a Stribeck
curve as shown in Fig. 1. In this friction model, the friction
force Fr depends on the velocity input and is calculated by
the following equation:

Fr = Fc+ (Fs−Fc)e−(v/vs)n
+ σ2v (1)

where Fs is the static friction force, Fc is the Coulomb fric-
tion force, vs is the Stribeck velocity, n is the exponent that
affects the slope of the Stribeck curve, σ2 is the viscous fric-
tion coefficient and v is the relatively tangential velocity be-
tween two contacting surfaces.

2.2 LuGre model

The LG model (Canudas et al., 1995) is a combination of
a stiction force with an arbitrary steady-state friction force
which can include the Stribeck effect. It is assumed in this
model that two matting surfaces make contact at several as-
perities through elastic bristles as shown in Fig. 2. When a
tangential force is applied to a surface, the bristles will de-
flect like springs; and when the force is sufficiently large,
some of the bristles will break and then slip. The mean de-
flection of the elastic bristle is denoted as z and is defined
as:

dz
dt
= v−

σ0z

g (v)
v (2)
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Figure 2. Bristle model.

where σ0 is the stiffness of the elastic bristle and g(v) is the
Stribeck function and is defined as:

g(v)= Fc+ (Fs−Fc)e−(v/vs)n (3)

The friction force is given by

Fr = σ0z+ σ1
dz
dt
+ σ2v (4)

where σ1 is the micro-viscous friction coefficient.
In Eq. (4), the first two terms represent the friction force

generated from the bending of the elastic bristles and the
third term stands for the viscous friction. In steady-state con-
dition, the friction force is given by Eq. (1).

2.3 Revised LuGre model

The RLG model (Tran et al., 2016) is a model where three
modifications were made from the LG model. Firstly, a lu-
bricant film dynamic has been incorporated into the func-
tion g(v) in Eqs. (2) and (3) to obtain a new Stribeck func-
tion g(v,h) as shown in Eqs. (5) and (6). Secondly, the fric-
tion force term σ0z in Eqs. (2) and (4) of the LG model
has been replaced by a hysteresis function F (z) as shown
in Eqs. (5) and (7). And thirdly, the usual fluid friction term
σ2v in Eq. (4) has been replaced by a first order lead dynam-
ics σ2(v+ T dv/dt) as shown in Eq. (7).

dz
dt
= v−

F (z)
g(v,h)

v (5)

g (v,h)= Fc+ [(1−h)Fs−Fc]e−(v/vs)n (6)

Fr = F (z)+ σ1
dz
dt
+ σ2

(
v+ T

dv
dt

)
(7)

where T is the time constant for fluid friction dynamics. h is
the dimensionless lubricant film thickness and is given by

dh
dt
=

1
τh

(hss−h) (8)

τh =


τhp (v 6= 0,h≤ hss)
τhn (v 6= 0,h > hss)
τh0 (v = 0)

(9)

hss =

{
Kf|v|

2/3 (|v| ≤ |vb|)
Kf|vb|

2/3 (|v|> |vb|)
(10)

Kf = (1−Fc/Fs) |vb|
−2/3 (11)

where hss is the dimensionless steady-state lubricant film
thickness parameter, Kf is the proportional constant for lu-
bricant film thickness, vb is the velocity within which the
lubricant film thickness is varied, and τhp,τhn and τh0 are the
time constants for acceleration, deceleration, and dwelling
periods, respectively. In Eq. (9), h≤ hss corresponds to the
acceleration periods and h > hss corresponds to the decel-
eration periods. It is noted that the lubricant used for the
packing of pneumatic cylinders is grease and is not oil. Re-
garding the behaviour of film formation of grease between
contact surfaces, it has been shown by Li et al. (2009) that
the film thickness becomes thinner during acceleration and
thicker during deceleration than the steady-state film thick-
ness. This behaviour of grease film is the same as that of oil
film in Sugimura et al. (1998). Therefore, it is believed that
the lubricant film dynamics described by Eqs. (8) to (11) hold
also for grease and can be applied to pneumatic cylinders.

The hysteresis function F (z) in Eq. (5) is a function that
simulates the hysteresis behaviour with nonlocal memory in
pre-sliding regime. F (z) consists of many functions fi(z)
(i = 1, 2. . . ) in which each function fi(z) models a segments
of transition curve. The friction force-deflection curve in pre-
sliding regime of the pneumatic cylinder consists of transi-
tion curves, i.e. curves between velocity reversal points (Tran
et al., 2016). Each velocity reversal starts a new transition
curve and each transition curve can be divided into some seg-
ments depending on its shape. Each segment can be approx-
imated by a function fi(z) as follows:

fi (z)= fi (zi)+ ci
(

1− e−ki (z−zi )
)

or

dfi
dz
= cikie

−ki (z−zi ) (12)

where ci and ki are the segment parameters that can be iden-
tified from experimental friction force-displacement charac-
teristics, ciki indicates the stiffness of the bristles at z= zi ,
zi is the initial deflection on the ith segment, and fi(zi) is the
initial friction force of the ith segment and equals to the final
friction force of the (i− 1)th segment.

Implementation of the function F (z) in pre-sliding regime
requires two memory sets for the functions fi(z): one for as-
cending curves (v > 0) and one for descending curves (v <
0). The sets begin at velocity reversal and remove when a
hysteresis loop is closed. At each inverse point of velocity,
the deflection z takes a maximum value zm (Fig. 3a) or a
minimum value zn (Fig. 3b). At these points, a new transi-
tion curve begins and the function fi+1(z) is calculated by
resetting zi in Eq. (12) to zm or zn and fi(zi) will take the
value Fm or Fn, respectively.

For internal loops created on an ascending curve (Fig. 4a)
and on a descending curve of external loop (Fig. 4b), the in-
ternal loop is formed by two curves 2 and 3 between two
velocity reversal points at zn and zm. When the velocity re-
verses at zn, the numerical program will judge the state to be
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Figure 3. Numerical implementation of the function fi (z) at motion reversal.

on the internal loop by checking the variation of velocity sign
from positive to negative. The state is calculated by a func-
tion fi+1(z) using the parameters ci+1, ki+1 and the values
of zn and Fn. When the velocity reverses at zm, the numeri-
cal program will remain the state on the internal loop and the
state is calculated by a function fi+2(z) using the parameters
ci+2, ki+2 and the values of zm and Fm. After the velocity
reversal point zm, a function fi(z) of the curve 1 on the ex-
ternal loop is calculated together with the function fi+2(z) of
the curve 3. When the value of fi+2(z) reaches the value of
fi(z) at the point in the vicinity of zn and when there is no
change in velocity sign, the friction state has to follow the
curve 1 or curve 4 on the external loop after the intersection
point zn. The values of zn, Fn, zm and Fm of the internal loop
are automatically cleared from the program after the intersec-
tion point zn.

When the piston movement enters its sliding regime,
i.e., when the deflection reaches Fs/σ0, the model is then
switched to the NMLG model. At this condition, the hys-
teresis function F (z) is set equally to σ0z.

In steady-state condition, friction force is described by

Frss = Fc+ [(1−hss)Fs−Fc]e−(v/vs)n
+ σ2v (13)

The static parameters Fs, Fc, vs, vb, n, and σ2 of the three
models are identified from measured steady-state friction
characteristics using the least-squares method and the dy-
namic parameters σ0, σ1, τh, and T are identified from mea-
sured dynamic friction characteristics by the methods pro-
posed in Tran et al. (2012). The function fi(z) is identified
from measured friction force-displacement characteristics by
the methods proposed in Tran et al. (2016).

3 Electro-pneumatic servo system

In this section, an experimental test setup of the electro-
pneumatic servo system is firstly introduced, and its math-
ematical model is then developed.

3.1 Experimental test setup

Figures 5 and 6 show the experimental test setup used in
this investigation. The system consists of a pneumatic cylin-

der (Eq. 1) (SMC, CM2L25-300) fixed horizontally on a flat
plate made of steel. The cylinder has internal diameter of
0.025 m, rod diameter of 0.01 m and piston stroke of 0.3 m,
respectively. The piston end was connected to a load mass
(Eq. 4) which can slide on a guiding bar (Eq. 5). The load
mass was varied from 0.5 to 5 kg. The piston motion was
controlled by two flow proportional control valves (Eq. 6)
(SMC, VEF3121). The two valves can supply a flow rate up
to 720 L min−1 with a rated voltage of 5 VDC. According
to the valve characteristic, if the valve control inputs u1 or
u2 vary from 2.5 to 5 VDC, the valves will provide air into
the cylinder chamber (the valves are operated at left posi-
tion); and if the valve control inputs u1 or u2 vary from 0 to
2.5 VDC, the valves will release air into the atmosphere (the
valves are operated at right position). Therefore, by combin-
ing signals between u1 and u2 of the two valves, the extend-
ing and retracting motions of the piston can be obtained.

The position of the piston was measured by a position sen-
sor (Eq. 2) with a measurement range of 300 mm (Novotech-
nik, LWH0300). The pressures in the two-cylinder chambers
were measured by two pressure sensors (Eq. 3) with a mea-
surement range of 1 MPa (SMC, PSE540). Measuring accu-
racies of the position sensor and the pressure sensors are less
than 0.5 % F.S and 1 % F.S, respectively. The source pressure
was set at 0.5 MPa. The position signal and the pressure sig-
nals were read via a personal computer through a 12 bits ana-
log to digital converter (ADC). The computer sent the control
signals u1 and u2 to the two valves through a 12 bits digital to
analog converter (DAC) (Eq. 8) (Advantech, USB4711). Two
amplifiers (Eq. 7) (SMC, VEA250) were used to convert the
voltage signals to the current signals of the valves. The pro-
gram for data acquisition was done by using Microsoft visual
C++ software. The signals were recorded at the interval of
1.16 ms.

The friction force, Fr, was obtained from the equation of
motion of the pneumatic piston using the measured values
of the pressures in the cylinder chambers, the acceleration of
the piston and the weight of the load mass as follows:

Fr = p1A1−p2A2−Ma (14)

where A1 and A2 are the piston areas, M is the total mass of
the piston, piston rod and the external load. a is the piston ac-

Mech. Sci., 10, 517–528, 2019 www.mech-sci.net/10/517/2019/



X. B. Tran et al.: Effects of friction models on simulation of pneumatic cylinder 521

Figure 4. Numerical implementation of internal hysteresis loop: (a) internal loop on an ascending external curve, (b) internal loop on a
descending external curve

Figure 5. Schematic of the experimental test setup.

Figure 6. Photo of the experimental test setup.

celeration and was calculated by an approximation of second
differentiation of the measured piston position. The noise in
the calculated acceleration signal was filtered by an acausal
first order low-pass filter with a bandwidth of 32 Hz.

3.2 Modelling of the electro-pneumatic servo system

The objective of this section is to derive the dynamic equa-
tions of the entire electro-pneumatic servo system. In order
to obtain the air flow dynamics in the pneumatic cylinder, the
following assumptions are used:

a. The used air is an ideal gas and its kinetic energy is
negligible in the cylinder chamber.

b. The leakages of the cylinder are negligible.

c. The temperature variation in cylinder chambers is neg-
ligible with respect to the supply temperature.

d. The pressure and the temperature in the cylinder cham-
ber are homogeneous.

e. The evolution of the gas in each chamber is polytropic
process.

f. The supply and ambient pressures are constant.

As mentioned in Sect. 3.1, if the supplied voltage to the
proportional valve varies from 2.5 to 5 VDC, the valve will
provide air into the cylinder chamber (the building pressure
case) and if the supplied voltage varies from 0 to 2.5 VDC,
the valve will release air into the atmosphere (the exhausting
pressure case). In addition, it is noted that the proportional
valves are overlap and there exists a dead zone in relation be-
tween the mass flow rate and the voltage signal of the valves.
Therefore, the mass flow rates ṁj (j = 1 and 2) that flow
into or out from the chambers of the pneumatic cylinder can
be derived in terms of the voltage inputs uj of the two valves
as follows:

ṁj =


γjbps

√
k
RTs
KV1

(
uj − um

)
if um ≤ uj ≤ 5

0 if un < uj < um
γjepj

√
k
RTs
KV2

(
uj − un

)
if 0≤ uj ≤ un

(15)

where um and un are respectively the upper and lower volt-
age limits of the dead-zone, ps and pj respectively the source
air pressure and the pressure in the chamber j of the cylin-
der, R is the gas constant, k is the specific heat ratio, Ts is
the temperature of the supply source, and KV1 and KV2 are
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respectively the valve gains for the building pressure case
and the exhausting pressure case. The operating condition
um ≤ uj ≤ 5 corresponds to the case when the pressure in the
chamber j is the building pressure, 0≤ uj ≤ un to the case
when the pressure in the chamber j is the exhausting pres-
sure, and un < uj < um to the case when all the valve ports
are closed (the dead-zone condition of the valve). γjb and γje
are respectively the modifying factors when the pressure in
the chamber j is building pressure and exhausting pressure.
These factors are given by Tressler et al. (2002) as follows:

γjb =



√
2
k−1

(
pj
ps

) k+1
2k

√(
pj
ps

) 1−k
k
− 1

if pj
ps
≥

(
2
k+1

)k/k−1

0.58

if pj
ps
<
(

2
k+1

)k/k−1

(16)

γje =



√
2
k−1

(
patm
pj

) k+1
2k

√(
patm
pj

) 1−k
k
− 1

if patm
pj
≥

(
2
k+1

)k/k−1

0.58

if patm
pj

<
(

2
k+1

)k/k−1

(17)

where patm is the atmosphere pressure.
The dynamic relationships between the mass flow rates

ṁ1, ṁ2 and the pressures p1, p2 in the cylinder chambers can
be obtained with basis on energy conversation arguments in
a pneumatic cylinder and are given by Hodgson et al. (2012)
as follows:

ṗ1 =
k
V1

(RTsṁ1−p1A1v)
ṗ2 =

k
V2

(RTsṁ2+p2A2v)
(18)

where v is the piston velocity. V1 and V2 refer to the vol-
umes of the cylinder chambers 1 and 2, respectively and are
calculated as:

V1 = V10+A1x

V2 = V20+A2(L− x) (19)

where L is the piston stroke, x is the piston position, and V10
and V20 are the dead volumes in the cylinder chambers 1 and
2 respectively.

Motion equation of the cylinder piston according to New-
ton’s second law is given by

Ma = p1A1−p2A2−Fr (20)

where Fr is the friction force which has been described by
one of the three friction models in Sect. 2. The system pa-
rameters used in simulation are shown in Table 1. The pa-
rameters of um and un were determined from the measured
characteristics of the pressures p1 and p2 at constant voltage
inputs of the valves. um and un were taken at the voltage val-
ues at which the pressure p1 or p2 starts to increase, i.e. the
air starts to flow into the cylinder chamber.

Table 1. System parameters.

Parameter (unit) Value

M (kg) 0.5–5
ps (Pa) 5× 105

patm (Pa) 1× 105

R (Nm kgK−1) 287
T (K) 295
k 1.3997
KV1 (m2 V−1) 5× 10−7

KV2 (m2 V−1) 6× 10−7

A1 (m2) 4.9× 10−4

A2 (m2) 4.12× 10−4

L (m) 0.3
V10 (m3) 4.9× 10−7

V20 (m3) 4.12× 10−7

um (V) 2.87
un (V) 2.3

4 Results and discussion

In this section, experimental characteristics of the piston po-
sition, the pressures in the cylinder chambers, the inertial
force and the friction force of the piston under different op-
erating conditions of the voltage signals u1 and u2 are firstly
presented and analysed. Comparisons between the simula-
tion results of the three friction models and the experimental
results are then presented and discussed to show effects of
each friction model.

4.1 Experimental results

Figure 7 shows the measured characteristics of the piston po-
sition, the pressures p1 an p2 in the cylinder chambers, the
inertial force and the friction force when the valves were sup-
plied by constant voltage values. The control inputs u1 and
u2 were given by 2.875 and 2.19 VDC, respectively. For this
case, the air from air tank was supplied to the cylinder cham-
ber 1 through the valve 1 and the air in the cylinder chamber 2
was exhausted to the atmosphere through the valve 2. Flow
rates of the air supplied to and exhausted from the cylinder
chambers in this case are relatively small. As can be seen in
Fig. 7a for the position characteristic, the piston firstly re-
mains at an initial position of 0.035 m for 1.8 s then moves
a small distance to a new position of 0.045 m. After that the
piston suddenly stops and remains at the new position for
0.5 s then the piston moves again. This movement process of
the piston is continued until the stroke end of the piston. This
characteristic is called “stick-slip” motion and has been ob-
served in pneumatic cylinders (Sakiichi et al., 1988; Peng et
al., 2012) and in other mechanisms (Mate et al., 1987; Lam-
paert et al., 2004; Landolsi et al., 2009). This motion of the
piston can be explained that when air is supplied to the cham-
ber 1, air is compressed and the pressure p1 is increased (in
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Fig. 7b) while the pressure p2 in the chamber 2 is remained
at 0 MPa. In the first 1.8 s, the increase in pressure p1 is not
large enough to overcome the friction force so that the pis-
ton remains stationary. As the pressure p1 rises to a value
large enough of about 0.022 MPa, creating an enough force
to overcome the friction force, then the piston starts mov-
ing (slip). However, as the piston moves, the volume of the
chamber 1 expands and the pressure p1 decreases and thus
the piston stops moving (stick). Air continues to be fed into
the chamber 1 and, after a period, the pressure p1 is increased
again to an enough value to overcome the friction force then
the piston moves again. The process is then repeated. It is fur-
ther noted in Fig. 7b that the maximum pressure p1 obtained
from the second moving onwards are less than the maximum
pressure p1 in the first ones. In Fig. 7c, the inertial force ob-
tained is small and therefore variation of the friction force
(Fig. 7d) is similar to that of the pressure p1. Value of the
friction force is maximum (10.5 N) at the time when the pis-
ton starts moving. When the piston has moved, the friction
force decreases. In the next cycles, the value of the friction
force varies between 4.5 to 8.4 N.

When the signal u1 of the valve 1 was given by a higher
value (u1 = 2.99 V) and u2 of the valve 2 was given by a
lower value (u2 = 2.09 V) than those in case of Fig. 7, the
piston remains at the initial position 0.03 m for 0.45 s then
moves smoothly to a new position of 0.24 m at 1.4 s as shown
in Fig. 8a. Stick-slip motion of the piston cannot be observed.
It is noted that the air flow rate supplied to the cylinder cham-
ber 1 is relatively large in this case. This means that if the air
is provided largely enough to the cylinder chamber in a short
time, a continuous motion of the cylinder piston can be ob-
tained. In addition, it is shown in Fig. 8b that due to a large
amount of the air flow rate supplied to the cylinder cham-
ber 1, the pressure of p1 continues increasing after the piston
has moved. The pressure is increased to the maximum value
of about 0.03 MPa at 0.58 s and then slightly decreased. Al-
though the maximum inertial force in Fig. 8c is larger than
that in Fig. 7d, the variation of the friction force in Fig. 8d is
also mainly depend on the variation of the pressure p1.

Such similar above behaviours can be also observed for the
cases when the piston retracts, i.e. for case when the valve 2
supplies air to the cylinder chamber 2 and the valve 1 ex-
hausts air from the cylinder chamber 1 to the atmosphere.

Figure 9 shows the experimental characteristics of the
pneumatic cylinder when the valve signals u1 and u2 were
varied with sinusoidal waves. The signals of the valves
were given by u1 = 2.5+ 0.5sin(2πf t) and u2 = 2.5−
0.4sin(2πf t) with a low frequency of 0.2 Hz. It can be seen
in Fig. 9a that the piston moves in a trapezoidal form with
the corresponding frequency of the valve signals and the po-
sition amplitude tends to increase slightly after each cycle.
Like the results in Figs. 7 and 8, the piston moves only when
the pressure p1 in the extending stroke or p2 in the retracting
stroke is increased to a value large enough, corresponding
to the appropriately increased and decreased values of the

Figure 7. Experimental characteristics at operating conditions of
u1 = 2.875 V, u2 = 2.19 V and M = 1.3 kg: (a) piston position,
(b) pressures in the cylinder chambers, (c) initial force, (d) friction
force.

valve signals u1 and u2. In the extending stroke of the piston,
the increase of pressure p1 is relatively large, to a maximum
value of 0.04 MPa, while the increase of the pressure p2 is
very small, near the atmosphere pressure. In contrast, the in-
crease of pressure p2 is relatively large, to a maximum value
of 0.0506 MPa, while the increase of the pressure p1 is very
small in the retracting stroke (Fig. 9b). The peaks of the pres-
sure p2 in the retracting stroke are higher than those of the
pressure p1 in the extending stroke. This result is due to a
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Figure 8. Experimental characteristics at operating conditions
of u1 = 2.99 V, u2 = 2.09 V and M = 1.3 kg: (a) piston position,
(b) pressures in the cylinder chambers, (c) initial force, (d) friction
force.

difference in the piston areas. The friction force observed in
Fig. 9d varied in a sinusoidal form and the variation of the
friction force is repeated in each cycle. It can be realized that
this variation of the friction force in the pneumatic cylinder
is different from that observed in hydraulic cylinders (Tran et
al., 2012). In hydraulic cylinders, the friction force character-
istic hydraulic cylinders showed a decrease of the maximum
friction force observed after one cycle of the velocity varia-
tion.

Figure 9. Experimental characteristics at operating conditions
of u1 = 2.5+ 0.5sin(2πf t) (V), u2 = 2.5− 0.4sin(2πf t) (V), f =
0.2 Hz,M = 1.3 kg: (a) piston position, (b) pressures in the cylinder
chambers, (c) initial force, (d) friction force.

4.2 Simulation results

This section shows comparisons between the simulated re-
sults of the three friction models (the RLG model, the LG
model, and the SS model) and the measured results. Simula-
tions were done using MATLAB/Simulink. An ode3 solver
with a fixed-time step of 1.16× 10−3 s was chosen for nu-
merical integration algorithm. The parameter values of the
three friction models used in these simulations are shown in
Table 2. These values were taken from Table 2 in Tran et
al. (2016) in which the static parameters of the models, Fs,
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Table 2. Values of the parameters of the three models used in sim-
ulation.

Parameters Values

v > 0 v < 0

Fs (N) 15 18
Fc (N) 6.0 5.8
vs (m s−1) 0.014 0.012
vb (m s−1) 0.05 0.05
n 2.5 1.2
σ2 (Ns m−1) 30 25
T (s) 0.1
σ0 (N m−1) 1.5× 104

σ1 (Ns m−1) 0.1
τhp (s) 0.02
τhn (s) 0.15
τh0 (s) 20

Fc, vs, vb, n, and σ2, were identified experimentally from the
steady-state friction characteristics using the least-squares
method and the dynamic parameters, σ0, σ1, τh, and T were
identified experimentally by the method proposed by Tran et
al. (2012).

Figure 10 shows comparisons between the measured char-
acteristics of the piston position, the pressures p1 in the cylin-
der chambers, the friction force and those simulated by the
three friction models when low and constant voltage signals
of the two proportional valves are supplied. It can realize
in Fig. 10a that the stick-slip motion of the piston position
can be relatively well predicted by the RLG model while the
stick-slip motion can be partly predicted by the LG model;
the number of stick-slip cycles of the piston motion predicted
by the LG model are less than those by the RLG model. In
addition, it is shown that the SS model cannot predict the
stick-slip motion of the piston; the SS model can only create
continue moving curves of the piston position and the pres-
sures. In addition, much oscillation is observed in the friction
force characteristic simulated by the SS model in Fig. 10c.
Such these limitations of the SS model may be due to lack
of the stiction characteristic combined in the model. These
results obtained in Fig. 10 verify a better simulation capacity
of the RLG model comparing to the LG model and the SS
model when the piston is operated at low velocity range.

Figure 11 compares the measured characteristics of the
piston position, the pressures p1 and p2 in the cylinder
chambers, the friction force with those simulated by the
three friction models at the following operating conditions
of the valve signals: u1 = 2.5+ 0.5sin(2πf t) (V) and u2 =

2.5− 0.4sin(2πf t) (V). The varying frequency of the valve
signals was 0.2 Hz and the load mass was 0.5 kg. The com-
parison results show that both the RLG model and the LG
model give the same simulation results and can simulate the
measured characteristics with a relatively good accuracy. It

Figure 10. Comparison between measured characteristics of the
piston position, pressures and friction force and those simulated us-
ing the three friction models: (a) position, (b) pressure p1, (c) fric-
tion force (M = 0.5 kg, u1 = 2.875 V, u2 = 2.19 V).

is noted that in the RLG model the lubricant film dynamics
is added into the LG model in order to simulate a decrease
of the maximum friction force observed after one cycle of
the velocity variation in a hydraulic cylinder. However, such
this decrease of the maximum friction force cannot be ob-
served experimentally in the pneumatic cylinder as shown
in Figs. 9d and 11d. Therefore, the usefulness of the RLG
model comparing to the LG model cannot be realized for the
pneumatic cylinder when the piston is operated under sliding
regime and under varied velocity conditions with reversal.
For the simulated results of the SS model, it can realize that
the SS model can also track well the measured position of
the piston (Fig. 11a). However, the pressures and the friction
force predicted by the SS model are much smaller than those
of the measured ones. In addition, the SS model causes much
oscillations at the stop intervals of the piston position in the
friction force characteristic as shown in Fig. 11d.
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Figure 11. Comparison between measured characteristics of the
piston position, pressures and friction force and those simulated
using the three friction models: (a) piston position, (b) pressure
p1, (c) pressure p2, (d) friction force (M = 0.5 kg, u1 = 2.5+
0.5sin(2πf t) (V), u2 = 2.5− 0.4sin(2πf t) (V), f = 0.2 Hz).

Figure 12 show comparisons between the measured char-
acteristics of the piston and those simulated by the three fric-
tion models when the voltage signals of the two proportional
valves were varied by sinusoidal waves with a high frequency
f = 1 Hz. It shows that the same simulation results as ob-
tained in Fig. 11 can be also achieved by the three friction
models in Fig. 12. Therefore, the simulation results obtained
from Figs. 10 to 12 verify that the RLG model is the best for

Figure 12. Comparison between measured characteristics of the
piston position, pressures and friction force and those simu-
lated using the three friction models: (a) position, (b) pressure
p1, (c) pressure p2, (d) friction force (M = 0.5 kg, u1 = 2.5+
0.5sin(2πf t) (V), u2 = 2.5− 0.4sin(2πf t) (V), f = 1 Hz).

the pneumatic cylinder in the three friction models consid-
ered in this study.

5 Conclusions

In this study, both experiments and simulations were con-
ducted to examine the effects of friction models on the simu-
lation accuracy of an electro-pneumatic servo system. Three
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friction models: a SS model (static+Coulomb+ viscous
friction), the LG model and the RLG model were examined.
The characteristics of the piston position, the piston velocity,
the pressures in the cylinder chambers and the friction force
under different operating conditions of the valve inputs were
measured, analysed and used for verification of the friction
models. It has been verified that the RLG model can give the
best simulation results among the three friction models. The
LG model give relatively good results except for a limita-
tion in simulating the stick-slip motion of the piston at low
velocity condition. It has been also verified that the steady-
state fiction model used in this study is unable to simulate
the stick-slip motion as well as causes much oscillation in
the friction force characteristics. The application of the RLG
model or the LG model to control of a servo pneumatic sys-
tem with friction compensation will be the subject for a fu-
ture research.
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